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❘❡♠❡r❝✐❡♠❡♥ts
❏❡ ✈♦✉❞r❛✐s t♦✉t ❞✬❛❜♦r❞ r❡♠❡r❝✐❡r ♠❛ ❞✐r❡❝tr✐❝❡ ❞❡ t❤ès❡✱ ▲é♦♥✐❡ ❈❛♥❡t✱ ♣♦✉r ❧❛
r✐❝❤❡ss❡ ❞❡s s✉❥❡ts q✉✬❡❧❧❡ ❛ ❛♣♣♦rté ❡t ♣♦✉r ❛✈♦✐r s✉ tr♦✉✈❡r ❧❡ ❜♦♥ éq✉✐❧✐❜r❡ ❞❛♥s s♦♥
❡♥❝❛❞r❡♠❡♥t✱ ♣rés❡♥t❡ q✉❛♥❞ ❝❡❧❛ ét❛✐t ♥é❝❡ss❛✐r❡ t♦✉t ❡♥ s❛❝❤❛♥t ❛✉ss✐ q✉❛♥❞ ❧❛✐ss❡r
❧✬✐♥✐t✐❛t✐✈❡✳ ❏✬❛✐ ❛✉ss✐ ❣r❛♥❞❡♠❡♥t ❜é♥é✜❝✐é ❞❡ ❧✬❡♥❝❛❞r❡♠❡♥t ❞❡ ◆✐❝♦❧ás ❲s❝❤❡❜♦r✱
❞♦♥t ❧✬✐♠♣✐t♦②❛❜✐❧✐té ❛ été ✉♥ ❣r❛♥❞ st✐♠✉❧❛♥t ✐♥t❡❧❧❡❝t✉❡❧ ❡t ♣♦✉r s♦♥ ❛❝❝✉❡✐❧ à
▼♦♥t❡✈✐❞❡♦✳
❏✬❛✐♠❡r❛✐s ❡①♣r✐♠❡r ♠❛ ❣r❛t✐t✉❞❡ ❛✉① ♠❡♠❜r❡s ❞✉ ❥✉r②✱ ❚❤✐❡rr② ❉♦♠❜r❡✱ ❆♥❞r❡✐
❋❡❞♦r❡♥❦♦ ❡t ❋ré❞ér✐❝ ✈❛♥ ❲✐❥❧❛♥❞✳ ❏❡ r❡♠❡r❝✐❡ t♦✉t ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❏ür❣❡♥ ❇❡r❣❡s
❡t ▲❛✉r❡♥t ❈❤❡✈✐❧❧❛r❞ ♣♦✉r ❛✈♦✐r ❣❡♥t✐♠❡♥t ❛❝❝❡♣té ❞❡ r❡❧✐r❡ ♠♦♥ ♠❛♥✉s❝r✐t✳
▼♦♥ tr❛✈❛✐❧ ❛ ♣r♦✜tés ❛✉ss✐ ❞❡ ❧✬❛❝❝✉❡✐❧ q✉❡ ❥✬❛✐ r❡☛❝✉ ❛✉ ▲P▼▼❈✱ ❞♦♥t ❥❡ t✐❡♥s à
r❡♠❡r❝✐❡r t♦✉t❡ ❧✬éq✉✐♣❡ ♣♦✉r s❛ ❜✐❡♥✈❡✐❧❧❛♥❝❡ ❛✐♥s✐ q✉❡ s❛ ❞✐r❡❝tr✐❝❡✱ ❆♥♥❛ ▼✐♥❣✉③③✐✳
P❛r❡✐❧❧❡♠❡♥t✱ ❥❡ r❡♠❡r❝✐❡ ❝❤❛❧❡✉r❡✉s❡♠❡♥t ❧✬éq✉✐♣❡ ❞✉ ■❋❋■ ❡t s♦♥ ❞✐r❡❝t❡✉r ❉❛♥✐❡❧
❆r✐♦s❛✱ q✉✐ ♠✬❛ ❛❝❝✉❡✐❧❧✐ à ❜r❛s ♦✉✈❡rts ❞✉r❛♥t ♠♦♥ sé❥♦✉r à ▼♦♥t❡✈✐❞❡♦✳
❈✬❡st ❧✬♦❝❝❛s✐♦♥ ❛✉ss✐ ❞❡ r❡♠❡r❝✐❡r t♦✉s ❝❡✉① ❛✈❡❝ q✉✐ ❥✬❛✐ ❡✉ ❧✬♦❝❝❛s✐♦♥ ❞❡ tr❛✲
✈❛✐❧❧❡r ❞✉r❛♥t ❝❡s tr♦✐s ❛♥s ❡t q✉✐ ♦♥t ❡✉t ❧❛ ♣❛t✐❡♥❝❡ ❞❡ ♠❡ s✉♣♣♦rt❡r✿ ❙t❡✈❡♥
▼❛t❤❡②✱ ▼❛❣❛❧✐ ▲❡ ●♦✛✱ ❈❛r❧♦ P❛❣❛♥✐✱ ❱✐✈✐❡♥ ▲❡❝♦♠t❡✱ ❉❛✈✐❞❡ ❙q✉✐③③❛t♦✱ ❝❤❛q✉❡
❢♦✐s ❝❡ ❢✉t s♦✉r❝❡ ❞❡ ❞✐s❝✉ss✐♦♥s ♣❛ss✐♦♥♥❛♥t❡s ❡t ❡♥r✐❝❤✐ss❛♥t❡s✳
❈❡s tr♦✐s ❛♥♥é❡s ❞❡ t❤ès❡ ❛✉r❛✐❡♥t été ❜✐❡♥ tr✐st❡ s❛♥s ❧❛ ♣rés❡♥❝❡ ❞❡ t♦✉s ❝❡✉①
q✉✐ ❥✬❛✐ ♣❛rt❛❣é ❝❡s ♠♦♠❡♥ts ❣r❡♥♦❜❧♦✐s✿ ❧❡s ♣❛✉s❡ ❝❛❢é ❛✈❡❝ ❧❡s ❝♦❧❧è❣✉❡s t❤és❛r❞s ❡t
st❛❣✐❛✐r❡s ❛✉① r❡♣❛s ❞✉ ❥❡✉❞✐ s♦✐r✱ ❡♥ ♣❛ss❛♥t ♣❛r ❧❡s s♦rt✐❡s ❡s❝❛❧❛❞❡ ❡t s❦✐ ❞❡ r❛♥❞♦
❡t ❧❡s s♦✐ré❡s ❜♦❡✉❢✱ s❛♥s ♦✉❜❧✐❡r ❧❡s ✐♥❝✉rs✐♦♥s ❧②♦♥♥❛✐s❡s✳ ■❧s s♦♥t tr♦♣ ♥♦♠❜r❡✉①
♣♦✉r êtr❡ ❡①❤❛✉st✐❢✱ ♠❛✐s ✐❧s s❛✉r♦♥t s❡ r❡❝♦♥♥❛îtr❡✳
▼❡s ♣❡♥sé❡s ❛✉ss✐ à t♦✉s ❝❡✉① q✉✐ ♠✬♦♥t tr❛♥s♠✐s ❡t ❛✈❡❝ q✉✐ ❥✬❛✐ ♣❛rt❛❣é s✉r ❧❡
❝❤❡♠✐♥ q✉✐ ♠✬❛ ♠❡♥é ❥✉sq✉✬à ❧❛ t❤ès❡✿ ♠❡s ♣❛r❡♥ts ❡t ♠❛ ❢❛♠✐❧❧❡ ❞✬❛❜♦r❞✱ ♣♦✉r êtr❡
❧à✱ ❧❡s ♣r♦❢❡ss❡✉rs q✉✐ ♦♥t s✉ é✈❡✐❧❧❡r ♠♦♥ ✐♥térêt ♣♦✉r ❧❛ s❝✐❡♥❝❡ ❞❡♣✉✐s ❧❡ ♣r✐♠❛✐r❡
❥✉sq✉✬à ❧❛ ♣ré♣❛✱ t♦✉t❡ ❧✬éq✉✐♣❡ ❞✉ ❜❛r ✶✸✵✱ ❛✈❡❝ q✉✐ ❥✬❛✐ ♣❛ssé ❞❡s ❛♥♥é❡s très
❢♦r♠❛t✐✈❡s à ❧✬❊❙P❈■✱ ♠❡s ♣r♦❢❡ss❡✉rs ❞❡ ♠❛st❡r✱ ▲❡t✐❝✐❛ ❈✉❣❧✐❛♥❞♦❧♦✱ ❏❡❛♥✲❇❛♣t✐st❡
❋♦✉r♥✐❡r✱ ❏✉❧✐❡♥ ❙❡rr❡❛✉ ❡t ▼✐❝❤❡❧ ❇❛✉❡r q✉✐ ♠✬♦♥t ré❡❧❧❡♠❡♥t ❢❛✐t ❡♥tr❡r ❞❡ ♣❧❡✐♥
♣✐❡❞ ❞❛♥s ❧❡ ♠♦♥❞❡ s❝✐❡♥t✐✜q✉❡✱ ▼❛r❝❡❧❛✱ ●♦♥③❛❧♦✱ ❡t ❧❡s ❛✉tr❡s q✉✐ ♠✬♦♥t ❛❝❝✉❡✐❧❧✐s
❛✈❡❝ ❝❤❛❧❡✉r à ▼♦♥t❡✈✐❞❡♦✳ ❊♥✜♥✱ ❏✉❧❡s ●✉✐♦t❤✱ ❚❤✐❜❛✉❧t ❏♦✉❣❧❛ ❡t ●ér❛❧❞✐♥❡ ❉❛✈✐s
q✉✐ ♠✬♦♥t ❛❝❝♦♠♣❛❣♥é t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❧❛ t❤ès❡ ❡t ❛✈❡❝ q✉✐ ❥✬❛✐ r❡❢❛✐t ❧❡ ♠♦♥❞❡ ❝❡♥t
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❇✐❜❧✐♦❣r❛♣❤② ✶✽✸
❈❤❛♣t❡r ✶
●❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥
❚❤✐s ♠❛♥✉s❝r✐♣t ♣r❡s❡♥ts t❤❡ st✉❞② ♦❢ t✇♦ ♣❤②s✐❝❛❧ s②st❡♠s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✜❡❧❞
♦❢ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ st❛t✐st✐❝❛❧ ♣❤②s✐❝s✿ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss✱ ❛♥❞ ❤♦✲
♠♦❣❡♥❡♦✉s ✐s♦tr♦♣✐❝ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡✳ ❚❤❡ ❢♦r♠❡r ✐s ❛ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧
❢♦r t❤❡ ❞✐✛✉s✐♦♥ ♦❢ ❛♥ ❡♣✐❞❡♠✐❝ ✐♥ ❛ ♣♦♣✉❧❛t✐♦♥✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❢♦❝✉s ♦♥
t❤❡ ❝♦♥t✐♥✉♦✉s ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐t ✉♥❞❡r❣♦❡s ✇❤❡♥ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❞❡♥s✐t② ✐s ✈❛r✐❡❞✳
❚❤❡ s❡❝♦♥❞ s②st❡♠ ✐s ❛ ✢✉✐❞ ✐♥ ❛ t✉r❜✉❧❡♥t st❛t✐♦♥❛r② st❛t❡✱ ❛s ❞❡s❝r✐❜❡❞ ❜② t❤❡
◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥ s✉❜❥❡❝t❡❞ t♦ ❛ r❛♥❞♦♠ ❢♦r❝✐♥❣✳ ❇♦t❤ s②st❡♠s✱ ✐♥ ❛❞❞✐t✐♦♥ t♦
s❤❛r❡ t❤❡ ♣r♦♣❡rt② ♦❢ ❜❡✐♥❣ ✐♥tr✐♥s✐❝❛❧❧② ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠✱ ❛r❡ ❡①❛♠♣❧❡s ♦❢ ❝r✐t✐❝❛❧
♣❤❡♥♦♠❡♥❛✳ ■♥ t❤✐s ✇♦r❦✱ t❤❡ st✉❞② ♦❢ ❡❛❝❤ s②st❡♠ ✐s ❝♦♥❞✉❝t❡❞ ✉s✐♥❣ t❤❡ t♦♦❧s
❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❢r❛♠❡✇♦r❦ ❦♥♦✇♥ ❛s t❤❡ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ ✭♦r ❢✉♥❝t✐♦♥❛❧✮ r❡♥♦r✲
♠❛❧✐③❛t✐♦♥ ❣r♦✉♣✳ ❇❡❢♦r❡ ❞❡❧✈✐♥❣ ✐♥t♦ t❤❡ ♣❛rt✐❝✉❧❛r ♣❤②s✐❝s ♦❢ ❡❛❝❤ s②st❡♠✱ ❧❡t ✉s
♣r❡s❡♥t ✐♥ t❤✐s ❣❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥t❡①t ♦❢ ✉♥✐✈❡rs❛❧✐t② ❛♥❞
❝r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ✐♥ st❛t✐st✐❝❛❧ ♣❤②s✐❝s✱ ✇✐t❤ ❛♥ ❡♠♣❤❛s✐s ♦♥ t❤❡ ❝❛s❡ ♦❢ s②st❡♠s
♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠✱ ❛s ✇❡❧❧ ❛s t❤❡ ✜❡❧❞ t❤❡♦r❡t✐❝❛❧ ♠❡t❤♦❞s t♦ ❛❞❞r❡ss t❤❡♠✳
❙t❛t✐st✐❝❛❧ ♣❤②s✐❝s ✐s t❤❡ st✉❞② ♦❢ s②st❡♠s ❝♦♥t❛✐♥✐♥❣ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s
♦❢ ❢r❡❡❞♦♠✳ ■ts ❛✐♠ ✐s t♦ ❞❡r✐✈❡ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧ ♠❛❝r♦s❝♦♣✐❝ ♣❤❡♥♦♠✲
❡♥❛ ❡♠❡r❣✐♥❣ ❢r♦♠ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❡❧❡♠❡♥t❛r② ❝♦♥st✐t✉❡♥ts ♦❢ t❤❡
s②st❡♠ ❛♥❞ ♦❢ t❤❡✐r ✐♥t❡r❛❝t✐♦♥s✳ ❉✉❡ t♦ t❤❡ ✐♥❝♦♠♣❧❡t❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ s②st❡♠✱
♦♥❡ ✐s ❢❛❝❡❞ ✇✐t❤ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✢✉❝t✉❛t✐♦♥s✱ ✇❤✐❝❤ ❤❛✈❡ t♦ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳
❖♥❡ ♦❢t❡♥ ❛✐♠s ❛t ❜✉✐❧❞✐♥❣ ❛ ♠✐♥✐♠❛❧ ♠✐❝r♦s❝♦♣✐❝ ♠♦❞❡❧✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t s❤♦✉❧❞
r❡♣r♦❞✉❝❡ ❛❧❧ t❤❡ ❦♥♦✇♥ ♠❛❝r♦s❝♦♣✐❝ ❢❡❛t✉r❡s ♦❢ t❤❡ st❛t✐st✐❝❛❧ s②st❡♠ ✉♥❞❡r st✉❞②
✐♥ t❤❡ s✐♠♣❧❡st ✇❛② ❛♥❞ ✇✐t❤ t❤❡ ❧❡❛st ♣♦ss✐❜❧❡ ❛♠♦✉♥t ♦❢ ✐♥❣r❡❞✐❡♥ts ♥❡❡❞❡❞✳ ❚❤✐s
❛♣♣r♦❛❝❤ ✐s ♠❛❞❡ ♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ♦❜s❡r✈❛❜❧❡s ❛r❡ ❜✉✐❧t ✉♣ ❜② t❤❡
❝♦♥tr✐❜✉t✐♦♥s ♦❢ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♠✐❝r♦s❝♦♣✐❝ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❚❤✉s t❤❡② s❤♦✉❧❞
♥♦t ❜❡ t♦♦ s❡♥s✐t✐✈❡ t♦ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❞❡t❛✐❧s✳ ❚❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ❝❛♥ ✐♥
t✉r♥ ❧❡❛❞ t♦ ♥❡✇ ♣r❡❞✐❝t✐♦♥s ❛♥❞ ❣✉✐❞❡ ❡①♣❡r✐♠❡♥ts✳ ■♥ t❤✐s ❜❛❝❦✲❛♥❞✲❢♦rt❤ ♣r♦❝❡ss✱
♦♥❡ ❤♦♣❡s t♦ ✜♥❞ ✉♥✐❢②✐♥❣ ♣✐❝t✉r❡s ♦r ♠❡❝❤❛♥✐s♠s ✇❤✐❝❤ s❤❡❞ ❧✐❣❤t ♦♥ ✉♥✐✈❡rs❛❧
♣❤❡♥♦♠❡♥❛ ✐♥ ♣❤②s✐❝s✳
❆ ♣r♦♠✐♥❡♥t ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ✉♥✐✈❡rs❛❧✐t② ✐s ❣✐✈❡♥ ❜② ❝r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛✱ s✉❝❤ ❛s
❝♦♥t✐♥✉♦✉s ♣❤❛s❡ tr❛♥s✐t✐♦♥s✳ ■♥❞❡❡❞✱ ✐♥ s✉❝❤ ❝❛s❡✱ t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❜❡❝♦♠❡
❝♦rr❡❧❛t❡❞ ♦✈❡r ❛❧❧ t❤❡ r❛♥❣❡ ♦❢ s❝❛❧❡s s♣❛♥♥❡❞ ❜② t❤❡ s②st❡♠✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡
❧♦♥❣ ❞✐st❛♥❝❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s②st❡♠ ❧♦s❡s ♠❡♠♦r② ♦❢ t❤❡ ♠✐❝r♦s❝♦♣✐❝ s❝❛❧❡s ❛♥❞ ❞♦❡s
♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♠♦❞❡❧ ✉♥❞❡r st✉❞②✳ ❚❤✐s ✐s r❡✢❡❝t❡❞ ❢♦r ❡①❛♠♣❧❡
✐♥ t❤❡ ✉♥✐✈❡rs❛❧✐t② ♦❢ ❡①♣♦♥❡♥ts r❡❧❛t❡❞ t♦ s✐♥❣✉❧❛r q✉❛♥t✐t✐❡s ❛t ❛ ❝♦♥t✐♥✉♦✉s ♣❤❛s❡
tr❛♥s✐t✐♦♥✳ ❯♥❢♦rt✉♥❛t❡❧②✱ s✉❝❤ s✐♥❣✉❧❛r✐t✐❡s ♣❧❛❣✉❡ t❤❡ ❛♣♣r♦❛❝❤❡s ✉s✉❛❧❧② ❛♣♣❧✐❡❞
✼
✽ ❈❤❛♣t❡r ✶✳ ●❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥
t♦ ❞❡r✐✈❡ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❜❡❤❛✈✐♦r ❢r♦♠ ❛ ♠✐❝r♦s❝♦♣✐❝ ♠♦❞❡❧✳ ❈r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ✐♥
st❛t✐st✐❝❛❧ ♣❤②s✐❝s ✇❡r❡ ✐❞❡♥t✐✜❡❞ t♦ ❜❡ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ r❡♥♦r♠❛❧✐③❛✲
t✐♦♥ ✐♥ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r②✳ ❚❤✉s✱ ✐t ✇❛s t❡♠♣t✐♥❣ t♦ ❛♣♣❧② t❤❡ ♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞
✐♥ t❤✐s ❢r❛♠❡✇♦r❦ ✭❉②s♦♥ ✶✾✹✾❀ ❙t✉❡❝❦❡❧❜❡r❣ ❛♥❞ P❡t❡r♠❛♥♥ ✶✾✺✸❀ ❇♦❣♦❧②✉❜♦✈ ❛♥❞
❙❤✐r❦♦✈ ✶✾✺✾✮✱ t♦ st✉❞② t❤❡ ❝r✐t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ s✉❝❤ s②st❡♠s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❡q✉✐✲
❧✐❜r✐✉♠ ♣❤②s✐❝s✱ t❤✐s ❜r✐❞❣❡ ✇❛s ♠❛❞❡ ❜② ✭❲✐❧s♦♥ ❛♥❞ ❑♦❣✉t ✶✾✼✹❀ ❋✐s❤❡r ✶✾✼✹✮✱
❜✉✐❧❞✐♥❣ ♦♥ ❡❛r❧✐❡r ✇♦r❦ ❜② ✭❑❛❞❛♥♦✛ ✶✾✻✻✮✳ ❚❤❡② ✐♥t❡r♣r❡t❡❞ t❤❡ ❡❛r❧② r❡♥♦r✲
♠❛❧✐③❛t✐♦♥ s❝❤❡♠❡s ❞❡✈❡❧♦♣❡❞ ❢♦r q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r② ✐♥ ❛ ♥❡✇ ❢r❛♠❡✇♦r❦✱ t❤❡
❘❡♥♦r♠❛❧✐s❛t✐♦♥ ●r♦✉♣ ✭❘●✮✳ ❚❤❡ ❣❡♥❡r❛❧ ✐❞❡❛ ♦❢ t❤✐s ♠❡t❤♦❞ ✐s t♦ ❝♦♥st✉❝t t❤❡
❡✛❡❝t✐✈❡ t❤❡♦r② ❜② ✐♥t❡❣r❛t✐♥❣ t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♣r❡s❡♥t ✐♥ t❤❡ s②st❡♠ ♦♥ ❛♥
✐♥✜♥✐t❡s✐♠❛❧ s❤❡❧❧ ♦❢ ✇❛✈❡✲♥✉♠❜❡rs✱ ❜❡❣✐♥♥✐♥❣ ❢r♦♠ t❤❡ ✉❧tr❛✈✐♦❧❡t ✭❯❱✮ ❝✉t♦✛ ♦❢
t❤❡ s②st❡♠ ✭t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ s♠❛❧❧❡st s✐③❡ ✐♥ t❤❡ s②st❡♠✮✱ ✉♣ t♦ t❤❡ ✐♥❢r❛r❡❞ ✭■❘✮✳
■❢ t❤❡ s②st❡♠ ✐s ❛t ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ ❛❧❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❢r♦♠
t❤❡ ❯❱ t♦ t❤❡ ■❘ ❣❡♥❡r❛t❡s s✐♥❣✉❧❛r✐t✐❡s✳ ❚♦ ❞♦ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐♥✜♥✐t❡s✐♠❛❧② ❛❧❧♦✇s
♦♥❡ t♦ ✉♥❞❡rst❛♥❞ ❤♦✇ t❤❡s❡ s✐♥❣✉❧❛r✐t✐❡s ❛♣♣❡❛r✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞
❛s ❛ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❣✐✈✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✉♥❞❡r ❛ ❝❤❛♥❣❡ ♦❢ t❤❡
❘● s❝❛❧❡✳ ❆♥ ❡①❛❝t ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❘● ✢♦✇ ✇❛s ❣✐✈❡♥ ❜② P♦❧❝❤✐♥s❦✐ ✭P♦❧❝❤✐♥s❦✐
✶✾✽✹✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝❛❞❡✱ t❤✐s ❡①❛❝t ❘● ✢♦✇ ✇❛s r❡❢♦r♠✉❧❛t❡❞ ✐♥ t❡r♠s ♦❢ t❤❡
❡✛❡❝t✐✈❡ ❛❝t✐♦♥ ❜② ❲❡tt❡r✐❝❤✱ ▼♦rr✐s ❛♥❞ ❊❧❧✇❛♥❣❡r ✭❲❡tt❡r✐❝❤ ✶✾✾✸❀ ▼♦rr✐s ✶✾✾✹❀
❊❧❧✇❛♥❣❡r ✶✾✾✹✮✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ♥♦✇ ❝❛❧❧❡❞ t❤❡ ◆♦♥✲P❡rt✉r❜❛t✐✈❡ ✭❛❧s♦ ♥❛♠❡❞
❢✉♥❝t✐♦♥❛❧✮ ❘❡♥♦r♠❛❧✐s❛t✐♦♥ ●r♦✉♣ ✭◆P❘●✮✳
◆♦✇✱ ❧❡t ✉s ❡♠♣❤❛s✐③❡ s♦♠❡s s♣❡❝✐✜❝✐t✐❡s ♦❢ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ s②st❡♠s ✐♥ st❛t✐s✲
t✐❝❛❧ ♣❤②s✐❝s✳ ❚❤❡ ♠♦st s✉❝❝❡ss❢✉❧ ❢r❛♠❡✇♦r❦ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ✢✉❝t✉❛t✐♦♥s ✐s t❤❡
t❤❡♦r② ♦❢ s②st❡♠s ❛t ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❛ t❤❡r♠❛❧ ❜❛t❤✱ ✇❤♦s❡ ❞②♥❛♠✐❝s s❛t✐s✜❡s t❤❡
❞❡t❛✐❧❡❞ ❜❛❧❛♥❝❡✳ ❋♦r ❛ s②st❡♠ ❛t ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢
❛ ❣✐✈❡♥ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❡♥❡r❣② ❛ss♦❝✐❛t❡❞ t♦ t❤❡
❝♦♥✜❣✉r❛t✐♦♥ ✭●✐❜❜s ✶✾✵✷✮✳ ❇✉t ❛ ❧❛r❣❡ ♣❛rt ♦❢ ♣❤❡♥♦♠❡♥❛ ✐♥ st❛t✐st✐❝❛❧ ♣❤②s✐❝s ❞♦
♥♦t ✜t ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❡q✉✐❧✐❜r✐✉♠✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❛♥❞ r❡s♣♦♥s❡
❢✉♥❝t✐♦♥s ♦❢ t❤♦s❡ s②st❡♠s ❛r❡ ❢♦✉♥❞ ♥♦t t♦ s❛t✐s❢② t❤❡ ✢✉❝t✉❛t✐♦♥✲❞✐ss✐♣❛t✐♦♥ t❤❡✲
♦r❡♠✳ ❇❡❝❛✉s❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ s②st❡♠s ❛r❡ ♥♦t ❝♦♥str❛✐♥❡❞
t♦ s❛t✐s❢② ❞❡t❛✐❧❡❞ ❜❛❧❛♥❝❡✱ t❤❡② ❞❡s❝r✐❜❡ ❛ r✐❝❤❡r ♣❤②s✐❝s t❤❛♥ t❤❡ ♦♥❡ ❛❝❝❡ss✐❜❧❡
t♦ s②st❡♠s ❛t ♦r ❞✐ss✐♣❛t✐♥❣ t♦ ❡q✉✐❧✐❜r✐✉♠✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡s❡ s②st❡♠s ❝❛♥ ❡①✲
❤✐❜✐t ❝♦♥t✐♥✉♦✉s ♣❤❛s❡ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ ✢✉❝t✉❛t✐♥❣ ❛♥❞ ♥♦♥✲✢✉❝t✉❛t✐♥❣ st❡❛❞②
st❛t❡s ✭❍✐♥r✐❝❤s❡♥ ✷✵✵✵✮✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ ❛t ❡q✉✐❧✐❜r✐✉♠✳ ▼♦r❡♦✈❡r✱ ♥✉♠❡r♦✉s
♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ s②st❡♠s ❛r❡ ❢♦✉♥❞ t♦ ❜❡ ❣❡♥❡r✐❝❛❧❧② ❝r✐t✐❝❛❧✳ ❋♦r s②st❡♠s ❛t ❡q✉✐✲
❧✐❜r✐✉♠✱ ❝r✐t✐❝❛❧ ❜❡❤❛✈✐♦rs ❛r❡ ❣❡♥❡r❛❧❧② ❛ss♦❝✐❛t❡❞ t♦ ❝♦♥t✐♥✉♦✉s ♣❤❛s❡ tr❛♥s✐t✐♦♥s✳
■♥ t❤❡s❡ ❝❛s❡s t❤❡ ❝r✐t✐❝❛❧ ❜❡❤❛✈✐♦r ❡♠❡r❣❡s ❢r♦♠ ❛ ✜♥❡✲t✉♥✐♥❣ ♦❢ s♦♠❡ ♣❛r❛♠❡t❡rs
♦❢ t❤❡ t❤❡♦r②✳ ❍♦✇❡✈❡r✱ ❢♦r ♠❛♥② ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ s②st❡♠s✱ t❤✐s ❝r✐t✐❝❛❧ ❜❡❤❛✈✐♦r
❡♠❡r❣❡s ✇✐t❤♦✉t ❛♥② ✜♥❡✲t✉♥✐♥❣ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥✱ s♦♠❡t✐♠❡s
t❡r♠❡❞ s❡❧❢✲♦r❣❛♥✐③❡❞ ❝r✐t✐❝❛❧✐t② ✭❇❛❦✱ ❚❛♥❣✱ ❛♥❞ ❲✐❡s❡♥❢❡❧❞ ✶✾✽✼✮✱ ❤❛s ♠❛②❜❡ ✐ts
❢❛♠♦✉s ❡①❛♠♣❧❡s ✐♥t❡r❢❛❝❡ ❣r♦✇t❤✱ ♠♦❞❡❧❡❞ ❜② t❤❡ ❝❡❧❡❜r❛t❡❞ ❑❛r❞❛r✲P❛r✐s✐✲❩❤❛♥❣
❡q✉❛t✐♦♥ ✭❑❛r❞❛r✱ P❛r✐s✐✱ ❛♥❞ ❩❤❛♥❣ ✶✾✽✻✮✳ ❚❤❡s❡ ♣❡❝✉❧✐❛r✐t✐❡s ♦❢ ❝❧❛ss✐❝❛❧ ♦✉t ♦❢
❡q✉✐❧✐❜r✐✉♠ s②st❡♠s ♠❛❦❡ ✐t ❛♥ ❡①❝✐t✐♥❣ ♣❧❛②❣r♦✉♥❞ t♦ st✉❞② t❤❡ ♣❤②s✐❝s ♦❢ ❝r✐t✐❝❛❧
♣❤❡♥♦♠❡♥❛ ✉s✐♥❣ t❤❡ t♦♦❧s ♦❢ t❤❡ ❘● ✭❈❛r❞② ❛♥❞ ❚ä✉❜❡r ✶✾✾✽❀ ❚ä✉❜❡r ✷✵✶✹✮ ❛♥❞
t❤❡ ◆P❘● ✭❈❛♥❡t✱ ❈❤❛té✱ ❛♥❞ ❉❡❧❛♠♦tt❡ ✷✵✵✹❀ ❈❛♥❡t ❡t ❛❧✳ ✷✵✶✵✮✳
❯♥❢♦rt✉♥❛t❡❧②✱ ❝♦♥tr❛r② t♦ ❡q✉✐❧✐❜r✐✉♠ s②st❡♠s✱ ❢♦r ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ s②st❡♠s
t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st ❛ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ t♦ ❛❝❝♦✉♥t ❢♦r ✢✉❝t✉❛t✐♦♥s✳ ❚❤✉s ♦♥❡ ❤❛s t♦
❛✈❡r❛❣❡ ❞✐r❡❝t❧② ♦✈❡r t❤❡ ♥♦✐s❡ ❝❤♦s❡♥ ✐♥ t❤❡ ♠♦❞❡❧✳ ❚❤❡r❡ ❛r❡ t✇♦ tr❛❞✐t✐♦♥❛❧ ✇❛②s
✾t♦ ❣❡♥❡r❛t❡ s✉❝❤ st♦❝❤❛st✐❝ ❞②♥❛♠✐❝s ❢♦r ❝❧❛ss✐❝❛❧ s②st❡♠s✳ ❚❤❡ ✜rst ♦♥❡ ✐s t♦ ✇r✐t❡
❛ s♣❛t✐♦✲t❡♠♣♦r❛❧ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✇❤♦s❡ s♦❧✉t✐♦♥s ❛r❡ t❤❡ s♣❛❝❡✲t✐♠❡
tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡ s②st❡♠✳ ❚♦ ❛❝❝♦✉♥t ❢♦r t❤❡ st♦❝❤❛st✐❝✐t②✱ t❤✐s ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥
❝♦✉♣❧❡s t❤❡ ♦❜s❡r✈❛❜❧❡s t♦ ❛ ♥♦✐s❡✱ ✇❤✐❝❤ ✐s ❣❡♥❡r❛❧❧② ❛ss✉♠❡❞ t♦ ❜❡ ●❛✉ss✐❛♥✳ ❚❤✐s
❢❛❝✐❧✐t❛t✐♥❣ ❤②♣♦t❤❡s✐s ✐s ❥✉st✐✜❡❞ ❜② ✈✐❡✇✐♥❣ t❤❡ ♥♦✐s❡ ❛s ❡♠❡r❣✐♥❣ ❢r♦♠ t❤❡ s✉♠
♦❢ ♠❛♥② ✉♥❦♥♦✇♥ s♠❛❧❧ ✐♥❞❡♣❡♥❞❡♥t ❡✛❡❝ts✳ ❚❤✐s s❡t✉♣✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s
❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥✱ ✐s ♥❛♠❡❞ st♦❝❤❛st✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥ ✭❙P❉❊✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❚❤❡ s❡❝♦♥❞ ✇❛② t♦ ❜✉✐❧❞ ❛ ❞②♥❛♠✐❝s ✐s t♦ ❛ss✉♠❡
t❤❛t t❤❡ ♣r♦❝❡ss ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛ t✐♠❡✲❝♦♥t✐♥✉♦✉s ▼❛r❦♦✈ ❝❤❛✐♥ ❛♥❞ ✐♥ t❤✐s
❝❛s❡✱ t❤❡ ♣r❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝s ✐s ❞♦♥❡ ❜② ❣✐✈✐♥❣ t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ♦❢
t❤❡ ♣r♦❝❡ss✳ ❍♦✇❡✈❡r✱ ❜♦t❤ ♦❢ t❤❡s❡ ❢♦r♠✉❧❛t✐♦♥s ❛r❡ ♥♦t ❞✐r❡❝t❧② ❛♠❡♥❛❜❧❡ t♦
t❤❡ tr❡❛t♠❡♥t ❜② r❡♥♦r♠❛❧✐③❛t✐♦♥ ♠❡t❤♦❞s✳ ❚❤✐s ❣❛♣ ❧❡❞ t♦ ♠❛♥② ❞❡✈❡❧♦♣♠❡♥ts
✐♥ t❤❡ ✬✻✵✱ ♥♦t❛❜❧② ❢♦r ❛♣♣❧✐❝❛t✐♦♥s t♦ t✉r❜✉❧❡♥❝❡ ✭❑r❛✐❝❤♥❛♥ ✶✾✻✶❀ ❲②❧❞ ✶✾✻✶✮✱
✇❤✐❝❤ ✇❡r❡ s②♥t❤❡t✐③❡❞ ❛♥❞ ♣♦♣✉❧❛r✐③❡❞ ❜② ✭▼❛rt✐♥✱ ❙✐❣❣✐❛✱ ❛♥❞ ❘♦s❡ ✶✾✼✸✮✳ ■t
✇❛s r❡❛❧✐③❡❞ t❤❛t t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ st❛t✐st✐❝❛❧ s②st❡♠ ❣✐✈❡♥ ❜② ❛ ❙P❉❊ ❝♦✉❧❞ ❜❡
✇r✐tt❡♥ ✐♥ ❢♦r♠❛❧ ❝❧♦s❡♥❡ss ✇✐t❤ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r② ❛t t❤❡ ♣r✐❝❡ ♦❢ ✐♥tr♦❞✉❝✐♥❣
❛♥ ❡①tr❛ ✜❡❧❞ ❢♦r ❡❛❝❤ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ t❤❡♦r②✳ ❚❤✐s ❜r❡❛❦t❤r♦✉❣❤✱ ♥❛♠❡❞
t❤❡ r❡s♣♦♥s❡ ✜❡❧❞ ❢♦r♠❛❧✐s♠✱ ❡♥❛❜❧❡❞ t❤❡ ✉s❡ ♦❢ t❤❡ t♦♦❧s ♦❢ q✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r②
t♦ t❛❝❦❧❡ ❝r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ✐♥ ♦✉t✲♦❢✲❡q✉✐❧✐❜r✐✉♠ st❛t✐st✐❝❛❧ s②st❡♠s✳ ▲❛t❡r ✐t ✇❛s
s❤♦✇♥ ❜② ✭❏❛♥ss❡♥ ✶✾✼✻✮ ❛♥❞ ✭❉❡ ❉♦♠✐♥✐❝✐s ✶✾✼✻✮ t❤❛t t❤❡ ✜❡❧❞ t❤❡♦r② ❢♦r t❤❡
♦❜s❡r✈❛❜❧❡s ❛♥❞ t❤❡ r❡s♣♦♥s❡ ✜❡❧❞s ❝♦✉❧❞ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❛ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥✱
s✉♠♠✐♥❣ ♦✈❡r ❝♦♥✜❣✉r❛t✐♦♥s ✐♥ s♣❛❝❡✲t✐♠❡ ✇❡✐❣❤t❡❞ ❜② t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♦❢ ❛♥ ❛❝t✐♦♥✳
❚❤✐s ❢♦r♠✉❧❛t✐♦♥ ♦♣❡♥s t❤❡ ✇❛② t♦ ♣♦✇❡r❢✉❧ ❛♣♣r♦①✐♠❛t✐♦♥s r❡❧②✐♥❣ ♦♥ s❛❞❞❧❡✲♣♦✐♥t
♠❡t❤♦❞s ❛♥❞ t♦ ❛ s②st❡♠❛t✐❝ ✇❛② t♦ ❛❝❝♦✉♥t ❢♦r ♣❛rt✐❝✉❧❛r s②♠♠❡tr✐❡s ♦❢ t❤❡ ♠♦❞❡❧✳
❚❤❡ ♠❛♣♣✐♥❣ ❢r♦♠ ❛ ❙P❉❊ t♦ ❛ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r ❛ ✜❡❧❞ t❤❡♦r② ✐s ❦♥♦✇♥
❝♦❧❧❡❝t✐✈❡❧② ❛s t❤❡ ▼❛rt✐♥✲❙✐❣❣✐❛✲❘♦s❡✲❏❛♥ss❡♥✲❞❡ ❉♦♠✐♥✐❝✐s ✭▼❙❘❏❉✮ ❢♦r♠❛❧✐s♠✳
❆❧t❤♦✉❣❤ ✐t ✐s ♥♦t t❤❡ ❢♦❝✉s ♦❢ t❤✐s ✇♦r❦✱ ❧❡t ✉s ♥♦t❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ q✉❛♥t✉♠
s②st❡♠s t❤❡r❡ ❛❧s♦ ❡①✐st ❛ ❢♦r♠❛❧✐s♠ t♦ ✇r✐t❡ ❛ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ✇❤❡♥ t❤❡ s②st❡♠
✐s ♥♦t ❛t ❡q✉✐❧✐❜r✐✉♠✳ ■t ✐s ❦♥♦✇♥ ❛s t❤❡ ❙❝❤✇✐♥❣❡r✲❑❡❧❞②s❤ ❢♦r♠❛❧✐s♠ ✭❙❝❤✇✐♥❣❡r
✶✾✻✵❀ ❙❝❤✇✐♥❣❡r ✶✾✻✶❀ ❑❡❧❞②s❤ ✶✾✻✹✮ ❛♥❞ ✐ts s❡♠✐✲❝❧❛ss✐❝❛❧ ❧✐♠✐t ❣✐✈❡s ❜❛❝❦ t❤❡
❛❝t✐♦♥ ♦❢ ▼❙❘❏❉ ✭❑❛♠❡♥❡✈ ✷✵✶✶✮✳ ■♥ t❤❡ s❛♠❡ ❞❡❝❛❞❡✱ st❛rt✐♥❣ ❞✐r❡❝t❧② ❢r♦♠
t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦❜s❡r✈❛❜❧❡s✱ ❉♦✐ ❞❡✈✐s❡❞ ❛♥♦t❤❡r
♠❡t❤♦❞ t♦ ♠❛♣ st❛t✐st✐❝❛❧ s②st❡♠s ✐♥t♦ ✜❡❧❞ t❤❡♦r② ❛❦✐♥ t♦ t❤❡ ✏s❡❝♦♥❞✲q✉❛♥t✐③❛t✐♦♥✑
✐♥ q✉❛♥t✉♠ s②st❡♠s ✭❉♦✐ ✶✾✼✻✮✳ ❚❤✐s ♠❡t❤♦❞ ❧❡❛❞s t♦ ❛ ❞✐✛❡r❡♥t ✜❡❧❞ t❤❡♦r② ❢r♦♠
t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ ▼❙❘❏❉ ❢♦r♠❛❧✐s♠ ❛♥❞ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✐s st✐❧❧
s✉❜❥❡❝t t♦ s♦♠❡ ❞✐s❝✉ss✐♦♥s✳ ❚❤❡ ♠❡t❤♦❞ ✇❛s ♣r❡s❡♥t❡❞ ❛♥❞ r❡✜♥❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ✭❛❧s♦ ♥❛♠❡❞ ❜✐rt❤✲❞❡❛t❤ ♣r♦❝❡ss❡s✮ ♦♥ ❛ ❧❛tt✐❝❡ ✐♥ ✭P❡❧✐t✐
✶✾✽✺✮ ❛♥❞ s✐♥❝❡ t❤❡♥ ❜❡❛rs t❤❡ ♥❛♠❡ ♦❢ ❉♦✐✲P❡❧✐t✐ ❢♦r♠❛❧✐s♠✳ ■♥ t❤❡ ♣r❡s❡♥t ❞❛②s✱ ♦✉t
♦❢ ❡q✉✐❧✐❜r✐✉♠ st❛t✐st✐❝❛❧ ♣❤②s✐❝s ✐s ♦❢t❡♥ ♣r❡s❡♥t❡❞ ❛s s✉❜❞✐✈✐❞❡❞ ✐♥ t✇♦ ❝❛t❡❣♦r✐❡s✳
❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ♣r♦❝❡ss❡s ✇❤✐❝❤ ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❝♦♥t✐♥✉✉♠ t❤r♦✉❣❤ t❤❡✐r ❙P❉❊
❛♥❞ ❝❛st❡❞ t♦ ❛ ✜❡❧❞ t❤❡♦r② ✉s✐♥❣ t❤❡ ▼❙❘❏❉ ❢♦r♠❛❧✐s♠✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❥✉♠♣
♣r♦❝❡ss❡s ✇✐t❤ ❝♦✉♥t❛❜❧❡ st❛t❡ s♣❛❝❡ s✉❝❤ ❛s r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ♦♥ ❛ ❧❛tt✐❝❡✱
❞❡✜♥❡❞ ❜② t❤❡✐r ♠❛st❡r ❡q✉❛t✐♦♥ ❛♥❞ ✇❤♦s❡ ❝♦♥t✐♥✉✉♠ ❧✐♠✐t ✐s t❛❦❡♥ ❛t t❤❡ ❧❡✈❡❧
♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥✱ ❛❢t❡r ✉s✐♥❣ ❉♦✐✲P❡❧✐t✐ ❢♦r♠❛❧✐s♠✳ ❚❤✐s s❡♣❛r❛t✐♦♥ ✐s r❡♣r❡s❡♥t❡❞
✐♥ t❤✐s ✇♦r❦✱ ❛s t❤❡ ❢♦r❝❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥ ✐s ❛ ❙P❉❊✱ ❛♥❞ t❤❡ ❞✐✛✉s✐✈❡
❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ✐s ❛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss ♦♥ ❛ ❧❛tt✐❝❡✳
■♥ ❈❤❛♣✳ ✷ ✇❡ ✇✐❧❧ ♣r❡s❡♥t t❤❡ ♣❤②s✐❝s ♦❢ ❜♦t❤ s②st❡♠s ❛♥❞ t❤❡ ♦♣❡♥ ♣r♦❜❧❡♠s
✇❤✐❝❤ ♠♦t✐✈❛t❡❞ ♦✉r st✉❞②✳ ■♥ ❈❤❛♣✳ ✸✱ ✇❡ ✇✐❧❧ ♠❛❦❡ ❛ s❤♦rt ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡
✶✵ ❈❤❛♣t❡r ✶✳ ●❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥
❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ◆P❘●✱ ✇✐t❤ ❛♥ ❡♠♣❤❛s✐s ♦♥ ✐ts ❛♣♣❧✐❝❛t✐♦♥ t♦ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠
✜❡❧❞ t❤❡♦r✐❡s✳ ❋✐♥❛❧❧②✱ ✐♥ ❈❤❛♣✳ ✹ ❛♥❞ ❈❤❛♣✳ ✺✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t r❡s♣❡❝t✐✈❡❧② ♦✉r t❛❦❡
♦♥ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss✱
❛♥❞ ♦♥ t❤❡ ❜r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❤♦♠♦❣❡♥❡♦✉s ✐s♦tr♦♣✐❝ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞
t✉r❜✉❧❡♥❝❡✳
❱❡rs✐♦♥ ❢r❛♥☛❝❛✐s❡
❈❡ ♠❛♥✉s❝r✐t ♣rés❡♥t❡ ❧✬ét✉❞❡ ❞❡ ❞❡✉① s②stè♠❡s ♣❤②s✐q✉❡s ❛♣♣❛rt❡♥❛♥t ❛✉ ❞♦♠❛✐♥❡
❞❡ ❧❛ ♣❤②s✐q✉❡ st❛t✐st✐q✉❡ ❤♦rs éq✉✐❧✐❜r❡ ✿ ❧❡ ♣r♦❝❡ss✉s é♣✐❞é♠✐q✉❡ ❞✐✛✉s✐❢ ❡t ❧❛ t✉r❜✉✲
❧❡♥❝❡ ✐s♦tr♦♣❡ ❤♦♠♦❣è♥❡ ❡t ♣❧❡✐♥❡♠❡♥t ❞é✈❡❧♦♣♣é❡✳ ▲❡ ♣r❡♠✐❡r ❡st ✉♥ ♠♦❞è❧❡ s✐♠♣❧✐✲
✜é ♣♦✉r ❧❛ ❞✐✛✉s✐♦♥ ❞✬✉♥❡ é♣✐❞é♠✐❡ ❞❛♥s ✉♥❡ ♣♦♣✉❧❛t✐♦♥✳ P❧✉s s♣é❝✐✜q✉❡♠❡♥t✱ ♥♦✉s
♥♦✉s ❝♦♥❝❡♥tr♦♥s s✉r ❧❛ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❝♦♥t✐♥✉❡ q✉✬✐❧ s✉❜✐t ❧♦rsq✉❡ ❧❛ ❞❡♥s✐té ❞❡
♣♦♣✉❧❛t✐♦♥ ❡st ✈❛r✐é❡✳ ▲❡ s❡❝♦♥❞ s②stè♠❡ ❡st ✉♥ ✢✉✐❞❡ à ❧✬ét❛t st❛t✐♦♥♥❛✐r❡ t✉r❜✉❧❡♥t✱
t❡❧ q✉❡ ❞é❝r✐t ♣❛r ❧✬éq✉❛t✐♦♥ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s s♦✉♠✐s❡ à ✉♥ ❢♦r☛❝❛❣❡ ❛❧é❛t♦✐r❡✳ ▲❡s
❞❡✉① s②stè♠❡s✱ ❡♥ ♣❧✉s ❞❡ ♣❛rt❛❣❡r ❧❛ ♣r♦♣r✐été ❞✬êtr❡ ✐♥tr✐♥sèq✉❡♠❡♥t ❤♦rs éq✉✐❧✐✲
❜r❡✱ s♦♥t ❞❡s ❡①❡♠♣❧❡s ❞❡ ♣❤é♥♦♠è♥❡s ❝r✐t✐q✉❡s✳ ❉❛♥s ❝❡ tr❛✈❛✐❧✱ ❧✬ét✉❞❡ ❞❡ ❝❤❛q✉❡
s②stè♠❡ ❡st ré❛❧✐sé❡ à ❧✬❛✐❞❡ ❞❡s ♦✉t✐❧s ✐ss✉s ❞✉ ❢♦r♠❛❧✐s♠❡ ❞✐t ❞❡ ❧❛ r❡♥♦r♠❛❧✐s❛t✐♦♥
♥♦♥ ♣❡rt✉r❜❛t✐✈❡ ✭♦✉ ❢♦♥❝t✐♦♥♥❡❧❧❡✮✳
❉❛♥s ❧❡ ❈❤❛♣✳ ✷ ♥♦✉s ♣rés❡♥t❡r♦♥s ❧❛ ♣❤②s✐q✉❡ ❞❡s ❞❡✉① s②stè♠❡s ❡t ❧❡s ♣r♦❜✲
❧è♠❡s ♦✉✈❡rts q✉✐ ♦♥t ♠♦t✐✈é ♥♦tr❡ ét✉❞❡✳ ❉❛♥s ❧❡ ❈❤❛♣✳ ✸✱ ♥♦✉s ❢❡r♦♥s ✉♥❡ ❜rè✈❡
♣rés❡♥t❛t✐♦♥ ❞✉ ❢♦r♠❛❧✐s♠❡ ❞✉ ◆P❘●✱ ❡♥ ♠❡tt❛♥t ❧✬❛❝❝❡♥t s✉r s♦♥ ❛♣♣❧✐❝❛t✐♦♥ ❛✉①
t❤é♦r✐❡s ❞❡s ❝❤❛♠♣s ❤♦rs éq✉✐❧✐❜r❡✳ ❊♥✜♥✱ ❞❛♥s ❧❡ ❈❤❛♣✳ ✹ ❡t ❈❤❛♣✳ ✺✱ ♥♦✉s ♣rés❡♥✲
t❡r♦♥s ♥♦tr❡ ❝♦♥tr✐❜✉t✐♦♥ r❡s♣❡❝t✐✈❡♠❡♥t s✉r ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❞❡
♣❤❛s❡ ❞✉ ♣r♦❝❡ss✉s é♣✐❞é♠✐q✉❡ ❞✐✛✉s✐❢✱ ❡t s✉r ❧❛ r✉♣t✉r❡ ❞❡ ❧✬✐♥✈❛r✐❛♥❝❡ ❞✬é❝❤❡❧❧❡ ❡♥
t✉r❜✉❧❡♥❝❡ ✐s♦tr♦♣❡ ❤♦♠♦❣è♥❡ ❡t ♣❧❡✐♥❡♠❡♥t ❞é✈❡❧♦♣♣é❡✳
❈❤❛♣t❡r ✷
❯♥✐✈❡rs❛❧ ❜❡❤❛✈✐♦rs ✐♥ t❤❡ ❞✐✛✉s✐✈❡
❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ❛♥❞ ✐♥ ❢✉❧❧②
❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡
■♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ ♣❤❡♥♦♠❡♥♦❧♦❣② ❛♥❞ ❝❤❛❧❧❡♥❣❡s ♦❢ t❤❡ t✇♦ s②st❡♠s st✉❞✐❡❞ ❛s
♣❛rt ♦❢ t❤❡ t❤❡s✐s ✇♦r❦ ❛r❡ ♣r❡s❡♥t❡❞✳ ❋✐rst❧②✱ ✐♥ ❙❡❝✳ ✷✳✶ ✇❡ ❣✐✈❡ ❛ s❤♦rt ❛❝❝♦✉♥t ♦♥
t❤❡ ♣❤②s✐❝s ♦❢ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♦❢ t❤❡ ♣❤❛s❡ tr❛♥s✐t✐♦♥
❜❡t✇❡❡♥ ❛ ✢✉❝t✉❛t✐♥❣ st❛t❡ ❛♥❞ ❛♥ ❛❜s♦r❜✐♥❣ st❛t❡ t❤❛t t❤✐s s②st❡♠ ✉♥❞❡r❣♦❡s✳ ❲❡
t❛❦❡ t❤❡ t✐♠❡ t♦ ♣r❡s❡♥t t❤❡ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡ ♦♥ t❤❡ s✉❜❥❡❝t ❛♥❞ t♦ ✉♥❝♦✈❡r s♦♠❡
r❡♠❛✐♥✐♥❣ ✐ss✉❡s ✐♥ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤✐s s②t❡♠✳ ❙❡❝♦♥❞❧②✱ ✐♥ ❙❡❝✳ ✷✳✷ ❛❢t❡r ❣✐✈✐♥❣
t❤❡ ❣❡♥❡r❛❧ ♣❤❡♥♦♠❡♥♦❧♦❣② ❛♥❞ ❝❤❛❧❧❡♥❣❡s ♦❢ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡ ✐♥ ✢✉✐❞s✱ ✇❡
❢♦❝✉s ♦♥ t❤❡ t✇♦ s✉❜❥❡❝ts st✉❞✐❡❞ ❤❡r❡✿ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥❝❡ ♦❢ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s
✐♥ ❜♦t❤ t✇♦✲ ❛♥❞ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ t✉r❜✉❧❡♥❝❡✱ ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✐♥t❡r♠✐tt❡♥❝②
✐♥ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ t✉r❜✉❧❡♥❝❡✳
❱❡rs✐♦♥ ❢r❛♥☛❝❛✐s❡
❈❡ ❝❤❛♣✐tr❡ ♣rés❡♥t❡ ❧❛ ♣❤é♥♦♠é♥♦❧♦❣✐❡ ❡t ❧❡s ❞é✜s ❞❡s ❞❡✉① s②stè♠❡s ét✉❞✐és ❞❛♥s
❧❡ ❝❛❞r❡ ❞❡s tr❛✈❛✉① ❞❡ t❤ès❡✳ Pr❡♠✐èr❡♠❡♥t✱ ❞❛♥s ❧❛ ❙❡❝✳ ✷✳✶✱ ♥♦✉s ❞♦♥♥♦♥s ✉♥ ❜r❡❢
❝♦♠♣t❡✲ r❡♥❞✉ ❞❡ ❧❛ ♣❤②s✐q✉❡ ❞✉ ♣r♦❝❡ss✉s é♣✐❞é♠✐q✉❡ ❞✐✛✉s✐❢ ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ❞❡ ❧❛
tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❡♥tr❡ ✉♥ ét❛t ✢✉❝t✉❛♥t ❡t ✉♥ ét❛t ❛❜s♦r❜❛♥t q✉❡ s✉❜✐t ❝❡ s②stè♠❡✳
◆♦✉s ♣r❡♥♦♥s ❧❡ t❡♠♣s ❞❡ ♣rés❡♥t❡r ❧❛ ❧✐ttér❛t✉r❡ ❡①✐st❛♥t❡ s✉r ❧❡ s✉❥❡t ❡t ❞❡ ♠❡ttr❡
❡♥ ❧✉♠✐èr❡ ❝❡rt❛✐♥❡s q✉❡st✐♦♥s ❡♥ s✉s♣❡♥s✳ ❉❡✉①✐è♠❡♠❡♥t✱ ❞❛♥s ❧❛ ❙❡❝✳ ✷✳✷✱ ❛♣rès
❛✈♦✐r ♣rés❡♥té ❧❛ ♣❤é♥♦♠é♥♦❧♦❣✐❡ ❣é♥ér❛❧❡ ❡t ❧❡s ❞é✜s ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ♣❧❡✐♥❡♠❡♥t
❞é✈❡❧♦♣♣é❡✱ ♥♦✉s ♥♦✉s ❝♦♥❝❡♥tr♦♥s s✉r ❧❡s ❞❡✉① s✉❥❡ts ét✉❞✐és ✐❝✐ ✿ ❧❛ ❞é♣❡♥❞❛♥❝❡
t❡♠♣♦r❡❧❧❡ ❞❡s ❢♦♥❝t✐♦♥s ❞❡ ❝♦rré❧❛t✐♦♥ ❞❛♥s ❧❛ t✉r❜✉❧❡♥❝❡ ❜✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ❡t tr✐❞✐✲
♠❡♥s✐♦♥♥❡❧❧❡✱ ❡t ❧✬❡①✐st❡♥❝❡ ❞❡ ❧✬✐♥t❡r♠✐tt❡♥❝❡ ❡♥ t✉r❜✉❧❡♥❝❡ ❜✐❞✐♠❡♥s✐♦♥♥❡❧❧❡✳
✷✳✶ ❚❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ t❤❡ ❞✐✛✉s✐✈❡
❡♣✐❞❡♠✐❝ ♣r♦❝❡ss
❚❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♠❛♥✉s❝r✐♣t ✐s ❞❡✈♦t❡❞ t♦ st✉❞②✐♥❣ t❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥
♦❝❝✉r✐♥❣ ✐♥ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss✳ ❆❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥s ❛r❡ ♣❤❛s❡
tr❛♥s✐t✐♦♥s t♦ ❛ st❛t❡ ❢r♦♠ ✇❤✐❝❤ t❤❡ s②st❡♠ ❝❛♥♥♦t ❡s❝❛♣❡✱ ❛ ♣❤❡♥♦♠❡♥♦♥ ❡①❝❧✉s✐✈❡
✶✶
✶✷
❈❤❛♣t❡r ✷✳ ❯♥✐✈❡rs❛❧ ❜❡❤❛✈✐♦rs ✐♥ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ❛♥❞ ✐♥ ❢✉❧❧②
❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡
t♦ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ ♣❤②s✐❝s✳ ❚❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ✭❉❊P✮✱ ♣r♦♣♦s❡❞
✐♥ ✭❲✐❥❧❛♥❞✱ ❖❡r❞✐♥❣✱ ❛♥❞ ❍✐❧❤♦rst ✶✾✾✽✮✱ ✐s t❤❡ s✐♠♣❧❡st ♠♦❞❡❧ ❛✈❛✐❧❛❜❧❡ t♦ ❞❡s❝r✐❜❡
t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛♥ ❡♣✐❞❡♠② ✐♥ ❛ ♣♦♣✉❧❛t✐♦♥ ✇✐t❤♦✉t ✐♠♠✉♥✐③❛t✐♦♥✳ ❚❤❡ ❛❜s♦r❜✐♥❣
♣❤❛s❡ ✐♥ t❤✐s ❝❛s❡ ✐s t❤❡ st❛t❡ ✇✐t❤♦✉t ❛♥② ✐♥❞✐✈✐❞✉❛❧s ✐♥❢❡❝t❡❞ s✉❝❤ t❤❛t t❤❡ ❡♣✐❞❡♠②
❤❛s ❞✐s❛♣♣❡❛r❡❞✳ ❆s ❛♥♥♦✉♥❝❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ❉❊P ❜❡❧♦♥❣s t♦ t❤❡ ❝❧❛ss ♦❢
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✳ ▲❡t ✉s ✜rst ❣✐✈❡ ❛ ❜r✐❡❢ ❣❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡s❡
♠♦❞❡❧s✳
❘❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤✐s ✇♦r❦ ❛s ❞✐s❝r❡t❡ st♦❝❤❛st✐❝ ♣r♦✲
❝❡ss❡s ❝♦♥t✐♥✉♦✉s ✐♥ t✐♠❡✱ ❣✐✈❡♥ ❜② ❛ s❡t ♦❢ ♣❛rt✐❝❧❡s ❤♦♣♣✐♥❣ ♦♥ ❛ ❧❛tt✐❝❡ ❛♥❞ ✉♥✲
❞❡r❣♦✐♥❣ r❡❛❝t✐♦♥s r❛♥❞♦♠❧②✱ s✉❝❤ ❛s ❛♥♥✐❤✐❧❛t✐♦♥ ♦❢ t✇♦ ♣❛rt✐❝❧❡s ♦♥ t❤❡ s❛♠❡ s✐t❡✳
❚❤❡s❡ ♣r♦❝❡ss❡s ❛r❡ ✈❡r② s✐♠♣❧❡ t♦ ❢♦r♠✉❧❛t❡ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ♠❛st❡r ❡q✉❛t✐♦♥ ❜✉t
t❤❡② ❝❛♥ ❞❡s❝r✐❜❡ ❛♥ ❡①tr❡♠❡❧② r✐❝❤ ❞✐✈❡rs✐t② ♦❢ ♣❤②s✐❝s✳ ❚❤❡ ♣❛rt✐❝❧❡s ❝❛♥ ❜❡ ♦❢
❞✐✛❡r❡♥t t②♣❡s ❛♥❞ t❤❡ r❡❛❝t✐♦♥ r❛t❡s ❝❛♥ ❜❡ ❝❤♦s❡♥ s✉❝❤ ❛s t♦ ❛❝❝♦✉♥t ❢♦r ❛❞❞✐✲
t✐♦♥❛❧ ❡✛❡❝ts s✉❝❤ ❛s ❡①❝❧✉s✐♦♥✳ ❚❤❡ ❤♦♣♣✐♥❣s ❛♥❞ r❡❛❝t✐♦♥s ❛r❡ ♠♦st ♦❢t❡♥ ❝❤♦s❡♥
❧♦❝❛❧✱ s✉❝❤ t❤❛t t❤❡ ♣❛rt✐❝❧❡s ♣❡r❢♦r♠ r❛♥❞♦♠ ✇❛❧❦s ❛♥❞ t❤❡ r❡❛❝t✐♦♥s ❤❛♣♣❡♥ ❜❡✲
t✇❡❡♥ ♣❛rt✐❝❧❡s ♦♥ t❤❡ s❛♠❡ s✐t❡✳ ❇❡❝❛✉s❡ ❡❛❝❤ r❡❛❝t✐♦♥ ❝❛♥ ❜❡ ❝❤♦s❡♥ ✐♥❞✐✈✐❞✉❛❧❧②
t♦ ♠♦❞❡❧ ❛ ♣❛rt✐❝✉❧❛r ♣r♦❝❡ss✱ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ❛r❡ ❛ r✐❝❤ ♣❧❛②❣r♦✉♥❞ t♦
❢♦r♠✉❧❛t❡ ❛♥❞ t❡st ♠✐♥✐♠❛❧ ♠♦❞❡❧s✳ ❚♦ ✜① t❤❡ ✐❞❡❛✱ ❧❡t ✉s ❛❧r❡❛❞② ❣✐✈❡ t❤❡ s❡t ♦❢
r❡❛❝t✐♦♥s ❛♥❞ ❞✐✛✉s✐♦♥s ❞❡✜♥✐♥❣ ❉❊P✿
■♥❢❡❝t✐♦♥ A + B
k B + B
❘❡❝♦✈❡r② B
1/   A
❉✐✛✉s✐♦♥ ♦❢ ❆ A +  DA   + A
❉✐✛✉s✐♦♥ ♦❢ ❇ B +  DB   + B
✭✷✳✶✮
❲❤❡♥ ❛ A ❛♥❞ ❛ B ✐♥❞✐✈✐❞✉❛❧s ❛r❡ ♦♥ t❤❡ s❛♠❡ s✐t❡✱ B ❝❛♥ ✐♥❢❡❝t A ❛t t❤❡ r❛t❡
k✳ B ✐♥❞✐✈✐❞✉❛❧s r❡❝♦✈❡r ❛t r❛t❡ 1/ ✳ ❋✐♥❛❧❧②✱ A ❛♥❞ B ❞✐✛✉s❡ ❛t r❛t❡ DA ❛♥❞ DB
r❡s♣❡❝t✐✈❡❧②✳
●♦✐♥❣ ❜❛❝❦ t♦ ❣❡♥❡r❛❧ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✱ t❤❡ ✜rst ❧❡✈❡❧ ❛♣♣r♦①✐♠❛t✐♦♥
♦❢ t❤❡✐r ❞②♥❛♠✐❝s✱ t❤❡ ♠❡❛♥ ✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❣✐✈❡s ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s
✇❤✐❝❤ ❛r❡ ❛ s✉❜❥❡❝t ♦❢ st✉❞② ✐♥ t❤❡♠s❡❧✈❡s ✭❑♦❧♠♦❣♦r♦✈ ❡t ❛❧✳ ✶✾✾✶❀ ❚✉r✐♥❣ ✶✾✺✷✮✳
❋♦r ❤♦♠♦❣❡♥❡♦✉s s②st❡♠s ❛♥❞ ✇✐t❤ r❡❛❝t✐♦♥ r❛t❡s ❝❤♦s❡♥ t♦ ♠♦❞❡❧ ❡❧❡♠❡♥t❛r② ♣r♦✲
❝❡ss❡s✱ t❤❡ ♠❡❛♥✲✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s s✐♠♣❧② t❤❡ ❧❛✇ ♦❢ ♠❛ss ❛❝t✐♦♥ ❢♦r ❝❤❡♠✐❝❛❧
r❡❛❝t✐♦♥s✳
■♥ ♦r❞❡r t♦ t❤❡♦r❡t✐❝❛❧❧② st✉❞② s✉❝❤ s②st❡♠s ❢✉rt❤❡r t❤❛♥ t❤❡✐r ♠❡❛♥ ✜❡❧❞ ❞❡✲
s❝r✐♣t✐♦♥✱ ♦♥❡ ❣❡♥❡r✐❝❛❧❧② ❤❛s t♦ s♦❧✈❡ t❤❡ ✐♥✜♥✐t❡ ❤✐❡r❛r❝❤② ♦❢ t❤❡ ❝♦✉♣❧❡❞ t❡♠♣♦r❛❧
❡✈♦❧✉t✐♦♥s ♦❜❡②❡❞ ❜② t❤❡ ♠♦♠❡♥ts ♦❢ t❤❡ ♦❜s❡r✈❛❜❧❡s ♦❢ t❤❡ s②st❡♠✳ ❖♥❡ ✇❛② t♦
t❛❝❦❧❡ t❤✐s ❞✐✣❝✉❧t② ✐s t♦ t✉r♥ t♦ ♥✉♠❡r✐❝❛❧ st✉❞✐❡s✳ ❚❤❡s❡ s②st❡♠s ❛r❡ ❝♦♥❝❡♣t✉❛❧❧②
s✐♠♣❧❡ t♦ s✐♠✉❧❛t❡ ♥✉♠❡r✐❝❛❧❧② ❛♥❞ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✇✐t❤ ❝♦st✲❡✛❡❝t✐✈❡ ♠❡t❤✲
♦❞s✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡s❡ ♠❡t❤♦❞s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ▼♦♥t❡✲❈❛r❧♦ ❛❧❣♦r✐t❤♠ t♦ ❡①♣❧♦r❡
t❤❡ ♣❤❛s❡ s♣❛❝❡ ♦❢ t❤❡ s②st❡♠ t❤r♦✉❣❤ ❥✉♠♣s ❜❡t✇❡❡♥ st❛t❡s ✭▼❛rr♦ ❛♥❞ ❉✐❝❦♠❛♥
✶✾✾✾✮✳
❆ s✉❜s❡t ♦❢ t❤❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ❛r❡ s❛✐❞ t♦ ❜❡ ✐♥t❡❣r❛❜❧❡✳ ❋♦r♠❛❧❧②✱
t❤❡s❡ ❛r❡ s②st❡♠s ✇❤✐❝❤ ♣♦ss❡ss ❡♥♦✉❣❤ ❝♦♥s❡r✈❡❞ q✉❛♥t✐t✐❡s s✉❝❤ t❤❛t ♦♥❡ ❝❛♥
❞❡❝♦✉♣❧❡ ❛❧❧ t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ s②st❡♠✳ ❋♦r t❤❡s❡ s②st❡♠s✱ ♦♥❡ ❝❛♥ ❤♦♣❡ t♦
✜♥❞ ❝❧♦s❡❞ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s ❢♦r ❛♥② ❛✈❡r❛❣❡❞ ♦❜s❡r✈❛❜❧❡s✳ ■♥t❡❣r❛❜❧❡ st♦❝❤❛st✐❝
✷✳✶✳ ❚❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ✶✸
♣r♦❝❡ss❡s ❛r❡ ❝❧♦s❡❧② ❧✐♥❦❡❞ t♦ q✉❛♥t✉♠ ✐♥t❡❣r❛❜❧❡ ♠♦❞❡❧s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ st♦❝❤❛st✐❝
♣r♦❝❡ss❡s ✐♥ ♦♥❡ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥ ❛♥❞ ✇✐t❤ ❡①❝❧✉s✐♦♥ ❝❛♥ ♦❢t❡♥ ❜❡ ♠❛♣♣❡❞ t♦ ❛
q✉❛♥t✉♠ s♣✐♥ ❝❤❛✐♥ ♣r♦❜❧❡♠✳ ❚❤❡ ♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ✜❡❧❞ ❛r❡ t❤✉s ❝❧♦s❡❧②
r❡❧❛t❡❞ t♦ t❤❡✐r q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❝♦✉♥t❡r♣❛rts ✭❇❛❜❡❧♦♥✱ ❇❡r♥❛r❞✱ ❛♥❞ ❚❛❧♦♥
✷✵✵✸✮✳
❍♦✇❡✈❡r✱ t❤❡ ❧❛r❣❡st ♣❛rt ♦❢ ♣❤②s✐❝❛❧❧② r❡❧❡✈❛♥t r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ❞♦
♥♦t s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ✐♥t❡❣r❛❜✐❧✐t②✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❤❛s t♦ ❞❡✈✐s❡
❛♣♣r♦①✐♠❛t✐♦♥s t♦ ❣♦ ❢✉rt❤❡r✳ ▼❛♥② ❛♣♣r♦❛❝❤❡s t♦ ❣❡t ❛♥ ❛♣♣r♦①✐♠❛t❡ ♣✐❝t✉r❡ ❢r♦♠
t❤❡ ❡①❛❝t ❤✐❡r❛r❝❤② ♦❢ ❡q✉❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❞❡✈✐s❡❞ ♦✈❡r t❤❡ ②❡❛rs✳ ❆♠♦♥❣ t❤❡s❡
❛♥❞ ✇✐t❤♦✉t ❡①❤❛✉st✐✈✐t②✱ ❧❡t ✉s ❝✐t❡ t✇♦ ❛♣♣r♦❛❝❤❡s ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ s✉❝❝❡ss❢✉❧
✐♥ ❞❡s❝r✐❜✐♥❣ ❝r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ✐♥ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✳ ❚❤❡ ✜rst ❦✐♥❞ ♦❢
❛♣♣r♦❛❝❤❡s ❝♦♥s✐st ✐♥ ♠♦❞✐❢②✐♥❣ t❤❡ r❡❛❝t✐♦♥ r❛t❡s s✉❝❤ ❛s t♦ ✐♥❤✐❜✐t t❤❡ ♣r♦♣❛❣❛t✐♦♥
♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥s✳ ■♥ t❤✐s ❢❛♠✐❧② ♦♥❡ ✜♥❞s ❢♦r ❡①❛♠♣❧❡ t❤❡ ❝❧✉st❡r ♠❡❛♥✲✜❡❧❞
♠❡t❤♦❞ ✭●✉t♦✇✐t③✱ ❱✐❝t♦r✱ ❛♥❞ ❑♥✐❣❤t ✶✾✽✼✮✳ ❆♥♦t❤❡r t②♣❡ ♦❢ ❛♣♣r♦❛❝❤ ❛✐♠s ❛t
❞❡✈✐s✐♥❣ ♠❡s♦s❝♦♣✐❝ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❝♦❛rs❡✲❣r❛✐♥❡❞ ♦❜s❡r✈❛❜❧❡s✳ ❚❤❡s❡
▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥s ❛r❡ ♦❢t❡♥ ❥✉st✐✜❡❞ ♦♥ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❣r♦✉♥❞s ✭❏❛♥ss❡♥ ✶✾✽✶❀
❲✐❡s❡ ✷✵✶✻✮✱ ❜✉t t❤❡② ❝❛♥ s♦♠❡t✐♠❡s ❜❡ ❞❡r✐✈❡❞ r✐❣♦r♦✉s❧② ✭❑❛♠♣❡♥ ✷✵✵✼❀ ●❛r❞✐♥❡r
❡t ❛❧✳ ✶✾✼✻❀ ❑✉rt③ ✶✾✼✽✮✳ ❋✐♥❛❧❧②✱ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ❝❛♥ ❜❡ ♠❛♣♣❡❞ t♦
❛ ✜❡❧❞ t❤❡♦r② ✐♥ ♦r❞❡r t♦ ✉s❡ t❤❡ t♦♦❧s ♦❢ ❘● ❛♥❞ ◆P❘●✳ ❆s ❛♥♥♦✉♥❝❡❞ ✐♥ t❤❡
✐♥tr♦❞✉❝t✐♦♥✱ t❤✐s ✐s ♦✉r ❝❤♦✐❝❡ ✐♥ t❤✐s ✇♦r❦✳
❆❢t❡r t❤✐s ❣❡♥❡r❛❧ s✉r✈❡② ♦♥ t❤❡ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s t♦ t❛❝❦❧❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥
♣r♦❝❡ss❡s✱ ❧❡t ✉s t✉r♥ t♦ t❤❡✐r ♣❤②s✐❝s✳ ❍♦✇❡✈❡r✱ ❜❡❢♦r❡ ❡①♣♦✉♥❞✐♥❣ ♦♥ ❉❊P✱ ✇❡
♣r❡s❡♥t ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ t❤❡ ❞✐r❡❝t❡❞ ♣❡r❝♦❧❛t✐♦♥ ♣r♦❝❡ss✱ ✇❤✐❝❤ ✐s ❛ s✐♠♣❧❡r ❛♥❞
✇❡❧❧✲st✉❞✐❡❞ ♦♥❡✲s♣❡❝✐❡s ♠♦❞❡❧✳
✷✳✶✳✶ ❉✐r❡❝t❡❞ ♣❡r❝♦❧❛t✐♦♥
▲❡t ✉s ❣✐✈❡ ❛ ❜r✐❡❢ s✉♠♠❛r② ♦❢ t❤❡ ❞✐r❡❝t❡❞ ♣❡r❝♦❧❛t✐♦♥ ♣r♦❝❡ss✳ ■♥❞❡❡❞✱ t❤❡ ❞✐✲
r❡❝t❡❞ ♣❡r❝♦❧❛t✐♦♥ ♣r♦❝❡ss ✭❉P✮ ✐s t❤❡ ♠♦st ♣❛r❛❞✐❣♠❛t✐❝ ♠♦❞❡❧ ❢♦r tr❛♥s✐t✐♦♥s t♦
❛♥ ❛❜s♦r❜✐♥❣ st❛t❡ ❛♥❞ ❉❊P ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❡①t❡♥s✐♦♥ ♦❢ ✐t✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❝❛♥
s❡r✈❡ ❛s ❛ ♣❡❞❛❣♦❣✐❝❛❧ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s
❢♦r ✉♥❢❛♠✐❧✐❛r r❡❛❞❡rs✳
❆ s✐♠♣❧❡ ✇❛② t♦ ❞❡✜♥❡ ❉P ✐s ❛s t❤❡ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛ ♣♦♣✉❧❛t✐♦♥
♦❢ ♣❛rt✐❝❧❡s✱ ♥♦t❡❞ X✱ ✇❤✐❝❤ ❛r❡ ❞✐str✐❜✉t❡❞ ♦♥ t❤❡ s✐t❡s ♦❢ ❛ ❧❛tt✐❝❡ ✭♠♦st ❣❡♥❡r❛❧❧②
❛ d✲❞✐♠❡♥s✐♦♥❛❧ ❤②♣❡r❝✉❜✐❝ ♦♥❡✮✳ ❊❛❝❤ ♣❛rt✐❝❧❡ ❝❛♥ ❤♦♣ t♦ ♥❡✐❣❤❜♦✉r✐♥❣ s✐t❡s ✇✐t❤
❞✐✛✉s✐♦♥ r❛t❡ D✳ ▼♦r❡♦✈❡r ❡❛❝❤ ♣❛rt✐❝❧❡ ❝❛♥ r❡♣❧✐❝❛t❡ ✐ts❡❧❢ ✇✐t❤ r❛t❡  ❛♥❞ ❞✐s✐♥✲
t❡❣r❛t❡ ✇✐t❤ r❛t❡  ✱ ❛♥❞ t✇♦ ♣❛rt✐❝❧❡s ❝❛♥ ♠❡r❣❡ ✇✐t❤ r❛t❡ 2 ✉♣♦♥ ❡♥❝♦✉♥t❡r✐♥❣✳
❚❤❡s❡ r✉❧❡s ❛r❡ s②♠❜♦❧✐❝❛❧❧② s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✿
❇r❛♥❝❤✐♥❣ X
  X + X
❉✐s✐♥t❡❣r❛t✐♦♥ X
   
❈♦❛❣✉❧❛t✐♦♥ 2X
2  X
❉✐✛✉s✐♦♥ X +  D  + X
✭✷✳✷✮
❚❤❡ ♥❛♠❡s ❜r❛♥❝❤✐♥❣✱ ❝♦❛❣✉❧❛t✐♦♥✱ ❛♥❞ ❞✐r❡❝t❡❞ ♣❡r❝♦❧❛t✐♦♥ ❝♦♠❡ ❢r♦♠ ❛♥ ❡q✉✐✈❛❧❡♥t
❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤✐s ♠♦❞❡❧ ✐♥ t❡r♠ ♦❢ ❛ ♣❡r❝♦❧❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ❛ ♣r❡❢❡rr❡❞ ❞✐r❡❝t✐♦♥✳
✶✹
❈❤❛♣t❡r ✷✳ ❯♥✐✈❡rs❛❧ ❜❡❤❛✈✐♦rs ✐♥ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ❛♥❞ ✐♥ ❢✉❧❧②
❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡
❲❡ r❡❢❡r t♦ ✭❍✐♥r✐❝❤s❡♥ ✷✵✵✵✮ ❢♦r ❛♥ ❡①t❡♥s✐✈❡ r❡✈✐❡✇ ♦❢ t❤❡ s✉❜❥❡❝t ♦❢ ❉P✳ ❚❤✐s
s❡t ♦❢ r✉❧❡s ❝❛♥ ❧❡❛❞ t❤❡ s②st❡♠ t♦ ❛ st❛t❡ ✇✐t❤ ③❡r♦ ♣❛rt✐❝❧❡s ❜✉t ❞♦ ♥♦t ❛❧❧♦✇ t♦
❡s❝❛♣❡ ❢r♦♠ ✐t✳ ❚❤❡ ③❡r♦ ♣❛rt✐❝❧❡ st❛t❡ ✐s t❤❡ s✐♠♣❧❡st ❡①❛♠♣❧❡ ♦❢ ✇❤❛t ✐s ❝❛❧❧❡❞ ❛♥
❛❜s♦r❜✐♥❣ st❛t❡✳ ❚❤❡ ♥❛t✉r❛❧ q✉❡st✐♦♥ ❛t t❤✐s ♣♦✐♥t ✐s ✇❤❡t❤❡r ❛♥❞ ❢♦r ✇❤✐❝❤ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥s ❛♥❞ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs t❤❡ s②st❡♠ ✇✐❧❧ ❢❛❧❧ ✐♥t♦ t❤✐s ❛❜s♦r❜✐♥❣ st❛t❡✳
▲❡t ✉s ❣✐✈❡ ❛ ✜rst r✉❧❡ ♦❢ t❤✉♠❜ ❛♥s✇❡r✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❞✐✛✉s✐♦♥ r❛t❡ ✐s ♠✉❝❤
❢❛st❡r t❤❛♥ t❤❡ ❜r❛♥❝❤✐♥❣✱ ❞✐s✐♥t❡❣r❛t✐♦♥ ❛♥❞ ❝♦❛❣✉❧❛t✐♦♥ r❛t❡s✱ s✉❝❤ t❤❛t t❤❡ s②st❡♠
❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ♦♥❧② ♦♥❡ ♦❜s❡r✈❛❜❧❡✿ t❤❡
t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✱ N ✳ ❋♦r N ✐♥✐t✐❛❧❧② ❧❛r❣❡✱ t❤❡ ❜r❛♥❝❤✐♥❣ ❛♥❞ ❞✐s✐♥t❡❣r❛t✐♦♥
r❛t❡s s❤♦✉❧❞ ❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ N ❛♥❞ t❤❡ ❝♦❛❣✉❧❛t✐♦♥ r❛t❡ s❤♦✉❧❞ ❜❡ ♣r♦♣♦rt✐♦♥❛❧
t♦ N2✱ ❛s ✐t ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛✐rs✳ ■♥ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡
✈❛r✐❛t✐♦♥ ♦❢ N ✐s ❣✐✈❡♥ ❜②
 tN = (   )N   N2 . ✭✷✳✸✮
❆ q✉✐❝❦ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤✐s ❡q✉❛t✐♦♥ t❡❧❧s ✉s t❤❛t ❢♦r    < 0✱ t❤❡ ♦♥❧②
st❛t✐♦♥❛r② st❛t❡ ✐s N = 0✱ ✇❤✐❝❤ t✉r♥s ♦✉t t♦ ❜❡ st❛❜❧❡✱ ✇❤✐❧❡ ❢♦r    > 0 t❤❡
♦♥❧② st❛❜❧❡ st❛t✐♦♥❛r② st❛t❡ ✐s N = (   )/  N ✳ ❚❤❡ s②st❡♠ t❤✉s ✉♥❞❡r❣♦❡s ❛
♣❤❛s❡ tr❛♥s✐t✐♦♥ ❢r♦♠ ❛ ✢✉❝t✉❛t✐♥❣ st❛t❡ ✭N = N ✮ t♦ ❛♥ ❛❜s♦r❜✐♥❣ st❛t❡ ✭N = 0✮✳
❋✉rt❤❡r♠♦r❡✱ ✐t ✐s r❡❛❞✐❧② ❝❛❧❝✉❧❛t❡❞ t❤❛t ❢♦r     = 0✱ ✭✷✳✸✮ ❣✐✈❡s ❛♥ ❡①♣♦♥❡♥t✐❛❧
❛♣♣r♦❛❝❤ t♦ t❤❡ st❛t✐♦♥❛r② st❛t❡✱ ✇✐t❤ ❛ t②♣✐❝❛❧ t✐♠❡  = (   ) 1 ✇❤✐❧❡ ✐t ❛❝q✉✐r❡s
❛♥ ❛❧❣❡❜r❛✐❝ ❜❡❤❛✈✐♦r ✐♥ t 1 ❛t    = 0✳ ❚❤✐s ❝r✐t✐❝❛❧ s❧♦✇✐♥❣ ❞♦✇♥ ♦❢ t❤❡ ❞②♥❛♠✐❝s
✐s t②♣✐❝❛❧ ♦❢ s❡❝♦♥❞✲♦r❞❡r ♣❤❛s❡ tr❛♥s✐t✐♦♥s✳ ❖❢ ❝♦✉rs❡✱ t❤✐s ✜rst ❛♣♣r♦①✐♠❛t✐♦♥ ❤❛s
t❤❡ ♦❜✈✐♦✉s ❞r❛✇❜❛❝❦ t❤❛t ✐t ❞❡s❝r✐❜❡s ❛ tr❛♥s✐t✐♦♥ t♦ ❛ st❛t❡ ✇✐t❤ ③❡r♦ ♣❛rt✐❝❧❡s ❜②
♠❛❦✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ ♣r❡s❡♥❝❡ ❛♥❞ ❜② ♥❡❣❧❡❝t✐♥❣
t❤❡ ♣❛✐r ❝♦rr❡❧❛t✐♦♥s✳
❚❤❡s❡ ✜♥❞✐♥❣s ♣r♦♠♣t t♦ ❣✐✈❡ ❛ ♠♦r❡ ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✳ ❚❤❡
r✉❧❡s ✭✷✳✷✮ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ✐♥ t❡r♠s ♦❢ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss✱ ✇❤♦s❡ ♠❛st❡r ❡q✉❛t✐♦♥
✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳ ■♥ t❤❛t ❛♣♣❡♥❞✐①✱ ✇❡ ❡①♣❧❛✐♥ ❤♦✇ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡
❛✈❡r❛❣❡❞ ♦❜s❡r✈❛❜❧❡s ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ✉s✐♥❣ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱
t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ♠❡❛♥ ♦❝❝✉♣❛t✐♦♥ ♥✉♠❜❡r ❛t t❤❡ s✐t❡ k r❡❛❞s
 t Nk(t) =
 
(   ) Nk(t)    Nk(t)2✠ + D
  
j/<k,j>
 Nj(t)  2d  Nk(t) 
  
✭✷✳✹✮
✇❤❡r❡ N  ✠ = N !/(N   )! ✐s t❤❡ ❢❛❧❧✐♥❣ ❢❛❝t♦r✐❛❧ ❛♥❞ < i, j > ❢♦r t✇♦ ♥❡✐❣❤❜♦✉r✐♥❣
s✐t❡s i ❛♥❞ j✳s ▲❡t ✉s ✐♥t❡r♣r❡t t❤✐s r❡s✉❧t✳ ❲❡ ❢♦✉♥❞ ❛♥ ❡✈♦❧✉t✐♦♥ ❢♦r  Nk(t) ✇❤✐❝❤
❝♦✉♣❧❡s  Nk(t) t♦ ❛ ❤✐❣❤❡r ♦r❞❡r ♠♦♠❡♥t  Nk(t)2✠ ✳ ❚❤✐s ❝♦✉♣❧✐♥❣ ❛♣♣❡❛rs ❜❡❝❛✉s❡
t❤❡ ❝♦❛❣✉❧❛t✐♦♥ r✉❧❡ ✐♥✈♦❧✈❡s ♣❛✐rs ♦❢ ♣❛rt✐❝❧❡s✱ t❤✉s t❤❡ ♣❛✐r ❝♦rr❡❧❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥
✐s ♥❡❝❡ss❛r②✳ ■❢ ✇❡ ✇❡r❡ t♦ ❞❡r✐✈❡ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r  Nk(t)2✠ ✱ ✐t ✇♦✉❧❞ ✐♥✈♦❧✈❡
 Nk(t)3✠ ❛♥❞ s♦ ♦♥✳ ❚❤✉s ✇❡ ✇♦✉❧❞ ❜❡ ❧❡❢t ✇✐t❤ ❛♥ ✐♥✜♥✐t❡ ❤✐❡r❛r❝❤② ♦❢ ❡q✉❛t✐♦♥s
❝♦✉♣❧✐♥❣ t❤❡ ♠♦♠❡♥ts ♦❢ t❤❡ ♣r♦❝❡ss✳
❚❤❡ ♠♦st str❛✐❣❤t❢♦r✇❛r❞ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❛t t❤✐s ♣♦✐♥t t♦ ♥❡❣❧❡❝t t❤❡ ♣❛✐r
❝♦rr❡❧❛t✐♦♥s❀ t❤✐s ✐s t❤❡ ♠❡❛♥✲✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥✳ ■t ✐s ♦❢t❡♥ ❥✉st✐✜❡❞ ✇❤❡♥ t❤❡
♠❡❛♥ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡ ✐s ❧❛r❣❡ ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ✢✉❝t✉❛t✐♦♥s✳ ❚❤✉s ♦♥❡ ✇r✐t❡s
 Nk(t)  N k(t)✱ ✇❤❡r❡ N ✐s ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r✲
t✐❝❧❡s ✐♥ t❤❡ s②st❡♠s ❛♥❞  k(t) ❤❛s ❛ ✜♥✐t❡ ❧✐♠✐t ✇❤❡♥ N   ✳ ❚❤❡ ♠❡❛♥✲✜❡❧❞
❛♣♣r♦①✐♠❛t✐♦♥ ❝♦♥s✐sts ❤❡r❡ ✐♥ ✇r✐t✐♥❣
 Nk(t)2✠   Nk(t) 2 = N2 k(t)2 . ✭✷✳✺✮
✷✳✶✳ ❚❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ✶✺
◆♦t✐♥❣   =  N ✱ ✇❤✐❝❤ ✐s ♦❢ ♦r❞❡r ♦♥❡✱ ♦♥❡ ♦❜t❛✐♥s ❛ ❝❧♦s❡❞ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡
❞❡♥s✐t✐❡s ❛t ❡❛❝❤ s✐t❡ ♦❢ t❤❡ ❧❛tt✐❝❡   k(t) ✿
 t k(t) = (   ) k(t)    k(t)2 + D
  
j/<k,j>
 j(t) 2d  k(t)
 
. ✭✷✳✻✮
❋♦r ❤♦♠♦❣❡♥❡♦✉s ✜❡❧❞s✱ ✇❡ r❡❝♦✈❡r t❤❡ s❛♠❡ ❜❡❤❛✈✐♦r ❛s ✇❛s ❞❡r✐✈❡❞ ✐♥ ✜rst ❛♣♣r♦①✲
✐♠❛t✐♦♥✳ ❍♦✇❡✈❡r ✭✷✳✹✮ ❛❧❧♦✇s ✉s t♦ ♠❛❦❡ ❛ ♠♦r❡ r❡✜♥❡❞ ❛♣♣r♦①✐♠❛t✐♦♥✳ ■❢ ✇❡ ✇❛♥t
♦✉r ❞❡r✐✈❛t✐♦♥ t♦ ❜❡ ✈❛❧✐❞ ❛t t❤❡ tr❛♥s✐t✐♦♥✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡ ♣❡r s✐t❡ ❝❛♥♥♦t ❜❡
❧❛r❣❡✳ ❚❤✐s s❤♦rt❝♦♠✐♥❣ ❝♦✉❧❞ ❜❡ ♣❛t❝❤❡❞ ✉♣ ❜② ♥♦t ❧♦♦❦✐♥❣ ❞✐r❡❝t❧② ❛t t❤❡ ♥✉♠❜❡r
♦❢ ♣❛rt✐❝❧❡s ♣❡r s✐t❡ ❜✉t ❛t ❛ ❝♦❛rs❡✲❣r❛✐♥❡❞ ❞❡♥s✐t② ❛✈❡r❛❣❡❞ ♦✈❡r ♥❡✐❣❤❜♦✉r✐♥❣ s✐t❡s✳
■♥ ❞♦✐♥❣ s♦✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❞❡♥s✐t② ✜❡❧❞  (x) ❞❡♣❡♥❞✐♥❣ ♦♥ s♣❛❝❡✲
t✐♠❡✿ x  (t, }x)✳ ❯♥❞❡r t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s ❛s ❢♦r t❤❡ ♠❡❛♥✲✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥✱
♦♥❡ ❝❛♥ ❤♦♣❡ ❢♦r ❛♥ ❡♥❞ r❡s✉❧t ❧♦♦❦✐♥❣ ❧✐❦❡
 t (x) =  ˜ (x)  ˜ (x)2 + D˜  2 (x) , ✭✷✳✼✮
✇✐t❤ t❤❡ t✐❧❞❡ ❞❡♥♦t✐♥❣ ❡✛❡❝t✐✈❡ r❛t❡ ❞✉❡ t♦ t❤❡ ❝♦❛rs❡✲❣r❛✐♥✐♥❣✳ ❚❤✐s t②♣❡ ♦❢ ❛♣✲
♣r♦❛❝❤ ✐s ❢r✉✐t❢✉❧ ✐♥ ❝❡rt❛✐♥ s②st❡♠s s✉❝❤ ❛s ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ r❛♥❞♦♠ ✇❛❧❦ ✇✐t❤
❡①❝❧✉s✐♦♥ ❛♥❞ ❧❡❛❞s t♦ str♦♥❣ ♠❛t❤❡♠❛t✐❝❛❧ r❡s✉❧ts ✭❇❡rt✐♥✐ ❡t ❛❧✳ ✷✵✶✺✮✳ ◆♦t❡ t❤❛t
✇❡ r❡❝♦✈❡r ❢♦r♠❛❧❧② t❤❡ s❛♠❡ ❡q✉❛t✐♦♥ ❞✐r❡❝t❧② ❢r♦♠ ✭✷✳✻✮ ✐❢ ✇❡ ❧❡t t❤❡ s♣❛❝❡ ❜❡✲
t✇❡❡♥ s✐t❡s ❣♦ t♦ ③❡r♦ ❛♥❞ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥t❡r♣♦❧❛t✐♥❣ ❞❡♥s✐t② ✐s s✉✣❝✐❡♥t❧②
s♠♦♦t❤✳
■❢ ♦♥❡ ✐s ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ✉♥✐✈❡rs❛❧ q✉❛♥t✐t✐❡s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❛❜s♦r❜✐♥❣
♣❤❛s❡ tr❛♥s✐t✐♦♥ ♦❢ ❉P✱ t❤✐s ❦✐♥❞ ♦❢ ❛♣♣r♦❛❝❤ ✐s ✐♥ ❢❛❝t ✈❛❧✐❞ ✐♥ ❞✐♠❡♥s✐♦♥s d  4✱
t❤❡ ✭✉♣♣❡r✮ ❝r✐t✐❝❛❧ ❞✐♠❡♥s✐♦♥ ♦❢ ❉P✳ ❚❤❡ ♠❡❛♥✲✜❡❧❞ ❡q✉❛t✐♦♥ ✭✷✳✼✮ ❛❧❧♦✇s ♦♥❡ t♦
r❡✜♥❡ t❤❡ ♣r❡✈✐♦✉s ♣✐❝t✉r❡ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ✐♥ d  4✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ❞✐✛✉s✐✈❡ s❝❛❧✐♥❣
❜❡t✇❡❡♥ s♣❛❝❡ ❛♥❞ t✐♠❡✱ ✐❢ ✇❡ ♥♦t❡  t❤❡ t②♣✐❝❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥s ♦❢ s♣❛t✐❛❧
✢✉❝t✉❛t✐♦♥s ✭t❤❡ ❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤✮✱ ✇❡ ❤❛✈❡   
 
D˜ ✱ ✇❤❡r❡ ✐♥ t❤✐s ❡①♣r❡ss✐♦♥  
✐s t❤❡ ❝♦rr❡❧❛t✐♦♥ t✐♠❡✳ ❆s  ❞✐✈❡r❣❡s ❛s    ˜ 1 ❛t t❤❡ tr❛♥s✐t✐♦♥✱ ✇❤❡r❡  ˜ 0✱ ✇❡
❞❡❞✉❝❡ t❤❛t  ❞✐✈❡r❣❡s ❛s    ˜ 1/2 ✐♥ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥✳
▲❡t ✉s ❧✐st t❤❡ ❛❧❣r❡❜r❛✐❝ ❜❡❤❛✈✐♦rs ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ ❝♦♥t✐♥✉♦✉s ❛❜s♦r❜✐♥❣ ♣❤❛s❡
tr❛♥s✐t✐♦♥✳ ❚❤❡ tr❛♥s✐t✐♦♥ ✐s ❞r✐✈❡♥ ❜② t❤❡ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r  ˜✱ ✐ts ♦r❞❡r ♣❛r❛♠❡t❡r
✐s t❤❡ s♣❛t✐❛❧❧② ❛✈❡r❛❣❡❞ ❞❡♥s✐t②  ✳ ❯s✐♥❣ st❛♥❞❛r❞ ♥♦t❛t✐♦♥s✱ ✇❡ ❤❛✈❡
❖r❞❡r ♣❛r❛♠❡t❡r    ˜ ,
❈♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤    ˜  ,
❈♦rr❡❧❛t✐♦♥ t✐♠❡    z   ˜ z .
✭✷✳✽✮
■♥ t❤❡ ♠❡❛♥ ✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❡ ❤❛✈❡
 = 1 ,  = 1/2 , ❛♥❞ z = 2 . ✭✷✳✾✮
❋✉rt❤❡r♠♦r❡✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ ✉s✐♥❣ s❛❞❞❧❡✲♣♦✐♥t ♠❡t❤♦❞s ✐♥ t❤❡ ✜❡❧❞ t❤❡♦r② ♦❢ ❉P
t❤❛t ❛❜♦✈❡ d = 4✱ t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ✜❡❧❞ ❛t t❤❡ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✭✇❤✐❝❤ ❝❛♥♥♦t
❜❡ ❝❛♣t✉r❡❞ ❜② ♦✉r ♠❡❛♥✲✜❡❧❞ ❛♣♣r♦❛❝❤✮ ❛r❡ ❣✐✈❡♥ ❜② t❤❡ st❛♥❞❛r❞ ●❛✉ss✐❛♥ ✜❡❧❞
t❤❡♦r② ✇✐t❤ ❤❡❛t ❦❡r♥❡❧ ✭s❡❡ ❈❤❛♣✳ ✸✮✳ ❚❤✐s ❢❛❝t ✐s r❡✢❡❝t❡❞ ✐♥ t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡
✶✻
❈❤❛♣t❡r ✷✳ ❯♥✐✈❡rs❛❧ ❜❡❤❛✈✐♦rs ✐♥ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ❛♥❞ ✐♥ ❢✉❧❧②
❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡
t✇♦✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ C ❛♥❞ r❡s♣♦♥s❡ ✭♦r ●r❡❡♥✮ ❢✉♥❝t✐♦♥s G ♦❢ t❤❡ t❤❡♦r②✱ ✇❤✐❝❤
❛r❡ ❞❡✜♥❡❞ r❡s♣❡❝t✐✈❡❧② ❛s
C(r) =   (x+ r) (x) ,
G(r) =
 
 h(x)
  (x+ r) . ✭✷✳✶✵✮
❚❤❡ r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥ ♠❡❛s✉r❡s t❤❡ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ♠❡❛♥ ❞❡♥s✐t② ❛t ❛ s♣❛❝❡✲t✐♠❡
♣♦✐♥t x + r ❞✉❡ t♦ ❛ ❉✐r❛❝ ❞❡❧t❛ ♣❡rt✉r❜❛t✐♦♥ h ♦❢ t❤❡ s②st❡♠ ❛t ❛ ♣♦✐♥t x✳ ❆t ❛
s❡❝♦♥❞ ♦r❞❡r ♣❤❛s❡ tr❛♥s✐t✐♦♥✱ t❤❡s❡ ❢✉♥❝t✐♦♥s ❛r❡ s❝❛❧❡ ✐♥✈❛r✐❛♥t✳ ❚❤✐s ❞❡✜♥❡s t✇♦
❝r✐t✐❝❛❧ ❡①♣♦♥❡♥ts✱ ♥❛♠❡❞ t❤❡ ❛♥♦♠❛❧♦✉s ❞✐♠❡♥s✐♦♥s ❛♥❞ ♥♦t❡❞ ❤❡r❡  ❛♥❞  ¯✱ s✉❝❤
t❤❛t ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦♥❡ ❤❛s t❤❡ ♣r♦♣❡rt②
C(bzt, b}r) = b d  C(r) ,
G(bzt, b}r) = b d 
 + ¯
2 G(r) , b > 0 . ✭✷✳✶✶✮
❋♦r d  4✱ ✇❤❡♥ t❤❡ ✢✉❝t✉❛t✐♦♥s ❛r❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ●❛✉ss✐❛♥ ✜❡❧❞ t❤❡♦r② ✇✐t❤
❤❡❛t ❦❡r♥❡❧✱ ❜♦t❤ ❛♥♦♠❛❧♦✉s ❞✐♠❡♥s✐♦♥s ❛r❡ ❢♦✉♥❞ t♦ ❜❡ ③❡r♦✿  =  ¯ = 0✳
❋♦r d < 4✱ ❛❧t❤♦✉❣❤ t❤❡ ❝♦♥t✐♥✉♦✉s ♣❤❛s❡ tr❛♥s✐t✐♦♥ st✐❧❧ ❡①✐sts✱ t❤❡ ❝r✐t✐❝❛❧
❡①♣♦♥❡♥ts ❞✐✛❡r ❢r♦♠ t❤❡✐r ♠❡❛♥✲✜❡❧❞ ✈❛❧✉❡s ❛♥❞ ❞❡♣❡♥❞ ♦♥ t❤❡ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥✳
❲❡ ❝❛♥ tr② t♦ ❝✉r❡ t❤✐s ♣r♦❜❧❡♠ ❜② ♠♦❞✐❢②✐♥❣ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ♠❡❛♥✲✜❡❧❞
❡q✉❛t✐♦♥ ✭✷✳✼✮✳ ❆❧t❤♦✉❣❤ ✇❡ ❤❛✈❡ ✐♥ ❡ss❡♥❝❡ ❞❡r✐✈❡❞ ❛♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ♠❡❛♥
❞❡♥s✐t②✱ ✇❡ ❝❛♥ tr② t♦ ✐♥❝♦r♣♦r❛t❡ ✢✉❝t✉❛t✐♦♥s ❜② ❤❛♥❞ ❜② ❛❞❞✐♥❣ ❛ ♥♦✐s❡  t♦ t❤❡
❛❜♦✈❡ ❡q✉❛t✐♦♥✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ✢✉❝t✉❛t✐♦♥s ❛r❡ ♣r♦❞✉❝❡❞ ❜② ❛ ❧❛r❣❡ ❛♠♦✉♥t
♦❢ ✉♥❝♦rr❡❧❛t❡❞ ❡✈❡♥ts✱ t❤✐s ♥♦✐s❡ ✐s ❝❤♦s❡♥ t♦ ❜❡ ❛ ❝❡♥t❡r❡❞ ●❛✉ss✐❛♥ ♣r♦❝❡ss✳ ❚♦
♣r❡s❡r✈❡ t❤❡ ❢❡❛t✉r❡ ♦❢ ❉P t❤❛t  = 0 ✐s ❛♥ ❛❜s♦r❜✐♥❣ st❛t❡✱ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♥♦✐s❡
❤❛s t♦ ✈❛♥✐s❤ ✐❢ t❤❡ ❞❡♥s✐t② ✐s ③❡r♦✳ ❚❤❡ s✐♠♣❧❡st ❝❤♦✐❝❡ t❤✉s r❡❛❞s
 t =     1 2 + D  2 +  
  (x) (x ) = 2 2 (x) (t t ) d(}x }x ) ✭✷✳✶✷✮
✇✐t❤ s♦♠❡ ❡✛❡❝t✐✈❡ ♣❛r❛♠❡t❡rs   ,D,  1,  2 ✳ ❆❧t❤♦✉❣❤ ✐t ✐s ❝✉st♦♠❛r② ✐♥ t❤❡
♣❤②s✐❝s ❧✐t❡r❛t✉r❡✱ ❢♦r t❤❡ ♠♦r❡ ♠❛t❤❡♠❛t✐❝❛❧❧② ✐♥❝❧✐♥❡❞ r❡❛❞❡r t❤❡ ♥♦✐s❡ ✇✐t❤ ❛ ✈❛r✐✲
❛♥❝❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞❡♥s✐t② s❡❡♠s ✐❧❧✲❞❡✜♥❡❞✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ●❛✉ss✐❛♥ ♥♦✐s❡
t❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❝✉r❡❞ ❜② ❛ r❡s❝❛❧✐♥❣✱ s❡❡ ❈❤❛♣✳ ✸✳ ❚❤❡r❡ ❡①✐st ♠♦r❡ r✐❣♦r♦✉s
t♦♦❧s t♦ ❡①tr❛❝t ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❝♦rr❡❧❛t✐♦♥ ♦❢ t❤❡ ♥♦✐s❡ ❛r♦✉♥❞ t❤❡ ❞❡t❡r♠✐♥✐st✐❝
s♦❧✉t✐♦♥ ❢r♦♠ t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ✭●❛r❞✐♥❡r ❡t ❛❧✳ ✶✾✼✻✮✳
■t t✉r♥s ♦✉t t❤❛t ❛s ❧♦♥❣ ❛s ♦♥❡ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ♦♥❧② t❤❡ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt✐❡s ♦❢
t❤❡ tr❛♥s✐t✐♦♥ t♦ t❤❡ ❛❜s♦r❜✐♥❣ st❛t❡✱ t❤❡ ♣r♦❝❡ss ❞❡✜♥❡❞ ❜② ✭✷✳✶✷✮ ✐s ❡q✉✐✈❛❧❡♥t t♦
t❤❡ ✐♥✐t✐❛❧ ❉P r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss✳ ❚❤❡ ❡①♣♦♥❡♥ts ♦❜t❛✐♥❡❞ ❢r♦♠ s✐♠✉❧❛t✐♦♥s
♦❢ ✭✷✳✶✷✮ ✭❉✐❝❦♠❛♥ ✶✾✾✹✮ ❛r❡ t❤❡ s❛♠❡ ❛s t❤♦s❡ ♦❜t❛✐♥❡❞ ❢r♦♠ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡
✐♥✐t✐❛❧ ♠❛st❡r ❡q✉❛t✐♦♥ ❢♦r ❉P ✭❏❡♥s❡♥ ✶✾✾✾✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡② ❜❡❧♦♥❣ t♦ t❤❡
s❛♠❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss✳ ❚❤✐s ❢❛❝t ✇❛s ❡①♣❧❛✐♥❡❞ ✉s✐♥❣ ❘● ♣♦✇❡r✲❝♦✉♥t✐♥❣ ❛r❣✉♠❡♥ts
❜② ✭❏❛♥ss❡♥ ✶✾✽✶✮ ❛♥❞ ♠❛② s❡❡♠ ♥♦t s✉r♣r✐s✐♥❣ ❢r♦♠ t❤✐s ❜❛❝❦❣r♦✉♥❞✳ ❍♦✇❡✈❡r✱ ✐t
❜❡❣s t❤❡ q✉❡st✐♦♥ ❛s t♦ ✇❤❡t❤❡r ✇❡ ❝❛♥ ❣❡♥❡r❛❧❧② ❞❡s❝r✐❜❡ t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ❜② ❙P❉❊ ❛♥❞ ✐❢ t❤❡r❡ ✐s ❛ s②st❡♠❛t✐❝ ✇❛② t♦ ❞♦ s♦✳ ❚❤✐s
q✉❡st✐♦♥ ✜♥❞s ❛♥ ❛♥s✇❡r ✇✐t❤✐♥ ♣❡rt✉r❜❛t✐✈❡ ❘●✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ s❡❡ ❜❡❧♦✇ t❤❛t
♦✉ts✐❞❡ ♦❢ t❤❡ ✈❛❧✐❞✐t② ♦❢ ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r②✱ s✉❜t❧❡t✐❡s ♠❛② ❛r✐s❡✳
❚❤❡ ❉P ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss ❛♣♣❡❛rs ✐♥ ❢❛❝t t♦ r❡♣r❡s❡♥t ❛♥ ❛ttr❛❝t♦r ❢♦r ❛ ❧❛r❣❡ ❝❧❛ss
♦❢ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s✳ ❚❤✐s ❤❛s ❧❡❞ t♦ ❛ ❝♦♥❥❡❝t✉r❡ ✭❏❛♥ss❡♥ ✶✾✽✶❀ ●r❛ss❜❡r❣❡r ✶✾✽✷✮
✷✳✶✳ ❚❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ✶✼
st❛t✐♥❣ t❤❛t ❛♥② ♠♦❞❡❧ ❡①❤✐❜✐t✐♥❣ ❛ ♣❤❛s❡ tr❛♥s✐t✐♦♥ t♦ ♦♥❡ ❛❜s♦r❜✐♥❣ st❛t❡ ✇✐t❤ ❛
s✐♥❣❧❡ s❝❛❧❛r ♦r❞❡r ♣❛r❛♠❡t❡r✱ ✇✐t❤ ♥♦ ♦t❤❡r ❝♦♥s❡r✈❡❞ q✉❛♥t✐t✐❡s ♦r s②♠♠❡tr✐❡s ❛♥❞
❞❡s❝r✐❜❡❞ ❜② ❧♦❝❛❧ ❞②♥❛♠✐❝s ❜❡❧♦♥❣s t♦ t❤❡ ❉P ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss✳ P❛r❛❞♦①✐❝❛❧❧②✱ t❤❡
❞❡✜♥✐t❡ ❡✈✐❞❡♥❝❡s ♦❢ t❤❡ ❉P ❡①♣♦♥❡♥ts ✐♥ ❡①♣❡r✐♠❡♥t❛❧ r❡❛❧✐③❛t✐♦♥s ❛r❡ ♥♦t ♥✉♠❡r✲
♦✉s ✭❍✐♥r✐❝❤s❡♥ ✷✵✵✵✮✳ ❚❤✐s ❢❛❝t ❧❡❞ t♦ ✐♥✈❡st✐❣❛t❡ ♠♦❞❡❧s ✇✐t❤ ♣❤❛s❡ tr❛♥s✐t✐♦♥s t♦
❛❜s♦r❜✐♥❣ st❛t❡ ✇❤✐❝❤ ❞♦ ♥♦t ❢❛❧❧ ✐♥ t❤❡ ❉P ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss✳ ❚❤❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥
♣r♦❝❡ss❡s ✇✐t❤ ♦♥❡ t②♣❡ ♦❢ ♣❛rt✐❝❧❡s ❤❛✈❡ ❜❡❡♥ s✉❜st❛♥t✐❛❧❧② st✉❞✐❡❞ ❛♥❞ ✉♥✐✈❡rs❛❧✐t②
❝❧❛ss❡s ❞✐✛❡r❡♥t ❢r♦♠ ❉P ❤❛✈❡ ❜❡❡♥ ✐❞❡♥t✐✜❡❞ ✭❍✐♥r✐❝❤s❡♥ ✷✵✵✵❀ Ó❞♦r ✷✵✵✹❀ ❊❧❣❛rt
❛♥❞ ❑❛♠❡♥❡✈ ✷✵✵✻✮✳ ❋♦r ❡①❛♠♣❧❡✱ ✐t ✐s t❤❡ ❝❛s❡ ❢♦r ♣r♦❝❡ss❡s ✇❤✐❝❤ ❝♦♥s❡r✈❡ t❤❡
♣❛r✐t② ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✭❈❛r❞② ❛♥❞ ❚ä✉❜❡r ✶✾✾✽❀ ❈❛♥❡t ❡t ❛❧✳ ✷✵✵✺✮✳ ❚❤❡
✉♥✐✈❡rs❛❧✐t② ❝❧❛ss❡s ❛ss♦❝✐❛t❡❞ t♦ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥s ✇✐t❤ ♠♦r❡ t❤❛♥ ♦♥❡
t②♣❡ ♦❢ ♣❛rt✐❝❧❡s ❛r❡ ❢❛r ❧❡ss ❡①♣❧♦r❡❞✳ ❉❊P✱ ✇❤✐❝❤ ✐s ♦♥❡ ♦❢ t❤❡ s✐♠♣❧❡st t✇♦✲s♣❡❝✐❡s
♣r♦❝❡ss ✇✐t❤ ❛ tr❛♥s✐t✐♦♥ t♦ ❛❜s♦r❜✐♥❣ st❛t❡s ✜t ✐♥ t❤✐s ❝♦♥t❡①t✳
✷✳✶✳✷ ❉✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss
❚❤❡ ❉❊P ✐s ❛ t♦② ♠♦❞❡❧ ♦❢ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛♥ ❡♣✐❞❡♠② ✇✐t❤♦✉t ✐♠♠✉♥✐③❛t✐♦♥✳ ■t
✇❛s ✜rst ♣r♦♣♦s❡❞ ❜② ✭❲✐❥❧❛♥❞✱ ❖❡r❞✐♥❣✱ ❛♥❞ ❍✐❧❤♦rst ✶✾✾✽✮ ✐♥ ✶✾✾✼ ❛♥❞ ✇❡ ✇✐❧❧
st✐❝❦ t♦ t❤❡✐r ♣r❡s❡♥t❛t✐♦♥✳ ■t ✐♥✈♦❧✈❡s ♣❛rt✐❝❧❡s ♦❢ t✇♦ t②♣❡s ♠♦✈✐♥❣ ♦♥ ❛ ❧❛tt✐❝❡✱ t❤❡
❤❡❛❧t❤② ✐♥❞✐✈✐❞✉❛❧s ❛♥❞ t❤❡ s✐❝❦ ♦♥❡s✱ t❤❛t ✇❡ s❤❛❧❧ ❞❡♥♦t❡ A ❛♥❞ B r❡s♣❡❝t✐✈❡❧②✳
❊❛❝❤ st❛t❡ ♦❢ t❤❡ s②st❡♠ ✐s t❤❡♥ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ♦❝❝✉♣❛t✐♦♥ ♥✉♠❜❡r ♦❢ A ❛♥❞ B
❛t ❡❛❝❤ s✐t❡✳ ❲❡ ✇✐❧❧ ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❛♥② ❡①❝❧✉s✐♦♥ ❡✛❡❝ts✳
▲❡t ✉s r❡❝❛❧❧ t❤❡ s❡t ♦❢ r❡❛❝t✐♦♥s ♦❢ ❉❊P✿
■♥❢❡❝t✐♦♥ A + B
k B + B
❘❡❝♦✈❡r② B
1/   A
❉✐✛✉s✐♦♥ ♦❢ ❆ A +  DA   + A
❉✐✛✉s✐♦♥ ♦❢ ❇ B +  DB   + B
✭✷✳✶✸✮
❖♥❡ ♥♦t✐❝❡s t❤❛t ❛s ❉P✱ ❉❊P ♣♦ss❡ss❡s ❛♥ ❛❜s♦r❜✐♥❣ st❛t❡✳ ■♥❞❡❡❞✱ t❤❡ s♣❡❝✐❡s B
❝❛♥ ❜❡❝♦♠❡ ❡①t✐♥❝t ❧❡❛✈✐♥❣ ♦♥❧② ❢r❡❡❧② ❞✐✛✉s✐♥❣ A ♣❛rt✐❝❧❡s✳ ❍♦✇❡✈❡r✱ r❡❣❛r❞✐♥❣ t❤❡
❝♦♥❥❡❝t✉r❡ ♦❢ ❏❛♥ss❡♥ ❛♥❞ ●r❛ss❜❡r❣❡r✱ ❉❊P ❞✐✛❡rs ❢r♦♠ ❉P ✐♥ ❛ ❝r✉❝✐❛❧ ❢❡❛t✉r❡✿
t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐s ❝♦♥s❡r✈❡❞ ❜② t❤❡ r❡❛❝t✐♦♥s✳ ❚❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ♦❢
❉❊P ❛♥❞ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥❛❧ ❛r❡ ❣✐✈❡♥ ✐♥
❆♣♣❡♥❞✐① ❆ ❛s ✇❡❧❧✳ ❚❤❡ ♠❡❛♥✲✜❡❧❞ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❞❡♥s✐t✐❡s  A(}x, t) ❛♥❞  B(}x, t)
❛r❡ ❞❡❞✉❝❡❞ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♠❡t❤♦❞s ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❚❤❡② r❡❛❞
 t A =  k  A B +   1 B + DA  2 A
 t B = k  A B    1 B + DB  2 B ✭✷✳✶✹✮
❇② s✉♠♠✐♥❣ ❜♦t❤ ❧✐♥❡s✱ ✐t ✐s s❡❡♥ t❤❛t t❤❡s❡ ❡q✉❛t✐♦♥s ❝♦♥s❡r✈❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢
♣❛rt✐❝❧❡ ❛s ✇❡❧❧✳ ◆♦t✐♥❣  0 t❤❡ ✐♥✐t✐❛❧ s♣❛t✐❛❧❧② ❛✈❡r❛❣❡❞ t♦t❛❧ ❞❡♥s✐t②✱ c =  A+ B  0
❛♥❞ r❡♥❛♠✐♥❣  B =  ✱ ✭✷✳✶✹✮ ✐s ❡q✉✐✈❛❧❡♥t t♦
 t = k(c +  )  k 2 + DB  2 ,
 tc = DA  
2(c   ) , ✭✷✳✶✺✮
✶✽
❈❤❛♣t❡r ✷✳ ❯♥✐✈❡rs❛❧ ❜❡❤❛✈✐♦rs ✐♥ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ❛♥❞ ✐♥ ❢✉❧❧②
❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡
✇❤❡r❡ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞    0  (k ) 1 ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝r✉❝✐❛❧ ♣❛r❛♠❡t❡r
  DA  DB
DA
. ✭✷✳✶✻✮
❖♥❡ ❝❛♥ ✐♥t❡r♣r❡t ✭✷✳✶✺✮ ❛s ❛ ✜❡❧❞  ❡✈♦❧✈✐♥❣ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❉P
❜✉t ✇❤♦s❡ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r ✐s ♠♦❞✉❧❛t❡❞ ❜② ❛ ❝♦♥s❡r✈❡❞ ✜❡❧❞✳ ❚❤✉s✱ ❧♦♦❦✐♥❣ ❛t
❤♦♠♦❣❡♥❡♦✉s s♦❧✉t✐♦♥s✱ ✐t ✐s r❡❛❞✐❧② s❡❡♥ t❤❛t t❤❡ ♠❡❛♥ ✜❡❧❞ ❡①♣♦♥❡♥ts ♦❢ ❉❊P ❛r❡
t❤❡ s❛♠❡ ❛s t❤♦s❡ ♦❢ ❉P✿  = 1✱  = 1/2 ❛♥❞ z = 2✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥
t❤❛t t❤❡ t✇♦ ♣r♦❝❡ss❡s s❤❛r❡ t❤❡ s❛♠❡ ✉♣♣❡r ❝r✐t✐❝❛❧ ❞✐♠❡♥s✐♦♥ dc = 4✳
■t ✐s t❡♠♣t✐♥❣ t♦ ✉♣❣r❛❞❡ ✭✷✳✶✺✮ t♦ ❛ s❡t ♦❢ t✇♦ ❝♦✉♣❧❡❞ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥s t♦
❛❝❝♦✉♥t ❢♦r t❤❡ ✢✉❝t✉❛t✐♦♥s✱ ❛s ✇❛s ❞♦♥❡ ✐♥ ❙❡❝✳ ✷✳✶✳✶✳ ❚❤❡ ♥♦✐s❡ ❛❝t✐♥❣ ♦♥ t❤❡
✜rst ❧✐♥❡ ♠✉st ❛❝❝♦✉♥t ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❛❜s♦r❜✐♥❣ st❛t❡ ❛t  = 0 ❛s ✐♥ ❉P
❛♥❞ t❤❡ ♥♦✐s❡ ❛❝t✐♥❣ ♦♥ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ♠✉st ❜❡ ❝♦♥s❡r✈❛t✐✈❡✱ s♦ ❛s ♥♦t t♦ ❜r❡❛❦
t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✳ ❚❤✉s t❤❡ s✐♠♣❧❡st ❝♦✉♣❧❡❞ ▲❛♥❣❡✈✐♥
❡q✉❛t✐♦♥s t❤❛t ♦♥❡ ❝❛♥ ♣r♦♣♦s❡ ❛r❡
 t = k(c +  )  k 2 + DB  2 +   ,
 tc = DA  
2(c   ) +  c , ✭✷✳✶✼✮
✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✈❛r✐❛♥❝❡ ❢♦r t❤❡ ♥♦✐s❡s
   (x)  (x ) = 2k  (x) (t t ) d(}x }x ) ,
  c(x) c(x ) = 2  DA(  2) (t t ) d(}x }x ) ,
   (x) c(x ) = 0 . ✭✷✳✶✽✮
■♥ ❢❛❝t✱ t❤✐s ♠♦❞❡❧ ✇❛s ♣r♦♣♦s❡❞ ✐♥ ✭❏❛♥ss❡♥ ✷✵✵✶✮ ✉♥❞❡r t❤❡ ♥❛♠❡ ♦❢ t❤❡ ❞✐r❡❝t❡❞
♣❡r❝♦❧❛t✐♦♥ ✇✐t❤ ❛ ❝♦♥s❡r✈❡❞ q✉❛♥t✐t② ✭❉P✲❈✮ ❛♥❞ ✐ts ❡q✉✐✈❛❧❡♥❝❡✱ ✐♥ t❤❡ s❡♥s❡ ♦❢
❜❡✐♥❣ ✐♥ t❤❡ s❛♠❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss✱ ✇✐t❤ ❉❊P ✇❛s ❥✉st✐✜❡❞ ✉s✐♥❣ t❤❡ s❛♠❡ t②♣❡ ♦❢
❛r❣✉♠❡♥ts ✉s❡❞ t♦ ♣r♦✈❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❉P r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss
✭✷✳✷✮ ❛♥❞ t❤❡ ❉P ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥ ✭✷✳✶✷✮✳ ❲❡ ✇✐❧❧ ❡①♣♦✉♥❞ t❤❡s❡ ❛r❣✉♠❡♥ts ✐♥ t❤❡
❝❛s❡ ♦❢ ❉❊P ✐♥ ❈❤❛♣✳ ✹ ❛❢t❡r ❤❛✈✐♥❣ ✐♥tr♦❞✉❝❡❞ t❤❡ ✜❡❧❞ t❤❡♦r✐❡s ♦❢ t❤♦s❡ ♣r♦❝❡ss❡s✳
❋♦r ♥♦✇✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ❤❛✈❡ ✐♥ ♠✐♥❞ t❤❛t ❛t ❛❧❧ ♦r❞❡rs ♦❢ ♣❡rt✉r❜❛t✐✈❡ ❘●✱ ❉❊P
❛♥❞ ❉P✲❈ ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss✳
❆t t❤✐s ♣♦✐♥t✱ ❧❡t ✉s ♠❛❦❡ ❛ s❤♦rt s❡♠❛♥t✐❝ ♥♦t❡✳ ■♥ t❤❡ s❛♥❞♣✐❧❡ ❝♦♠♠✉♥✐t②✱
t❤❡ ♥❛♠❡ ❈✲❉P ✭❢♦r ❝♦♥s❡r✈❡❞ ❞✐r❡❝t❡❞ ♣❡r❝♦❧❛t✐♦♥✮ ✐s ♦❢t❡♥ ✉s❡❞ t♦ r❡❢❡r t♦ t❤❡
s♣❡❝✐✜❝ ❝❛s❡ DA = 0 ♦❢ ❉P✲❈✱ s❡❡ ✭❏❛♥ss❡♥ ❛♥❞ ❙t❡♥✉❧❧ ✷✵✶✻✮✳ ❚❤✐s ❝❛s❡ ✐s ♦❢ ❤✐❣❤
✐♥t❡r❡st ❜❡❝❛✉s❡ ✐t ✐s ❦♥♦✇♥ t♦ ❜❡❧♦♥❣ t♦ t❤❡ ▼❛♥♥❛ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss ❞❡s❝r✐❜✐♥❣ ❛
❝❡rt❛✐♥ t②♣❡ ♦❢ ❛✈❛❧❛♥❝❤❡ ♣❤❡♥♦♠❡♥❛✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✇❛s s❤♦✇♥ t❤❛t ❈✲❉P ❛♥❞ t❤❡
q✉❡♥❝❤❡❞ ❊❞✇❛r❞s✲❲✐❧❦✐♥s♦♥ ♠♦❞❡❧ ❢♦r ❛♥ ✐♥t❡r❢❛❝❡ ♠♦✈✐♥❣ ✐♥ ❛ q✉❡♥❝❤❡❞ ❞✐s♦r❞❡r
❜❡❧♦♥❣❡❞ t♦ t❤❡ s❛♠❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss ✭▲❡ ❉♦✉ss❛❧ ❛♥❞ ❲✐❡s❡ ✷✵✶✺❀ ❏❛♥ss❡♥ ❛♥❞
❙t❡♥✉❧❧ ✷✵✶✻✮✳ ■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ tr② t♦ r❡❝♦✈❡r t❤✐s r❡s✉❧t ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✳
❍♦✇❡✈❡r✱ t♦ st✐❝❦ ✇✐t❤ t❤❡ ❤✐st♦r✐❝❛❧ ❝❤♦✐❝❡ ✐♥ t❤❡ st✉❞② ♦❢ ❉❊P ❛♥❞ ❉P✲❈✱ ✇❡ ✇✐❧❧
❛❜s♦r❜ DA ✐♥ ❛ r❡❞❡✜♥✐t✐♦♥ ♦❢ t✐♠❡✳ ❇❡❝❛✉s❡ ✇❡ ♦♥❧② ♣r♦❜❡ t❤❡ st❛t✐♦♥❛r② st❛t❡ ♦❢
t❤❡ s②st❡♠✱ t❤❡ ❧✐♠✐t DA = 0 ✐s ✐♥❛❝❝❡ss✐❜❧❡ ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✳
▲❡t ✉s ❝♦♥❝❡♥tr❛t❡ ♥♦✇ ♦♥ DA  = 0✳ ❚❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t✇♦ ❞✐✛✉s✐♦♥ ❝♦♥✲
st❛♥ts t❛❦❡♥ ❡q✉❛❧ ✭ = 0✮ ❤❛❞ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ✭❑r❡❡✱ ❙❝❤❛✉❜✱ ❛♥❞ ❙❝❤♠✐tt♠❛♥♥
✶✾✽✾✮ ❜❡❢♦r❡ t❤❡ ✇♦r❦ ♦❢ ✈❛♥ ❲✐❥❧❛♥❞ ❡t ❛❧✳ t♦ ♠♦❞❡❧ t❤❡ ❡✛❡❝t ♦❢ ♣♦❧❧✉t✐♦♥ ♦♥ ❛
♣♦♣✉❧❛t✐♦♥ ❛♥❞ ❤❛❞ ❜❡❡♥ st✉❞✐❡❞ ✉s✐♥❣ ♣❡rt✉r❜❛t✐✈❡ ❘●✳ ❚❤❡ ❛✉t❤♦rs ❢♦✉♥❞ t❤❛t ❛
✷✳✶✳ ❚❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ✶✾
❝♦♥t✐♥✉♦✉s ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥❞❡❡❞ ♦❝❝✉rs ✐♥ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥s dc < 4✳
❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝r✐t✐❝❛❧ ♣♦✐♥t ✇❛s ♥❡✇✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✇❛s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡
✉❜✐q✉✐t♦✉s ❉P ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss✳ ❚❤❡ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥ts ♦❢ t❤✐s ❑❙❙ ✉♥✐✈❡rs❛❧✐t②
❝❧❛ss ✇❡r❡ ❢♦✉♥❞ t♦ ❜❡ ✐♥ ♠♦st ♣❛rt ✜①❡❞ ❡①❛❝t❧② ❜② t❤❡ s②♠♠❡tr✐❡s✳ ❚♦ ❛❧❧ ♦r❞❡r ✐♥
♣❡rt✉r❜❛t✐♦♥✱ t❤❡② ❢♦✉♥❞
 = 2/d , z = 2 ,  ¯ =  , ❛♥❞  =  (d +  )/2 . ✭✷✳✶✾✮
❚❤❡s❡ r❡❧❛t✐♦♥s ❧❡❛✈❡ ♦♥❧② ♦♥❡ ❡①♣♦♥❡♥t t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✱  ✳ ■ts ✈❛❧✉❡ ✇❛s ❝❛❧❝✉❧❛t❡❞
✐♥ ❛ ✜rst✲♦r❞❡r ❡①♣❛♥s✐♦♥ ✐♥  = 4 d✱ ✇❤✐❝❤ ②✐❡❧❞❡❞
 =   /8 . ✭✷✳✷✵✮
❱❛♥ ❲✐❥❧❛♥❞ ❡t ❛❧✳ ❝♦♥✜r♠❡❞ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ❢♦r  = 0 ❛♥❞ st✉❞✐❡❞ t❤❡ ❝❛s❡
  = 0✳ ❆❧t❤♦✉❣❤ t❤❡✐r st❛rt✐♥❣ ♣♦✐♥t ✇❛s t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ♦❢ ❉❊P✱ ✐♥ t❤❡✐r ✇♦r❦
t❤❡② tr✉♥❝❛t❡❞ t❤❡ r❡s✉❧t✐♥❣ ❛❝t✐♦♥ t♦ ❛ ❢♦r♠ ❡q✉✐✈❛❧❡♥t t♦ ❉P✲❈✳ ❋♦r   = 0✱ t❤❡②
❢♦✉♥❞ ❛ ♥❡✇ ✜①❡❞ ♣♦✐♥t ♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥✱ s✐❣♥❛❧✐♥❣ ②❡t ❛ ♥❡✇ ✉♥✐✈❡rs❛❧✐t②
❝❧❛ss ✭❞✐st✐♥❝t ❢r♦♠ ❉P ❛♥❞ ❑❙❙✮✳ ❋♦r  < 0✱ ✭DA < DB✮✱ t❤❡② ♣r❡❞✐❝t❡❞ t❤❡
❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ♣❤❛s❡ tr❛♥s✐t✐♦♥ t♦ ❛♥ ❛❜s♦r❜✐♥❣ st❛t❡ ❞❡s❝r✐❜❡❞ ❜② t❤✐s
♥❡✇ ✭❲❖❍✮ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss✳ ❋♦r  > 0 ✭DA > DB✮✱ ❤♦✇❡✈❡r✱ t❤❡ ✜①❡❞ ♣♦✐♥t ✐s ♥♦t
r❡❛❝❤❛❜❧❡ ❢r♦♠ ♣❤②s✐❝❛❧ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✇✐t❤✐♥ ♣❡rt✉❜❛t✐✈❡ ❘●✳ ■♥❞❡❡❞✱ ✐♥ ♦r❞❡r
t♦ r❡❛❝❤ t❤❡ ✜①❡❞ ♣♦✐♥t ❢♦r  > 0✱ ♦♥❡ ♦❢ t❤❡ ♠✐❝r♦s❝♦♣✐❝ r❡❛❝t✐♦♥ r❛t❡ ✇♦✉❧❞ ❤❛✈❡
t♦ ❜❡ ♥❡❣❛t✐✈❡✳ ❚❤✐s ❢❛❝t ✇❛s ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❞✐s❝♦♥t✐♥✉♦✉s ♣❤❛s❡
tr❛♥s✐t✐♦♥ ❢♦r  > 0 ✐♥❞✉❝❡❞ ❜② ✢✉❝t✉❛t✐♦♥s✳ ❚❤✐s ❝♦♥❥❡❝t✉r❡ ✇❛s ❜❛❝❦❡❞ ✉♣ ❜② s❡♠✐✲
♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❛r❣✉♠❡♥ts ❛♥❞ s❡❡♠✐♥❣❧② ❝♦♥✜r♠❡❞ ❜② ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢
❉❊P ✐♥ d = 2 ✭❖❡r❞✐♥❣ ❡t ❛❧✳ ✷✵✵✵✮✳
❆❧♠♦st ❡✈❡r② ❡①♣♦♥❡♥t ♦❢ t❤❡ ❲❖❍ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss ✐s ✜①❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
r❡❧❛t✐♦♥s
 = 2/d , z = 2 ,  = 0 , ❛♥❞  =  (d +  )/2 = 1 . ✭✷✳✷✶✮
t♦ ❛❧❧ ♦r❞❡rs ✐♥  ✳ ❆❧t❤♦✉❣❤ t❤❡ r❡❧❛t✐♦♥  = 2/d ✇❛s ♥♦t ♠❛❞❡ ❡①♣❧✐❝✐t ✐♥ ✭❲✐❥❧❛♥❞✱
❖❡r❞✐♥❣✱ ❛♥❞ ❍✐❧❤♦rst ✶✾✾✽✮✱ ✐t ✇❛s s❤♦✇♥ ✐♥ ✭❏❛♥ss❡♥ ✷✵✵✶✮ t❤❛t t❤❡ ❉P✲❈ ♠♦❞❡❧
✐♠♣❧✐❡❞ t❤✐s r❡❧❛t✐♦♥ ❢♦r   = 0 ❛s ✇❡❧❧✳ ❚❤❡ ♦♥❧② ✐♥❞❡♣❡♥❞❡♥t ❡①♣♦♥❡♥t ✇❤✐❝❤ ✐s ♥♦t
✜①❡❞ ✐♥ t❤✐s ❝❛s❡ ✐s  ¯✳ ■t ✇❛s ❢♦✉♥❞ t♦ ❜❡ t♦ ✜rst✲♦r❞❡r ✐♥  = 4 d ❣✐✈❡♥ ❜②
 ¯ =   
 
3  + 1
 , ✇✐t❤   =
1
(2 +
 
3)
1
3 + (2  3) 13  2
✐✳❡✳  ¯   0.313  ✭✷✳✷✷✮
❍♦✇❡✈❡r✱ s♦♠❡ ♦❢ t❤❡ ❘● ♣r❡❞✐❝t✐♦♥s s❡❡♠ t♦ ❜❡ ✐♥✈❛❧✐❞❛t❡❞ ❜② ❢✉rt❤❡r ♥✉♠❡r✐❝❛❧
s✐♠✉❧❛t✐♦♥s ♦❢ ❉❊P✱ r❡♣♦rt❡❞ ✐♥ ❚❛❜✳ ✷✳✶✳ ❚❤❡ t❤r❡❡ ✐ss✉❡s ❝♦♥❝❡r♥
✐✮ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ t❤❡ ❝❛s❡  > 0✱
✐✐✮ t❤❡ ✈❛❧✉❡ ♦❢  ✐♥ t❤❡ ❝❛s❡s  < 0 ❛♥❞  = 0✱
✐✐✐✮ t❤❡ ✈❛❧✉❡ ♦❢  ❢♦r   = 0✳
❘❡❣❛r❞✐♥❣ ✐✮✱ ❛❧❧ s✐♠✉❧❛t✐♦♥s ♣❡r❢♦r♠❡❞ ❛❢t❡r ✭❖❡r❞✐♥❣ ❡t ❛❧✳ ✷✵✵✵✮✱ ❜♦t❤ ✐♥ d =
1 ✭❋✉❧❝♦✱ ▼❡ss✐❛s✱ ❛♥❞ ▲②r❛ ✷✵✵✶❛❀ ▼❛✐❛ ❛♥❞ ❉✐❝❦♠❛♥ ✷✵✵✼✮ ❛♥❞ d = 2 ✭❉✐❝❦♠❛♥
✷✵
❈❤❛♣t❡r ✷✳ ❯♥✐✈❡rs❛❧ ❜❡❤❛✈✐♦rs ✐♥ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ❛♥❞ ✐♥ ❢✉❧❧②
❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡
d   /   z
✵✳✶✾✼✭✷✮ ✵✳✹✸✺✭✶✹✮ ✷✳✷✶✭✺✮ ✕
✵ ✵✳✷✷✻✭✷✵✮ ✵✳✹✺✷✭✹✵✮ ✕ ✕
✵✳✶✾✷✭✹✮ ✵✳✸✽✹✭✹✻✮ ✷✳✵✭✷✮ ✷✳✵✷✭✹✮
✕ ✕ ✷✳✵✸✼ ✶✳✾✽✵
✵✳✸✶✷✺ ✷ ✷
✵✳✶✶✸✭✽✮ ✵✳✷✵✭✷✮ ✶✳✼✼✭✸✮ ✶✳✻✭✷✮
✶ >✵ ✵✳✶✻✺✭✷✷✮ ✵✳✸✸✵✭✹✹✮ ✕ ✕
✕ ✕ ✷✳✵ ✶✳✾✾✷
✜rst ♦r❞❡r
✵✳✹✵✹✭✶✵✮ ✵✳✾✷✾✭✶✹✹✮ ✷✳✸✭✸✮ ✷✳✵✶✭✹✮
<✵ ✵✳✸✸✻✭✶✺✮ ✵✳✻✼✷✭✸✵✮ ✕ ✕
✕ ✕ ✷✳✵ ✶✳✾✾✷
1/2 ✶ ✷ ✷
✵ ✵✳✽✺✻✭✹✮ ✵✳✼✾✼✭✽✮ ✵✳✾✸✷✭✺✮ ✕
✷ ✵✳✽✼✺ ✶ ✷
>✵ ✵✳✽✽✭✺✮ ✵✳✾✸✭✾✮ ✶✳✵✻✭✹✮ ✶✳✽✾✭✽✮
✜rst ♦r❞❡r
❚❛❜❧❡ ✷✳✶✿ ❈r✐t✐❝❛❧ ❡①♣♦♥❡♥ts ♦❢ ❉❊P ❢r♦♠ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥s ❛♥❞ ✜❡❧❞ t❤❡♦✲
r❡t✐❝❛❧ ❛♥❛❧②s❡s✳ ❚❤❡ ✈❛❧✉❡s ✐♥ ❣r❛② ❛r❡ ❞❡❞✉❝❡❞ ❛ss✉♠✐♥❣  = 2/d ❛♥❞ t❤❡ ✈❛❧✉❡s
✐♥ ✐t❛❧✐❝ ❛r❡ t❤❡♦r❡t✐❝❛❧ ♣r❡❞✐❝t✐♦♥s✳ ❘❡♣r♦❞✉❝❡❞ ❢r♦♠ ✭❚❛r♣✐♥ ❡t ❛❧✳ ✷✵✶✼✮
❛♥❞ ▼❛✐❛ ✷✵✵✽✮✱ str♦♥❣❧② ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐s ❝♦♥t✐♥✉♦✉s ❛❧s♦ ✐♥
t❤❡ ❝❛s❡  > 0✱ ❝❤❡❝❦✐♥❣ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❛❜s❡♥❝❡ ♦❢ ❤②st❡r❡s✐s ✭❉✐❝❦♠❛♥ ❛♥❞ ▼❛✐❛
✷✵✵✽✮✳ ❘❡❣❛r❞✐♥❣ ✐✐✮✱ ❡❛r❧② s✐♠✉❧❛t✐♦♥s ✐♥ d = 1 ❢♦r  = 0 ✭❋r❡✐t❛s ❡t ❛❧✳ ✷✵✵✵✮
❢♦✉♥❞  = 2.21(5)✳ ❚❤✐s r❡s✉❧t ✇❛s ❝r✐t✐❝✐③❡❞ ❜② ❏❛♥ss❡♥ ✭❏❛♥ss❡♥ ✷✵✵✶✮ ✉s✐♥❣
t❤❡ ❡①❛❝t r❡s✉❧t  = 2/d = 2 ❢r♦♠ t❤❡ ❉P✲❈ ♠♦❞❡❧✳ ❚❤❡ ❛✉t❤♦rs ♦❢ ✭❋r❡✐t❛s ❡t ❛❧✳
✷✵✵✶✮ r❡♣❧✐❡❞ ❜② ♦❜s❡r✈✐♥❣ t❤❛t t❤❡ ❢✉❧❧ ❉❊P ❛❝t✐♦♥ ✐♥❝❧✉❞❡s t❡r♠s ✇❤✐❝❤ ✈✐♦❧❛t❡ t❤❡
s②♠♠❡tr✐❡s ✇❤✐❝❤ ✜①  = 2/d✳ ❆❧t❤♦✉❣❤ t❤❡s❡ t❡r♠s ❛r❡ ✐rr❡❧❡✈❛♥t ✐♥ ❛ ♣❡rt✉r❜❛t✐✈❡
❘● ❛♥❛❧②s✐s ♥❡❛r t❤❡ ✉♣♣❡r ❝r✐t✐❝❛❧ ❞✐♠❡♥s✐♦♥ dc = 4✱ t❤❡② ❝♦✉❧❞ ❜❡❝♦♠❡ r❡❧❡✈❛♥t
❛✇❛② ❢r♦♠ ✐t ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❛t d = 1✳ ■❢ t❤❡ tr❛♥s✐t✐♦♥ ❛♣♣❡❛r✐♥❣ ✐♥ s✐♠✉❧❛t✐♦♥s
♦❢ ❉❊P ✐s ♥♦t ❞r✐✈❡♥ ❜② t❤❡ ❉P✲❈ ✜①❡❞ ♣♦✐♥t✱ ❜✉t ✐♥st❡❛❞ ❜② ❛♥♦t❤❡r ♦♥❡ ❤❛✈✐♥❣
❧❡ss s②♠♠❡tr✐❡s✱ t❤❡ ❛r❣✉♠❡♥t ♦❢ ✭❏❛♥ss❡♥ ✷✵✵✶✮ ❞♦❡s ♥♦t ❤♦❧❞ ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢  
✐s ♥♦t ✜①❡❞✳ ■t ❝♦✉❧❞ ❞❡♣❛rt ❢r♦♠ 2/d ❛♥❞ ♣♦ss✐❜❧② ❜❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ✈❛❧✉❡s ❢r♦♠
s✐♠✉❧❛t✐♦♥s✳ ❙✉❜s❡q✉❡♥t s✐♠✉❧❛t✐♦♥s r❡♣♦rt❡❞ ✐♥ ✭❋✉❧❝♦✱ ▼❡ss✐❛s✱ ❛♥❞ ▲②r❛ ✷✵✵✶❜✮
♣❛rt✐❛❧❧② r❡❝♦♥❝✐❧❡ ❜♦t❤ r❡s✉❧ts s✉❣❣❡st✐♥❣ t❤❛t t❤❡ ❞✐s❝r❡♣❛♥❝② ❝♦✉❧❞ ❜❡ ✐♠♣✉t❡❞ t♦
❝♦rr❡❝t✐♦♥s t♦ s❝❛❧✐♥❣✳ ❍♦✇❡✈❡r t❤❡ ❞❡❜❛t❡ ❡①♣♦s❡❞ ✐♥ ✭❏❛♥ss❡♥ ✷✵✵✶❀ ❋r❡✐t❛s ❡t ❛❧✳
✷✵✵✶✮ ✐s st✐❧❧ ✉♥r❡s♦❧✈❡❞✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✐♥ d = 2 ❢♦r ❡q✉❛❧ ❞✐✛✉s✐♦♥ ❝♦♥st❛♥ts
 = 0 ❝♦♥✈✐♥❝✐♥❣❧② r✉❧❡❞ ♦✉t t❤❡ ❉P ❡①♣♦♥❡♥ts✱ ❜✉t ❝♦✉❧❞ ♥♦t s❡tt❧❡ ♦♥ ✇❤❡t❤❡r
 = 1 ✭✇✐t❤ ♣♦ss✐❜❧❡ ❧♦❣❛r✐t❤♠✐❝ ❝♦rr❡❝t✐♦♥✮ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ♣❡rt✉❜❛t✐✈❡
r❡s✉❧ts✱ ♦r  < 1 ✭❇❡rtr❛♥❞ ❡t ❛❧✳ ✷✵✵✼✮✳ ❋✐♥❛❧❧②✱ r❡❣❛r❞✐♥❣ ✐✐✐✮✱ ❚❛❜✳ ✷✳✶ s❤♦✇s t❤❛t
❢♦r  < 0 ✐♥ d = 1✱ ❡✐t❤❡r   = 2 ♦r   = 1✱ ❛♥❞ ❧✐❦❡✇✐s❡ ❢♦r  > 0✳ ❨❡t✱ ✐❢ t❤❡
tr❛♥s✐t✐♦♥ ✐s ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ❉P✲❈ ✜①❡❞ ♣♦✐♥t✱ t❤❡ s②♠♠❡tr✐❡s ❝♦♥str❛✐♥ts ✐♠♣❧②
 = 2/d = 2 ❛♥❞  = 1✳
■♥ ❈❤❛♣✳ ✹✱ ✇❡ ❡①♣♦✉♥❞ ♦♥ ♦✉r t❛❦❡ ♦♥ t❤❡s❡ ✐ss✉❡s✱ ✇❤✐❝❤ ✇❛s ♣✉❜❧✐s❤❡❞ ✐♥
✭❚❛r♣✐♥ ❡t ❛❧✳ ✷✵✶✼✮ ❲❡ ❛♣♣❧✐❡❞ t❤❡ t♦♦❧s ♦❢ ◆P❘●✱ ✐♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ ♠♦❞✐✜❡❞
✷✳✷✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡ ✷✶
❧♦❝❛❧ ♣♦t❡♥t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ ❜♦t❤ ❉P✲❈ ❛♥❞ ❉❊P t♦ tr② t♦ ❝❧❛r✐❢② t❤❡ r❡❧❛t✐♦♥
❜❡t✇❡❡♥ ❜♦t❤ s②st❡♠s✳ ❚❤❡ ◆P❘● ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ❣✉✐❞❡❞ ❜② ❛ ❝❛r❡❢✉❧ ❛♥❛❧②s✐s ♦❢
s②♠♠❡tr✐❡s ♦❢ ❜♦t❤ ♠♦❞❡❧s✳ ◆♦✇✱ ❧❡t ✉s t✉r♥ t♦ t❤❡ s❡❝♦♥❞ s②st❡♠ st✉❞✐❡❞ ✐♥ t❤❡
t❤❡s✐s✱ t❤❛t ✐s ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡✳
✷✳✷ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞
t✉r❜✉❧❡♥❝❡
❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ♠❛♥✉s❝r✐♣t ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❢✉❧❧②
❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡ ✇✐t❤✐♥ t❤❡ ◆P❘● ❢♦r♠❛❧✐s♠✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ t❛❦❡ s♦♠❡
t✐♠❡ t♦ ♣r❡s❡♥t t❤❡ ♣❤②s✐❝s ♦❢ t✉r❜✉❧❡♥❝❡✳ ■♥ ❙❡❝✳ ✷✳✷✳✶ ✇❡ ❣✐✈❡ ❛ s❤♦rt ❤✐st♦r✐❝❛❧
✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥ ❛♥❞ t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ st✉❞② ♦❢
t✉r❜✉❧❡♥❝❡✱ ✉♣ t♦ ✐ts s❝❛❧❡✲✐♥✈❛r✐❛♥t ❞❡s❝r✐♣t✐♦♥ ❜② ❑♦❧♠♦❣♦r♦✈ ✐♥ ✶✾✹✶✳ ■♥ ❙❡❝✳ ✷✳✷✳✷✱
✇❡ ♣r❡s❡♥t t❤❡ ♣❤❡♥♦♠❡♥♦♥ ♦❢ ✐♥t❡r♠✐tt❡♥❝② ✐♥ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✭3✲❉✮ t✉r❜✉❧❡♥❝❡
❛♥❞ ✇❡ ❣✐✈❡ ❛ ❜r✐❡❢ s✉♠♠❛r② ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ ❡✛♦rts ❛✐♠❡❞ ❛t ✉♥❞❡rst❛♥❞✐♥❣ ✐t✳
❋✐♥❛❧❧②✱ ✐♥ s❡❝t✐♦♥ ❙❡❝✳ ✷✳✷✳✸ ❛♥❞ ❙❡❝✳ ✷✳✷✳✹ ✇❡ ❢♦❝✉s ♦♥ t❤❡ t✇♦ ♣❛rt✐❝✉❧❛r s✉❜❥❡❝ts
♦❢ t❤❡ t❤❡s✐s✿ t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ✐♥ t✉r❜✉❧❡♥❝❡ ❛♥❞
t❤❡ ✐♥t❡r♠✐tt❡♥❝② ✐♥ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✭2✲❉✮ t✉r❜✉❧❡♥❝❡ r❡s♣❡❝t✐✈❡❧②✳
✷✳✷✳✶ ❚❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥ ❛♥❞ s❝❛❧❡✲✐♥✈❛r✐❛♥❝❡ ✐♥
t✉r❜✉❧❡♥❝❡
▲❡t ✉s ❣✐✈❡ ❛ s❡❧❡❝t❡❞ ❤✐st♦r✐❝❛❧ ❛❝❝♦✉♥t ♦♥ t❤❡ st❡♣s ✇❤✐❝❤ ❧❡❞ t♦ t❤❡ ❞✐s❝♦✈❡r②
♦❢ ♣♦✇❡r✲❧❛✇ ❜❡❤❛✈✐♦r ❛♥❞ ✉♥✐✈❡rs❛❧✐t② ✐♥ t✉r❜✉❧❡♥❝❡✳ ❚❤✐s ❛❝❝♦✉♥t ✐s ♠❛✐♥❧② ❛♥
❛❜r✐❞❣❡❞ ✈❡rs✐♦♥ ♦❢ ✭❉❛✈✐❞s♦♥ ❡t ❛❧✳ ✷✵✶✶✮✳ ❚❤❡ ❡q✉❛t✐♦♥ ✇❤✐❝❤ ♠♦❞❡❧s t❤❡ ♠♦t✐♦♥
♦❢ t❤❡ ✢✉✐❞ ✐s ◆❛✈✐❡r✲❙t♦❦❡s ✭◆❙✮ ❡q✉❛t✐♦♥✱ s✉♣♣❧❡♠❡♥t❡❞ ✇✐t❤ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛✲
t✐♦♥✳ ❉✉❡ t♦ t❤❡ ✜♥✐t❡ ✈✐s❝♦s✐t② ♦❢ t❤❡ ✢✉✐❞✱ t❤❡ ◆❙ ❡q✉❛t✐♦♥ ✐s ❞✐ss✐♣❛t✐✈❡✳ ❆s ❛
❝♦♥s❡q✉❡♥❝❡✱ ✐♥ ♦r❞❡r t♦ ♣r♦❜❡ t❤❡ st❛t✐♦♥❛r② st❛t❡ ♦♥❡ ❤❛s t♦ ✐♥❥❡❝t ❡♥❡r❣② ✐♥t♦
t❤❡ ✢✉✐❞✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ❛❞❞✐♥❣ ❛ ❢♦r❝✐♥❣ t❡r♠ t♦ t❤❡ ◆❙ ❡q✉❛t✐♦♥✱ ♠❛❦✐♥❣ ✐t ❛
♣r✐♠❡ ❡①❛♠♣❧❡ ♦❢ ❞r✐✈❡♥✲❞✐ss✐♣❛t✐✈❡ s②st❡♠✳ ❲❡ ✇✐❧❧ ❧✐♠✐t ♦✉rs❡❧✈❡s t♦ t❤❡ st✉❞② ♦❢
✢♦✇s ✇✐t❤ ❝♦♥st❛♥t ❞❡♥s✐t②✱ s✉❝❤ t❤❛t t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡
❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ✈❡❧♦❝✐t② ✢♦✇ ✐s ❞✐✈❡r❣❡♥❝❡❧❡ss✳ ❚❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥ ❛♥❞
t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ r❡❛❞
 t}v + (}v  } )}v =  1
 
} p +   2}v + }f ,
}  }v = 0 . ✭✷✳✷✸✮
■♥ t❤✐s ❡q✉❛t✐♦♥✱ }v ✐s t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✱ p ✐s t❤❡ ♣r❡ss✉r❡ ✜❡❧❞ ✭✇❤✐❝❤ ✐s ✜①❡❞ ❜② t❤❡
✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✮ ❛♥❞ }f ✐s ❛ ❢♦r❝✐♥❣ ♣❡r ✉♥✐t ♦❢ ♠❛ss ❛❝t✐♥❣ ✐♥ t❤❡ ❜✉❧❦
✭❛❧❧ t❤❡ ♣♦t❡♥t✐❛❧ ❢♦r❝❡s s✉❝❤ ❛s ❣r❛✈✐t② ❛r❡ ❛❧r❡❛❞② ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♣r❡ss✉r❡ t❡r♠✮✳
 ✐s t❤❡ ❞❡♥s✐t② ❛♥❞  ✐s t❤❡ ❦✐♥❡♠❛t✐❝ ✈✐s❝♦s✐t② ♦❢ t❤❡ ✢✉✐❞✳ ❚❤✐s ❡q✉❛t✐♦♥ ❞❛t❡s
❜❛❝❦ t♦ t❤❡ ❡❛r❧② 19t❤ ❝❡♥t✉r②✳ ■♥❞❡❡❞ ✐t ✇❛s ❞❡r✐✈❡❞ ✐♥ ✶✽✷✷ ❜② ✭◆❛✈✐❡r ✶✽✷✸✮✱
❜✉✐❧❞✐♥❣ ✉♣♦♥ t❤❡ ✇♦r❦ ♦❢ ✭❊✉❧❡r ✶✼✺✼✮✳ ❊✉❧❡r ❞❡r✐✈❡❞ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❝♦♥s❡r✈❛t✐♦♥
♦❢ ♠♦♠❡♥t✉♠ ✐♥ t❤❡ ❝♦♥t✐♥✉✉♠ ❢♦r ♣❡r❢❡❝t ✢✉✐❞s ❛♥❞ ◆❛✈✐❡r ❡①t❡♥❞❡❞ ✐t t♦ t❤❡
✈✐s❝♦✉s ❝❛s❡ ❜② ❛ss✉♠✐♥❣ t❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡ str❡ss t❡♥s♦r✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ✇❛s
r❡✈✐s✐t❡❞ ❜② ❙t♦❦❡s✱ ✐♥ ❛ ♠♦r❡ r❡❛❞❛❜❧❡ ❢♦r♠ ✭❙t♦❦❡s ✶✽✹✺✮✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r♦❣r❡ss
✷✷
❈❤❛♣t❡r ✷✳ ❯♥✐✈❡rs❛❧ ❜❡❤❛✈✐♦rs ✐♥ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ❛♥❞ ✐♥ ❢✉❧❧②
❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡
♦♥ t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤✐s ❡q✉❛t✐♦♥ ❛♥❞ ✐ts r❡❧❛t✐♦♥ t♦ t✉r❜✉❧❡♥❝❡ ❤❛s ❜❡❡♥ s❧♦✇✳
❙t♦❦❡s ❧✐♠✐t❡❞ ❤✐♠s❡❧❢ t♦ t❤❡ st✉❞② ♦❢ ✢♦✇s ✇❤♦s❡ ✈❡❧♦❝✐t② ✐s t❤❡ ❣r❛❞✐❡♥t ♦❢ ❛ s❝❛❧❛r
♣♦t❡♥t✐❛❧ ♦r ✐♥ t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ ♦❢ ❧❛♠✐♥❛r ✢♦✇✱ ✇❤❡r❡ ❞✐ss✐♣❛t✐✈❡ ❡✛❡❝ts ❞♦♠✐♥❛t❡✳
❍♦✇❡✈❡r✱ ❧❡t ✉s ♥♦t❡ t❤❛t ❤❡ ✐s t❤❡ ✜rst t♦ ❞❡r✐✈❡ ❛♥ ❡♥❡r❣② ❜❛❧❛♥❝❡ ❢♦r ✢✉✐❞ ♠♦t✐♦♥
✐♥ ✭❙t♦❦❡s ✶✽✺✵✮✱ t❤❛t ✇❡ ✇r✐t❡ ❜❡❧♦✇ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✐♥❝♦♠♣r❡ss✐❜❧❡ t✉r❜✉❧❡♥❝❡✳ ❲❡
♥♦t❡
E(t) =
1
2
 
Ω
v2 , ✭✷✳✷✹✮
t❤❡ ❡♥❡r❣② ♣❡r ✉♥✐t ♦❢ ❞❡♥s✐t②✱ ✇❤❡r❡ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐s ❞♦♥❡ ♦✈❡r t❤❡ s♣❛t✐❛❧ ❞♦♠❛✐♥
Ω ♦❢ t❤❡ ✢✉✐❞✳ ■❢ ✇❡ st✐♣✉❧❛t❡ t❤❛t t❤❡ ✈❡❧♦❝✐t② ✐s ③❡r♦ ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ Ω✱ t❤❡
❡♥❡r❣② ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥ s✐♠♣❧② r❡❛❞s
 tE = W   ¯ . ✭✷✳✷✺✮
■♥ t❤✐s ❡①♣r❡ss✐♦♥✱ W =
 
Ω
f  v ✐s t❤❡ ♣♦✇❡r ❢✉r♥✐s❤❡❞ ♣❡r ✉♥✐t ♦❢ ❞❡♥s✐t② ❛♥❞ t❤❡
t♦t❛❧ ❞✐ss✐♣❛t✐♦♥  ¯ ✐s ❣✐✈❡♥ ❜②
 ¯ =
 
Ω
 =
 
Ω
 
2
tr e2 , ✭✷✳✷✻✮
✇❤❡r❡ e ✐s t✇✐❝❡ t❤❡ ❈❛✉❝❤② ✐♥✜♥✐t❡s✐♠❛❧ str❛✐♥ t❡♥s♦r✿
e  =   v +   v . ✭✷✳✷✼✮
❚❤❡ ❝♦♥✈❡❝t✐✈❡ t❡r♠ }v  } }v ❞♦❡s ♥♦t ❜r✐♥❣ ✐♥ ♥♦r ❞✐ss✐♣❛t❡ ❡♥❡r❣② ♦✉t ♦❢ t❤❡ s②t❡♠✱
t❤✉s ✐ts ♥❛♠❡ ♦❢ ✐♥❡rt✐❛❧ t❡r♠✳ ❖♥❡ ❝❛♥ ❛❧r❡❛❞② ♠❛❦❡ t❤❡ ❡❧❡♠❡♥t❛r② ♦❜s❡r✈❛t✐♦♥
t❤❛t ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ st❛t✐♦♥❛r② st❛t❡ ♦❢ t❤❡ ✢✉✐❞✱ t❤❡ ❞✐ss✐♣❛t✐♦♥ ♠✉st ❜❡ ❡q✉❛❧
t♦ t❤❡ ✐♥❥❡❝t❡❞ ♣♦✇❡r✳
■t ✐s ♦♥❧② ✐♥ ✶✽✽✸ t❤❛t ❘❡②♥♦❧❞s ✐♥✈❡st✐❣❛t❡❞ t❤❡ tr❛♥s✐t✐♦♥ t♦ t✉r❜✉❧❡♥t ✢♦✇s✱
✇❤❡r❡ ❙t♦❦❡✬s s♦❧✉t✐♦♥s ✇♦✉❧❞ ♥♦t ❛♣♣❧② ✭❘❡②♥♦❧❞s ✶✽✽✸✮✳ ❆ ✢✉✐❞ ✐♥✐t✐❛❧❧② ❛t r❡st
✇❤✐❝❤ ✐s st✐rr❡❞ ♦r ❛❝❝❡❧❡r❛t❡❞ ✇✐❧❧ ❞❡✈❡❧♦♣ t✉r❜✉❧❡♥t ❢❡❛t✉r❡s s✉❝❤ ❛s t❤❡ r❛♥❞♦♠
❛♣♣❛r✐t✐♦♥ ♦❢ s✇✐r❧s ❛❜♦✈❡ ❛ ❝❡rt❛✐♥ t❤r❡s❤♦❧❞ ♦❢ ✈❡❧♦❝✐t②✳ ❆♥ ❛❞✐♠❡♥s✐♦♥♥❡❞ ♥✉♠❜❡r
❝❤❛r❛❝t❡r✐③❡s t❤❡ str❡♥❣t❤ ♦❢ t❤❡ t✉r❜✉❧❡♥❝❡✱ ♥❛♠❡❞ s✐♥❝❡ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✳ ■t
✐s ❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡ ❦✐♥❡♠❛t✐❝❛❧ ✈✐s❝♦s✐t② ♦❢ t❤❡ ✢✉✐❞✱  ✱ t❤❡ t②♣✐❝❛❧ ❧❛r❣❡ ❧❡♥❣t❤
s❝❛❧❡ ♦❢ t❤❡ s②st❡♠✱ L ❛♥❞ t❤❡ t②♣✐❝❛❧ ✈❡❧♦❝✐t② V ♦❢ t❤❡ ✢♦✇ ❛t s❝❛❧❡ L✳ ❚❤❡ ❘❡②♥♦❧❞s
♥✉♠❜❡r ✐s t❤❡ r❛t✐♦ ♦❢ t❤❡ str❡♥❣t❤ ♦❢ t❤❡ ❝♦♥✈❡❝t✐✈❡ ❢♦r❝❡ ❢❡❧t ❜② ❛ ✢✉✐❞ ❡❧❡♠❡♥t
♦✈❡r t❤❡ str❡♥❣t❤ ♦❢ t❤❡ ❞✐ss✐♣❛t✐✈❡ ❢♦r❝❡✳ ■t r❡❛❞s
Re =
V L
 
. ✭✷✳✷✽✮
❚❤✉s✱ ✐♥ ❛ ✢♦✇ ✇✐t❤ ❛ ❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✭Re  2000✮ t❤❡ ❞✐ss✐♣❛t✐✈❡ ❡✛❡❝ts ❞♦♠✲
✐♥❛t❡ ❛♥❞ t❤❡ t✉r❜✉❧❡♥t s✇✐r❧s ❛r❡ ❞❛♠♣❡❞ ❞♦✇♥✱ t❤❡ ✢♦✇ ✐s s❛✐❞ t♦ ❜❡ ❧❛♠✐♥❛r✳ ❋♦r
❡①❛♠♣❧❡ ❤♦♥❡②✱ ✇✐t❤ ✐ts ✈✐s❝♦s✐t② ♦❢  honey = 10m2.s 1 ✐s ❛❧✇❛②s ❧❛♠✐♥❛r ✐♥ ❡✈❡r②❞❛②
❧✐❢❡ s✐t✉❛t✐♦♥s✳ ❆ ❧❛♠✐♥❛r ✢♦✇ ✐s ❡♥t✐r❡❧② ❞❡t❡r♠✐♥❡❞ ❜② ✐ts ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳
❖♥ t❤❡ ❝♦♥tr❛r②✱ ✇❤❡♥ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✐s ❤✐❣❤✱ t❤❡ ❝♦♥✈❡❝t✐✈❡ ❡✛❡❝ts ❞♦♠✐♥❛t❡
❛♥❞ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❜❡❝♦♠❡s t✉r❜✉❧❡♥t✳ ❚❤❡ tr❛♥s✐t✐♦♥ t♦ t✉r❜✉❧❡♥❝❡ ✇❛s st✉❞✐❡❞
✐♥ ✭❘❡②♥♦❧❞s ✶✽✾✺✮ ❜② t❤❡ s❛♠❡ ❛✉t❤♦r✱ ✉s✐♥❣ t❤❡ ♥♦✇ ❝❛❧❧❡❞ ❘❡②♥♦❧❞s✲❛✈❡r❛❣❡❞
◆❙ ❡q✉❛t✐♦♥s✱ ✇❤✐❝❤ ♠❛r❦s t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ st❛t✐st✐❝❛❧ ❛♣♣r♦❛❝❤ t♦ t✉r❜✉❧❡♥❝❡✳
❲❡ ✇✐❧❧ ❝♦♥❝❡♥tr❛t❡ ♦✉r st✉❞② ♦♥ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡✱ t❤❛t ✐s ❛ st❛t✐st✐❝❛❧❧②
st❛t✐♦♥❛r② ✢♦✇ ❛t ✈❡r② ❤✐❣❤ ❘❡②♥♦❧❞s ♥✉♠❜❡r✳
✷✳✷✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡ ✷✸
❋♦❧❧♦✇✐♥❣ ✭▲❡s✐❡✉r ✷✵✵✽✮✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ t✉r❜✉❧❡♥t ✢♦✇ ❛s ❤❛✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣
t❤r❡❡ ❝❤❛r❛❝t❡r✐st✐❝s✿ ✐t ✐s ✉♥♣r❡❞✐❝t❛❜❧❡✱ ✐t ♣♦ss❡ss❡s ❣♦♦❞ ♠✐①✐♥❣ ♣r♦♣❡rt✐❡s✱ ❛♥❞ ✐t
✐♥✈♦❧✈❡s ❛ ❧❛r❣❡ r❛♥❣❡ ♦❢ s❝❛❧❡s✳ ❊①❛♠♣❧❡ ♦❢ ♥❛t✉r❛❧ r❡❛❧✐③❛t✐♦♥s ♦❢ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞
t✉r❜✉❧❡♥❝❡ ❛r❡ ♥✉♠❡r♦✉s✳ ❚❤❡ ✜rst ❡①❛♠♣❧❡ ✇❤✐❝❤ ♠❛② ❝♦♠❡ t♦ ♠✐♥❞ ✐s t❤❡ ✢♦✇
❞♦✇♥str❡❛♠ ♦❢ ❛ ❤✐❣❤ t❤r♦✉❣❤♣✉t str✉❝t✉r❡ s✉❝❤ ❛s ❛ ❞❛♠ ✭Re  104✮✳ ❍♦✇❡✈❡r✱ ❧❡t
✉s ♥♦t ❢♦r❣❡t t❤❛t t❤❡ ♣r♦♠✐♥❡♥t ❡①❛♠♣❧❡ ✐s s✐♠♣❧② ❛t♠♦s♣❤❡r✐❝ ❛✐r✳ ■♥❞❡❡❞ t❤❡ ✈❡r②
❧♦✇ ✈✐s❝♦s✐t② ♦❢ ❛✐r ✭ air  10 5 m2.s 1✮ ✐♠♣❧✐❡s t❤❛t ❛ t✉r❜✉❧❡♥t ✢♦✇ ✐s ♣r♦❞✉❝❡❞
❡✈❡♥ ❢♦r ❧♦✇ ✈❡❧♦❝✐t✐❡s✳ ■♥ t❤❡ ❛t♠♦s♣❤❡r✐❝ ❜♦✉♥❞❛r② ❧❛②❡r✱ t❤❡ ❘❡②♥♦❧❞s ❝❛♥ ❜❡
❛s ❤✐❣❤ ❛s 107 ✭❛❧t❤♦✉❣❤ ❛t t❤❡s❡ s❝❛❧❡s t❤❡ ❞❡♥s✐t② ❝❛♥♥♦t ❜❡ ❝♦♥s✐❞❡r❡❞ ❝♦♥st❛♥t
❛♥②♠♦r❡✮✳ ❉✉❡ t♦ t❤❡ ✉❜✐q✉✐t② ♦❢ t✉r❜✉❧❡♥t ✢♦✇s✱ ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡
♠❡❝❤❛♥✐s♠s ♦❢ t✉r❜✉❧❡♥❝❡ ✐s ❛ ❤✐❣❤ st❛❦❡ s✉❜❥❡❝t ❢♦r ♠❛♥② ✜❡❧❞s ♦❢ s❝✐❡♥❝❡ s✉❝❤
❛s ❣❡♦♣❤②s✐❝s ❛♥❞ ❛str♦♣❤②s✐❝s ❛s ✇❡❧❧ ❛s ❢♦r t❤❡ ✐♥❞✉str② ✭❛❡r♦♥❛✉t✐❝✱ ✇✐♥❞ ❛♥❞
❤②❞r♦❧✐❝ ❡♥❡r❣② ❣❡♥❡r❛t✐♦♥✱✳✳✳✮✳
❍♦✇❡✈❡r✱ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ t❤❡ ✐s♦❧❛t❡❞ ✇♦r❦ ♦❢ ❘✐❝❤❛r❞s♦♥ ✐♥ ✭❘✐❝❤❛r❞✲
s♦♥ ✶✾✷✷❀ ❘✐❝❤❛r❞s♦♥ ✶✾✷✻✮ ✇❤✐❝❤ ✐♥tr♦❞✉❝❡❞ t❤❡ ✐❞❡❛ ♦❢ ❡♥❡r❣② ❝❛s❝❛❞❡ ❛♥❞ s❡❧❢✲
s✐♠✐❧❛r✐t②✱ ✐t t♦♦❦ s♦♠❡ ❢♦rt② ②❡❛rs t♦ s❡❡ ♣r♦❣r❡ss❡s ✐♥ t❤❡ st❛t✐st✐❝❛❧ t❤❡♦r② ♦❢
t✉r❜✉❧❡♥❝❡✳ ❯♥❞❡r t❤❡ ✐♠♣✉❧s✐♦♥ ♦❢ Pr❛♥❞t❧ ❛♥❞ ❚❛②❧♦r✱ t❤❡ t✇♦✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥s
✐♥ t✉r❜✉❧❡♥❝❡ ❛♥❞ t❤❡ ❡♥❡r❣② s♣❡❝tr✉♠ ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞ ❡①♣❡r✐♠❡♥t❛❧❧② ✐♥ ✇✐♥❞ t✉♥✲
♥❡❧s ✉s✐♥❣ ❤♦t✲❛✐r ❛♥❡♠♦♠❡tr② ✭Pr❛♥❞t❧ ❛♥❞ ❘❡✐❝❤❛r❞t ✶✾✸✹❀ ❙✐♠♠♦♥s ❛♥❞ ❙❛❧t❡r
✶✾✸✹❀ ▲✳ ❡t ❛❧✳ ✶✾✸✼✮✳ ❚❤❡s❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✇❡r❡ ✐♥t❡r♣r❡t❡❞ ❜② ❚❛②❧♦r ✉s✐♥❣
t❤❡ ❤②♣♦t❤❡s✐s t❤❛t t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ✈❡❧♦❝✐t② ✐♥ t❤❡ t✉r❜✉❧❡♥t r❡❣✐♦♥ ♦❢ t❤❡
✢✉✐❞ ❝♦✉❧❞ ❜❡ ✇❡❧❧ ❛♣♣r♦①✐♠❛t❡❞ ❛s ✐s♦tr♦♣✐❝✱ ❡✈❡♥ ✐❢ t❤❡ ♠❡❝❤❛♥✐s♠ ❢♦r ♣r♦❞✉❝✐♥❣
t❤❡ t✉r❜✉❧❡♥❝❡ ✇❛s ♥♦t ✭❚❛②❧♦r ✶✾✸✺❛❀ ❚❛②❧♦r ✶✾✸✺❜❀ ❚❛②❧♦r ✶✾✸✺❝❀ ❚❛②❧♦r ✶✾✸✺❞❀
❚❛②❧♦r ✶✾✸✻✮✳ ❋♦❧❧♦✇✐♥❣ t❤✐s ✐♥s✐❣❤t✱ ✇❡ ✇✐❧❧ ❝♦♥❝❡♥tr❛t❡ ❛s ✇❡❧❧ ♦♥ ❤♦♠♦❣❡♥❡♦✉s
❛♥❞ ✐s♦tr♦♣✐❝ t✉r❜✉❧❡♥❝❡✳
❆t t❤❡ ❡♥❞ ♦❢ t❤❡ ✬✸✵✱ ❤✐♥ts ❢♦r t❤❡ s❝❛❧❡✲✐♥✈❛r✐❛♥❝❡ ♦❢ t✉r❜✉❧❡♥❝❡ ✇❡r❡ ♣✐❧✐♥❣
✉♣✳ ❲❤❡♥ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✐s ❤✐❣❤ ❡♥♦✉❣❤✱ t❤❡ s❝❛❧❡ ❛t ✇❤✐❝❤ t❤❡ ❡♥❡r❣② ✐s
✐♥❥❡❝t❡❞✱ ♥❛♠❡❞ t❤❡ ✐♥t❡❣r❛❧ s❝❛❧❡ ❛♥❞ ♥♦t❡❞ L✱ ❛♥❞ t❤❡ ✈✐s❝♦✉s s❝❛❧❡ ❛r❡ ✇❡❧❧ s❡♣✲
❛r❛t❡❞✳ ❚❤❡ r❛♥❣❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ s❝❛❧❡s ✐s ♥❛♠❡❞ t❤❡ ✐♥❡rt✐❛❧ r❛♥❣❡✱ ❜❡❝❛✉s❡
✧✐♥❡rt✐❛❧✧ ❝♦♥✈❡❝t✐✈❡ ❡✛❡❝ts ❞♦♠✐♥❛t❡✳ ■♥ t❤❡ ✐♥❡rt✐❛❧ r❛♥❣❡✱ t❤❡ ♣♦✇❡r s♣❡❝tr✉♠
✇❛s ❢♦✉♥❞ t♦ ❜❡ s❡❧❢✲s✐♠✐❧❛r ❛♥❞ ✉♥✐✈❡rs❛❧ ✭❙✐♠♠♦♥s✱ ❙❛❧t❡r✱ ❛♥❞ ❚❛②❧♦r ✶✾✸✽❀ ❚❛②✲
❧♦r ✶✾✸✽❜❀ Pr❛♥❞t❧ ✶✾✸✽✮✳ ❚❤❡ ✐❞❡❛ t❤❛t ✈♦rt❡① str❡t❝❤✐♥❣✱ t❤r♦✉❣❤ t❤❡ ♥♦♥✲❧✐♥❡❛r
❝♦♥✈❡❝t✐✈❡ t❡r♠ ♦❢ t❤❡ ◆❙ ❡q✉❛t✐♦♥✱ ✇❛s t❤❡ ♠❛✐♥ tr❛♥s❢❡r ♠❡❝❤❛♥✐s♠ ✐♥ t❤❡ ✐♥❡rt✐❛❧
r❛♥❣❡ r❡❝❡✐✈❡❞ s✉♣♣♦rt ❢r♦♠ t❤❡ t❤❡♦r❡t✐❝❛❧ s✐❞❡✱ ❛❢t❡r ❑ár♠á♥ ❛♥❞ ❍♦✇❛rt❤ ❞❡r✐✈❡❞
t❤❡ ❡①❛❝t ❡q✉❛t✐♦♥ ❣✐✈✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t✇♦✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ✭❑ár♠á♥ ❛♥❞
❍♦✇❛rt❤ ✶✾✸✽✮✳ ❉✉❡ t♦ t❤❡ ♥♦♥✲❧✐♥❡❛r✐t② ♣r❡s❡♥t ✐♥ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥✱
t❤❡ ❑ár♠á♥✲❍♦✇❛rt❤ ❡q✉❛t✐♦♥ ❜r✐♥❣s ✐♥t♦ ♣❧❛② t❤❡ t❤r❡❡✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥✱
t❤✉s ✐t ✐s ♥♦t ❛ ❝❧♦s❡❞ ❡q✉❛t✐♦♥ ✭s❡❡ ❛❧s♦ ✭❑ár♠á♥ ✶✾✸✼❀ ❚❛②❧♦r ❛♥❞ ❊✳ ✶✾✸✼❀ ❚❛②❧♦r
✶✾✸✼❀ ❚❛②❧♦r ✶✾✸✽❛✮ ❢♦r ❛♥ ❡❛r❧✐❡r ❞✐s❝✉ss✐♦♥ ♦♥ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ❝♦♥✈❡❝t✐✈❡
t❡r♠ ✐♥ t✉r❜✉❧❡♥❝❡✮✳
❚❤✐s s❡r✐❡s ♦❢ r❡s✉❧ts ♣❛✈❡❞ t❤❡ ✇❛② ❢♦r t❤❡ ❞❡❝✐s✐✈❡ st❡♣ ♠❛❞❡ ❜② ✭❑♦❧♠♦❣♦r♦✈
✶✾✹✶❜❀ ❑♦❧♠♦❣♦r♦✈ ✶✾✹✶❛✮ ❛♥❞ ✭❖❜✉❦❤♦✈ ✶✾✹✶✮✱ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❛♥❞ ❧❛t❡r ❜② ✭❖♥✲
s❛❣❡r ✶✾✹✾❀ Pr❛♥❞t❧ ❛♥❞ ❲✐❡❣❤❛r❞t ✶✾✹✺❀ ❍❡✐s❡♥❜❡r❣ ✶✾✹✽❀ ❲❡✐③sä❝❦❡r ✶✾✹✽✮✳ ❋♦r
t❤❡ ✜rst t✐♠❡✱ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ✉♥✐✈❡rs❛❧✐t② ♦❢ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ✐♥❡rt✐❛❧ r❛♥❣❡ ✇❛s
❝❧❡❛r❧② ❢♦r♠✉❧❛t❡❞✳ ■♥ ✭❑♦❧♠♦❣♦r♦✈ ✶✾✹✶❜✮✱ t❤❡ ❛✉t❤♦r st❛t❡❞ t❤❡ ❜♦❧❞ ❤②♣♦t❤❡s✐s
t❤❛t t❤❡ ❡q✉❛❧✲t✐♠❡ st❛t✐st✐❝s ♦❢ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ ❤♦♠♦❣❡♥❡♦✉s ✐s♦tr♦♣✐❝ 3✲❉ t✉r❜✉✲
❧❡♥❝❡ ❢♦r s❝❛❧❡s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ L ✇❛s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❤♦✇ ❡♥❡r❣② ✇❛s s✉♣♣❧✐❡❞ t♦
t❤❡ ✢♦✇ ❛♥❞ ❞❡♣❡♥❞❡❞ ♦♥❧② ♦♥ t❤❡ t♦t❛❧ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥  ¯✱ ❛♥❞ ♦♥ t❤❡ ✈✐s❝♦s✐t②✳
✷✹
❈❤❛♣t❡r ✷✳ ❯♥✐✈❡rs❛❧ ❜❡❤❛✈✐♦rs ✐♥ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ❛♥❞ ✐♥ ❢✉❧❧②
❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡
❇② ❞✐♠❡♥s✐♦♥❛❧ ❛♥❛❧②s✐s✱ t❤✐s ❣✐✈❡s ❛ s❝❛❧❡ ❛t ✇❤✐❝❤ t❤❡ ✈✐s❝♦✉s ❡✛❡❝ts ❞♦♠✐♥❛t❡✳
❚❤✐s s❝❛❧❡✱ ♥❛♠❡❞ t❤❡ ❑♦❧♠♦❣♦r♦✈ s❝❛❧❡ ❛♥❞ ♥♦t❡❞  ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥
  
  3
 ¯
 1
4
. ✭✷✳✷✾✮
❋✉t❤❡r♠♦r❡✱ t❤❡ s❡❝♦♥❞ ❛ss✉♠♣t✐♦♥ t❤❛t ❢♦r s❝❛❧❡s ♠✉❝❤ ❧❛r❣❡r t❤❛♥  ✱ t❤❡ st❛t✐st✐❝s
❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✈✐s❝♦s✐t② ✜①❡s t❤❡ s❝❛❧✐♥❣ ♦❢ ❡✈❡r② n✲♣♦✐♥t ✈❡❧♦❝✐t② ❝♦rr❡❧❛t✐♦♥s
✐♥ t❤❡ ✐♥❡rt✐❛❧ r❛♥❣❡✱ t❤❛t ✐s ❢♦r s❝❛❧❡s  s✉❝❤ t❤❛t     L✳ ❲❡ ❞❡✜♥❡ t❤❡
❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ✐♥❝r❡♠❡♥t✱  v ( )✱ ❛s
 v ( ) =
} 
 
  }v(t, }x + } ) }v(t, }x) . ✭✷✳✸✵✮
❚❤❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ♦❢ ♦r❞❡r n✱ ♥♦t❡❞ Sn( )✱ ✐s t❤❡ n✲t❤ ♠♦♠❡♥t ♦❢ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧
✈❡❧♦❝✐t② ✐♥❝r❡♠❡♥t✳ ❚❤❡ ✉♥✐✈❡rs❛❧✐t② ❤②♣♦t❤❡s✐s ✐♠♣❧✐❡s t❤❛t ✐♥ t❤❡ ✐♥❡rt✐❛❧ r❛♥❣❡✱
Sn( ) =  
 
 v ( )
 n  Cn( ¯ )n3 . ✭✷✳✸✶✮
✇❤❡r❡ t❤❡ Cn ❛r❡ ✉♥✐✈❡rs❛❧ ❝♦♥st❛♥ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐♠♣❧✐❡s t❤❛t t❤❡ ✐s♦tr♦♣✐❝
❋♦✉r✐❡r s♣❡❝tr✉♠ ♦❢ t❤❡ ❡♥❡r❣②✱ ♥♦t❡❞ E(p) ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❡❤❛✈✐♦r
E(p)  p 5/3 ✭✷✳✸✷✮
✐♥ t❤❡ ✐♥❡rt✐❛❧ r❛♥❣❡✳
❆ str♦♥❣ s✉♣♣♦rt t♦ t❤❡s❡ ❤②♣♦t❤❡s❡s ✇❛s ❣✐✈❡♥ ❜② t❤❡ ❡①❛❝t r❡s✉❧t ❢♦r S3 ❞❡r✐✈❡❞
✐♥ ✭❑♦❧♠♦❣♦r♦✈ ✶✾✹✶❛✮ ❢r♦♠ t❤❡ ❑ár♠á♥✲❍♦✇❛rt❤ ❡q✉❛t✐♦♥✳ ▲♦♦❦✐♥❣ ❜❛❝❦ ❛t t❤❡
❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥ ♦❢ ❡♥❡r❣② ✭✷✳✷✺✮✱ t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ st❛t✐♦♥❛r✐t② ✐♠♣❧✐❡s t❤❛t t❤❡ t♦t❛❧
❞✐ss✐♣❛t✐♦♥  ¯ ✐s ❡q✉❛❧ t♦ t❤❡ t♦t❛❧ ✐♥❥❡❝t❡❞ ♣♦✇❡r ❛♥❞ ❤❛s ❛ ✜♥✐t❡ ❧✐♠✐t ✇❤❡♥ t❤❡
✈✐s❝♦s✐t② ❣♦❡s t♦ ③❡r♦✳ ❚❤✐s ❢❛❝t ✐s ❦♥♦✇♥ ❛s t❤❡ ❞✐ss✐♣❛t✐✈❡ ❛♥♦♠❛❧②✳ ❑♦❧♠♦❣♦r♦✈
❢♦✉♥❞ t❤❛t ❛t ✐♥✜♥✐t❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✱
S3( ) =   v ( )3  
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❚❤✐s r❡s✉❧t ✐s t❤❡ ✜rst ❡①❛❝t ❧❛✇ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ◆❙ ❡q✉❛t✐♦♥ ✐♥ t❤❡ r❡❣✐♠❡ ♦❢ ❢✉❧❧②
❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡✳ ■t ✐s r❡♠❛r❦❛❜❧❡ ❜❡❝❛✉s❡ t❤❡ ♥✉♠❡r✐❝❛❧ ♣r❡❢❛❝t♦r ✐s ✉♥✐✈❡rs❛❧✱
t❤✉s ✐ts ♥❛♠❡ ♦❢ ✧❢♦✉r✲✜❢t❤s ❧❛✇✧✳ ❚❤✐s ❧❛✇ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s st❡♠♠✐♥❣ ❢r♦♠
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❡♥❡r❣② ❝❛s❝❛❞❡ ✐♥ 3✲❉ t✉r❜✉❧❡♥❝❡✿ ❛t ❛ ✇❛✈❡✲♥✉♠❜❡r k s✉❝❤
t❤❛t L 1  k    1✱ t❤❡ ❡♥❡r❣② ✐♥❥❡❝t✐♦♥ ❛♥❞ ❞✐ss✐♣❛t✐♦♥ ♦❝❝❝✉r✐♥❣ ❛t s❝❛❧❡ k ❝❛♥
❜❡ ♥❡❣❧❡❝t❡❞✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐♥ ❛ st❛t✐♦♥❛r② ✢♦✇✱ t❤❡ ❡♥❡r❣② ✢✉① t❤r♦✉❣❤ t❤❡
♠♦♠❡♥t✉♠ s❝❛❧❡ k ♠✉st ❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ k ❛♥❞ ❡q✉❛❧ t♦ t❤❡ t♦t❛❧ ❞✐ss✐♣❛t✐♦♥  ¯✳
❆ ♠♦❞❡r♥ ❛♥❞ ♣❡❞❛❣♦❣✐❝❛❧ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❢♦✉r✲✜❢t❤ ❧❛✇ ✐s ❣✐✈❡♥ ✐♥ ✭❋r✐s❝❤ ✶✾✾✺✮✳
❆❞❞✐♥❣ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ t♦ t❤❡ ❢♦✉r✲✜❢t❤s ❧❛✇ ✐♠♠❡❞✐❛t❡❧② ❣✐✈❡s
❜❛❝❦ t❤❡ ❑♦❧♠♦❣♦r♦✈ s❝❛❧✐♥❣ ✭✷✳✸✶✮ ❢♦r ❛❧❧ str✉❝t✉r❡ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❑♦❧♠♦❣♦r♦✈
❤②♣♦t❤❡s✐s ❛♥❞ s❝❛❧✐♥❣ ❛r❡ r❡❢❡rr❡❞ t♦ ❛s ❑✹✶ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❆❧t❤♦✉❣❤ t❤❡ ❤②✲
♣♦t❤❡s❡s ❧❡❛❞✐♥❣ t♦ ❑✹✶ ✇❛s q✉❡st✐♦♥❡❞ ❡❛r❧② ♦♥ ✭s❡❡ ✭❋r✐s❝❤ ✶✾✾✺✮ ❢♦r ❛ ❤✐st♦r✐❝❛❧
❛❝❝♦✉♥t✮✱ ❑✹✶ t❤❡♦r② ✇❛s ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ st❛♥❞❛r❞ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ t♦♦❧ t♦ ❞❡✲
s❝r✐❜❡ t✉r❜✉❧❡♥❝❡ ❛♥❞ ✐t r❡♠❛✐♥s ✉s❡❢✉❧ ✐♥ t❤❡ ♣r❡s❡♥t ❞❛②s ✐♥ ❛♣♣❧✐❡❞ t✉r❜✉❧❡♥❝❡ ❛s
❛ ✈❛❧✐❞ ✜rst ❛♣♣r♦①✐♠❛t✐♦♥✳
✷✳✷✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡ ✷✺
✷✳✷✳✷ ❚❤❡ ♣❤❡♥♦♠❡♥♦♥ ♦❢ ✐♥t❡r♠✐tt❡♥❝② ✐♥ t✉r❜✉❧❡♥❝❡
■♥ s♣✐t❡ ♦❢ t❤❡ s✉❝❝❡ss ♦❢ t❤❡ ❑✹✶ t❤❡♦r②✱ ♠♦r❡ ♣r❡❝✐s❡ ♠❡❛s✉r❡♠❡♥ts ❜② ✭❇❛t❝❤❡❧♦r
❛♥❞ ❚♦✇♥s❡♥❞ ✶✾✹✾✮✱ s❤♦✇❡❞ t❤❛t t❤❡ ❡q✉❛❧✲t✐♠❡ st❛t✐st✐❝s ❝❛♥♥♦t ❜❡ str✐❝t❧② s❝❛❧❡
✐♥✈❛r✐❛♥t✳ ■♥❞❡❡❞✱ t❤❡ ❛✉t❤♦rs ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ✢❛t♥❡ss ♦❢ t❤❡ ✈❡❧♦❝✐t②
n✲t❤ ❞❡r✐✈❛t✐✈❡✱ ❞❡✜♥❡❞ ❛s
 n =
 ( nxv)4 
 ( nxv)2 2
. ✭✷✳✸✹✮
❲❤✐❧❡  0 s❡❡♠s ♠♦r❡ ♦r ❧❡ss ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✱ ❢♦r ❤✐❣❤❡r ✈❛❧✲
✉❡s ♦❢ n✱  n ❣r♦✇s ✇✐t❤ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✳ ▼♦r❡♦✈❡r✱ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡
❘❡②♥♦❧❞s ♥✉♠❜❡r ❣r♦✇s ✇✐t❤ n✳ ❆s ❤✐❣❤❡r ✈❛❧✉❡s ♦❢ n ♣r♦❜❡ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ✈❡✲
❧♦❝✐t② ♦♥ s♠❛❧❧❡r s♣❛t✐❛❧ s❝❛❧❡s✱ ✐t s✐❣♥❛❧s t❤❛t ❡①tr❡♠❡ t✉r❜✉❧❡♥t ❡✈❡♥ts ❛r❡ ♠♦r❡
s✉s❝❡♣t✐❜❧❡ t♦ ❤❛♣♣❡♥ ❛t s♠❛❧❧ s❝❛❧❡s✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s t❡r♠❡❞ ✐♥t❡r♠✐tt❡♥❝②✳
❆❧t❤♦✉❣❤ s✉❝❤ ✜♥❞✐♥❣s ✭s❡❡ ❛❧s♦ ✭❑✉♦ ❛♥❞ ❈♦rrs✐♥ ✶✾✼✶✮✮ ❞♦ ♥♦t ❞✐r❡❝t❧② ✐♥✈❛❧✐❞❛t❡
❑✹✶ ❜❡❝❛✉s❡ t❤❡② ❝♦♥❝❡r♥ t❤❡ ❞✐ss✐♣❛t✐✈❡ r❛♥❣❡ ✭❑r❛✐❝❤♥❛♥ ✶✾✻✼❜❀ ❋r✐s❝❤ ❛♥❞ ▼♦r❢
✶✾✽✶✮✱ ✐t ❤✐♥t❡❞ ❛t ❛ ♣♦ss✐❜❧❡ ❞❡✈✐❛t✐♦♥ ❢r♦♠ ❑✹✶ ✐♥ t❤❡ ✐♥❡rt✐❛❧ r❛♥❣❡✳ ❚❤❡ ❡①✐st❡♥❝❡
♦❢ ✐♥t❡r♠✐tt❡♥❝② ✐♥ t❤❡ ✐♥❡rt✐❛❧ r❛♥❣❡ ✇❛s ♣r♦✈❡♥ ❜❡②♦♥❞ ❞♦✉❜t ✐♥ ✭❆♥s❡❧♠❡t ❡t ❛❧✳
✶✾✽✹✮✱ ✇❤♦s❡ r❡s✉❧t ✐s r❡♣r♦❞✉❝❡❞ ✐♥ ❋✐❣✳ ✷✳✶✳ ❚❤❡ ❛✉t❤♦rs ♠❡❛s✉r❡❞ t❤❡ s❝❛❧✐♥❣ ❡①✲
♣♦♥❡♥ts  n ♦❢ t❤❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥s Sn( ) ❛s ❢✉♥❝t✐♦♥ ♦❢ n✳ ■♥t❡r♠✐tt❡♥❝② tr❛♥s❧❛t❡s
✐♥t♦ t❤❡ ♠✉❧t✐s❝❛❧✐♥❣ ♦❢ t❤❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥s✿
Sn( )    n , ✭✷✳✸✺✮
❢♦r     L✱ ✇❤❡r❡ t❤❡  n ❞♦ ♥♦t ❞❡♣❡♥❞ ❧✐♥❡❛r❧② ♦♥ n✳ ❚❤❡ ❡①♣♦♥❡♥t  3 = 1 ✐s
✜①❡❞ ❜② t❤❡ ❢♦✉r✲✜❢t❤ ❧❛✇✱ ❜✉t  n  =3  = n/3✳
❚❤❡ ❝❧❡❛r❡st ✇❛② t♦ ♣✐❝t✉r❡ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s t♦ ♣❧♦t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣r♦❜❛✲
❜✐❧✐t② ♦❢ t❤❡ ✈❡❧♦❝✐t② ✐♥❝r❡♠❡♥t  v ( ) ❢♦r ❞✐✛❡r❡♥t s❝❛❧❡s  ✳ ❚♦❞❛②✱ t❤❡s❡ ❞✐str✐❜✉t✐♦♥s
❛r❡ ❛❝❝❡ss✐❜❧❡ ❡①♣❡r✐♠❡♥t❛❧❧②✳ ❲❡ r❡♣r♦❞✉❝❡ ✐♥ ❋✐❣✳ ✷✳✷ ❛ ✜❣✉r❡ ❢r♦♠ ✭❈❤❡✈✐❧❧❛r❞
❡t ❛❧✳ ✷✵✶✷✮✱ ✉s✐♥❣ ❞❛t❛ ❢r♦♠ ✭❑❛❤❛❧❡rr❛s ❡t ❛❧✳ ✶✾✾✽✮✳ ❚❤❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ❛t
❧❛r❣❡ s♣❛t✐❛❧ s❝❛❧❡s ✭❧♦✇❡st ❝✉r✈❡✮ r❡✢❡❝ts t❤❡ ●❛✉ss✐❛♥ ♥❛t✉r❡ ♦❢ t❤❡ ❢♦r❝✐♥❣✳ ❲❤❡♥
❣♦✐♥❣ t♦ s♠❛❧❧❡r ❛♥❞ s♠❛❧❧❡r s❝❛❧❡s✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♠♦✈❡s ❛✇❛② ❢r♦♠ ❛ ●❛✉ss✐❛♥
♦♥❡ ❛s ❡①tr❡♠❡ ❡✈❡♥ts ❜❡❝♦♠❡ ♠♦r❡ ❛♥❞ ♠♦r❡ ♣r♦❜❛❜❧❡✳
▼❛♥② ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧s ♦❢ t✉r❜✉❧❡♥❝❡ ✇❤✐❝❤ ❛❝❝♦✉♥t ❢♦r t❤✐s ♣❤❡♥♦♠❡♥♦♥
❤❛✈❡ ❜❡❡♥ ♣✉t ❢♦r✇❛r❞✳ ❆s ♥♦t❡❞ ❜② ▲❛♥❞❛✉ ❛♥❞ ❖♥s❛❣❡r ✭❊②✐♥❦ ❛♥❞ ❙r❡❡♥✐✈❛s❛♥
✷✵✵✻❀ ❋r✐s❝❤ ✶✾✾✺✮✱ ❛♥❞ ❜② ✭❑r❛✐❝❤♥❛♥ ✶✾✼✹✮✱ t❤❡ ❑✹✶ ♣❤❡♥♦♠❡♥♦❧♦❣② r❡❧✐❡❞ ♦♥
✉s✐♥❣ t❤❡ ♠❡❛♥ ✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ❧♦❝❛❧ ❞✐ss✐♣❛t✐♦♥✿
  n     n   ¯n . ✭✷✳✸✻✮
▼✉❧t✐s❝❛❧✐♥❣ ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✢✉❝t✉t❛t✐♦♥s ♦❢  ✳ ■♥ t❤✐s
s❡tt✐♥❣✱ t❤❡ ✐♥❡rt✐❛❧✲r❛♥❣❡ ✐♥t❡r♠✐tt❡♥❝② ✐s t❤✉s ❝♦♥t❛✐♥❡❞ ❡♥t✐r❡❧② ✐♥ t❤❡ ✐♥t❡r♠✐tt❡♥t
✢✉❝t✉❛t✐♦♥s ♦❢  ✳ ■❢ ✇❡ ♥♦t❡   t❤❡ ❧♦❝❛❧ ❞✐ss✐♣❛t✐♦♥ ❛✈❡r❛❣❡❞ ♦✈❡r ❛ s❝❛❧❡  ✱ t❤❡
✐♥t❡r♠✐tt❡♥t ❜❡❤❛✈✐♦r ♦❢  ♠❡❛♥s t❤❛t t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢   ✇✐❧❧ ❞❡♣❡♥❞ ♦♥  ✳ ❚❤✐s
✐s t❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ r❡✜♥❡❞ s✐♠✐❧❛r✐t② ❤②♣♦t❤❡s✐s✿
Sn( )    
n
3
   
n
3 , ✭✷✳✸✼✮
♣r♦♣♦s❡❞ ❜② ❖❜✉❦❤♦✈ ❛♥❞ ❑♦❧♠♦❣♦r♦✈✳ ■♥ t❤❡✐r ♣❤❡♥♦♠❡♥♦❧♦❣②✱ t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢
log(  ) ❛r❡ ♣♦st✉❧❛t❡❞ t♦ ❢♦❧❧♦✇ ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ✈❛r✐❛♥❝❡ ♣r♦♣♦rt✐♦♥❛❧
t♦ ln(L/ )✳ ❚❤✐s ❤②♣♦t❤❡s✐s r❡❛❞✐❧② ❣✐✈❡s t❤❡ ❜❡❤❛✈✐♦r ✭✷✳✸✺✮✱ ✇✐t❤ t❤❡  n ❢♦❧❧♦✇✐♥❣


✷✽
❈❤❛♣t❡r ✷✳ ❯♥✐✈❡rs❛❧ ❜❡❤❛✈✐♦rs ✐♥ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ❛♥❞ ✐♥ ❢✉❧❧②
❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡
♦✉r ♦✇♥ ✇♦r❦ ❞❡s❝❡♥❞ ❢r♦♠ ✐t✳ ❲❡ ✇✐❧❧ ♥♦t ❞✐s❝✉ss ❤❡r❡ t❤❡ ✈❛r✐♦✉s ❛♣♣r♦❛❝❤❡s
❝♦♥s✐st✐♥❣ ✐♥ s♦❧✈✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥✳ ■♥ t❤✐s ❝❛t❡❣♦r②
❛r❡ t❤❡ s❤❡❧❧ ♠♦❞❡❧s ✭❉❡s♥✐❛♥s❦✐✐ ❛♥❞ ◆♦✈✐❦♦✈ ✶✾✼✹❀ ❖❤❦✐t❛♥✐ ❛♥❞ ❨❛♠❛❞❛ ✶✾✽✾✮✱
✇❤✐❝❤ ❛r❡ ❛♣♣r♦①✐♠❛t❡❞ ❞②❛❞✐❝ ✈❡rs✐♦♥s ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥ ❛♥❞ ✇❤✐❝❤
s❤♦✇ ✐♥t❡r♠✐tt❡♥t ❜❡❤❛✈✐♦r✳ ❲❡ ✇✐❧❧ ♥❡✐t❤❡r ❞✇❡❧❧ ♦♥ t❤❡ ❝❧♦s✉r❡ ❛♣♣r♦❛❝❤ t♦ t✉r❜✉✲
❧❡♥❝❡✱ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ ❝❧♦s✐♥❣ t❤❡ ❤✐❡r❛❝❤② ♦❢ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s
♦❢ t✉r❜✉❧❡♥❝❡ ❜② ❛♣♣r♦①✐♠❛t✐♥❣ ❤✐❣❤❡r ♦r❞❡r ♠♦♠❡♥ts ✐♥ t❡r♠s ♦❢ ❧♦✇❡r ♦♥❡s✳ ❚❤✐s
♠❡t❤♦❞ ❤❛s ❜❡❡♥ ❡①♣❧♦r❡❞ ✐♥ ✭▼✐❧❧✐♦♥s❝❤✐❦♦✈ ✶✾✹✶❀ ❍❡✐s❡♥❜❡r❣ ✶✾✹✽❀ ❈❤❛♥❞r❛s❡❦❤❛r
✶✾✺✺✮✱ ❜✉t t❤❡ ✜rst ✈❛❧✐❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ s✉❝❤ ❦✐♥❞ ✇❛s ♣r♦♣♦s❡❞ ❜② ✭❑r❛✐❝❤♥❛♥
✶✾✺✾❀ ❑r❛✐❝❤♥❛♥ ✶✾✻✺✮✳ ❆ r❡✈✐❡✇ ♦❢ ❝❧♦s✉r❡ ♠♦❞❡❧s ❛♥❞ t❤❡ ✐ss✉❡ ♦❢ t❤❡✐r r❡❛❧✐③✲
❛❜✐❧✐t② ✐s ❣✐✈❡♥ ✐♥ ✭❇♦✇♠❛♥✱ ❑r♦♠♠❡s✱ ❛♥❞ ❖tt❛✈✐❛♥✐ ✶✾✾✸✮✳ ❈❧♦s✉r❡ ♠♦❞❡❧s ✇❡r❡
s✉❝❝❡s❢✉❧❧② ❛♣♣❧✐❡❞ t♦ ♣❧❛s♠❛ ♣❤②s✐❝s ✭❑r♦♠♠❡s ✷✵✵✷✮ ❜✉t t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♥♦♥❡
♦❢ t❤❡♠ ✐s ❛❜❧❡ t♦ ♣r❡❞✐❝t ✐♥t❡r♠✐tt❡♥❝② ❝♦rr❡❝t✐♦♥s ❢♦r t✉r❜✉❧❡♥❝❡✳
❇❡❢♦r❡ ❞❡s❝r✐❜✐♥❣ t❤❡ ✜❡❧❞✲t❤❡♦r❡t✐❝❛❧ ❛tt❡♠♣ts✱ ❧❡t ✉s ♠❛❦❡ ❛ ❝♦♠♠❡♥t ♦♥
t❤❡ ❢♦r❝✐♥❣ }f ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥ ✭✷✳✷✸✮✳ ❚♦ ♠♦❞❡❧ t❤❡ ♥♦♥✲
❞❡t❡r♠✐♥✐st✐❝ ♥❛t✉r❡ ♦❢ t✉r❜✉❧❡♥t ✢♦✇✱ ✇✐t❤♦✉t ❤❛✈✐♥❣ t♦ ✐♥tr♦❞✉❝❡ r❛♥❞♦♠♥❡ss ❢r♦♠
t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ ♦r ❢r♦♠ t❤❡ ✇❛② ♠♦t✐♦♥ ✐s ❝♦♥✈❡②❡❞ ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡
✢✉✐❞ ✭✇❤✐❝❤ ✇♦✉❧❞ ❜r❡❛❦ ❤♦♠♦❣❡♥❡✐t② ❛♥❞ ✐s♦tr♦♣②✮✱ ❛ ❝♦♥✈❡♥✐❡♥t ✇❛② ✐s t♦ ✉s❡ ❛
r❛♥❞♦♠ ❢♦r❝✐♥❣ ❛❝t✐♥❣ ♦♥ t❤❡ ❜✉❧❦ ♦❢ t❤❡ ✢✉✐❞✳ ❇② ❛s❦✐♥❣ ❢♦r ❛ st❛t✐st✐❝❛❧❧② st❛t✐♦♥✲
♥❛r②✱ ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ✐s♦tr♦♣✐❝ ❢♦r❝✐♥❣✱ ♦♥❡ ❡♥❢♦r❝❡s t❤❡ ✭st❛t✐st✐❝❛❧✮ st❛t✐♦♥❛r✐t②✱
❤♦♠♦❣❡♥❡✐t② ❛♥❞ ✐s♦tr♦♣② ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✳ ❋✉rt❤❡r♠♦r❡✱ ❜❡❝❛✉s❡ ✐t ✐s ❦♥♦✇♥
❡①♣❡r✐♠❡♥t❛❧❧② t❤❛t t❤❡ t✉r❜✉❧❡♥t st❛t❡ ♦❢ t❤❡ ✢♦✇ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❞❡t❛✐❧s
♦❢ t❤❡ ❢♦r❝✐♥❣ ❛s ❧♦♥❣ ❛s ✐t ✐s ❝♦♥❝❡♥tr❛t❡❞ ♦♥ t❤❡ ❧❛r❣❡ s❝❛❧❡s✱ }f ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❛s
❛ ♠❡♠♦r②❧❡ss ❝❡♥t❡r❡❞ ●❛✉ss✐❛♥ ♣r♦❝❡ss ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✱
 f (t, }x)f (t , }x ) =  (t t )D  ( }x }x  ) . ✭✷✳✸✽✮
❋✉rt❤❡r♠♦r❡✱ }f ❝❛♥ ❜❡ ❝❤♦s❡♥ s♦❧❡♥♦✐❞❛❧ ✭  D  = 0✮ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳
❚❤❡s❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢♦r❝✐♥❣ ❛r❡ ❝♦♠♠♦♥ t♦ ❛❧❧ t❤❡ ✜❡❧❞✲t❤❡♦r❡t✐❝ tr❡❛t♠❡♥t ♦❢
❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡ t❤❛t ✇❡ ✇✐❧❧ ♣r❡s❡♥t✳ ▲❡t ✉s ♣♦✐♥t ♦✉t t❤❛t ❛ r❡❝❡♥t ✇♦r❦
✉♥❞❡rt♦♦❦ t♦ ❛♥❛❧②③s❡ t❤❡ ❝❛s❡ ♦❢ ❛ ❢♦r❝✐♥❣ ✇✐t❤ s♠❛❧❧ t✐♠❡ ❝♦rr❡❧❛t✐♦♥s ✭❆♥t♦♥♦✈
❡t ❛❧✳ ✷✵✶✽✮✳ ❚❤❡s❡ ❝♦rr❡❧❛t✐♦♥s ❜r❡❛❦ t❤❡ ●❛❧✐❧❡❛♥ ✐♥✈❛r✐❛♥❝❡ ♦r✐❣✐♥❛❧❧② ♣r❡s❡♥t ✐♥
t❤❡ ◆❙ ❡q✉❛t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ ❛✉t❤♦rs ❢♦✉♥❞ t❤❛t t❤✐s s②♠♠❡tr② ✐s r❡st♦r❡❞ ❛t
❧❛r❣❡ s❝❛❧❡s✱ s✉❝❤ t❤❛t t❤❡ ♣r❡s❡♥❝❡ ♦❢ s♠❛❧❧ t✐♠❡ ❝♦rr❡❧❛t✐♦♥s ♦❢ t❤❡ ❢♦r❝✐♥❣ ❞♦ ♥♦t
❛❧t❡r t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t✉r❜✉❧❡♥t st❛t❡✳ ❍❡♥❝❡✱ ✇❡ r❡str✐❝t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t♦ ❛
❢♦r❝✐♥❣ ❞❡❧t❛✲❝♦rr❡❧❛t❡❞ ✐♥ t✐♠❡✳
❆❧t❤♦✉❣❤ ✐t ❤❛s ❜❡❡♥ str❡ss❡❞ t❤❛t ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡ ✐s ♥♦t ❛ s❝❛❧❡✲
✐♥✈❛r✐❛♥t t❤❡♦r②✱ ✐t ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❝r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐ts ♣❤②s✐❝s
✐s ♥♦♥❡t❤❡❧❡ss ❝♦♥tr♦❧❧❡❞ ❜② ❛ s❝❛❧❡✲✐♥✈❛r✐❛♥t t❤❡♦r②✳ ❚❤✐s ❥✉st✐✜❡s t♦ ❛tt❛❝❦ t❤❡
♣r♦❜❧❡♠ ✇✐t❤ t❤❡ t♦♦❧s ♦❢ t❤❡ ❘●✳ ❚❤❡ ✜rst ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ t♦♦❧s ♦❢ r❡♥♦r♠❛❧✐③❛t✐♦♥
t♦ r❛♥❞♦♠❧② st✐rr❡❞ ✢✉✐❞s ❞②♥❛♠✐❝s ✇❛s ❞♦♥❡ ✐♥ ✭❋♦rst❡r✱ ◆❡❧s♦♥✱ ❛♥❞ ❙t❡♣❤❡♥ ✶✾✼✼✮✳
❚❤❡✐r ❛♥❛❧②s✐s ❞✐❞ ♥♦t ❞❡s❝r✐❜❡ t❤❡ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥t ❝❛s❝❛❞❡ ❜✉t ♦♥❧② t❤❡
❝❛s❡ ♦❢ ❡q✉✐♣❛rt✐t✐♦♥ ♦❢ ❡♥❡r❣②✱ ✇❤❡r❡ t❤❡ s♣❡❝tr✉♠ E(k) ❣♦❡s ❧✐❦❡ E(k)  k2 ✐♥ 3✲❉✳
❍♦✇❡✈❡r✱ ✐t ✇❛s t❤❡ ✜rst t✐♠❡ t❤❛t ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥ ✉♥❞❡r
●❛❧✐❧❡❛♥ tr❛♥s❢♦r♠❛t✐♦♥s
 V  R3, }v(t, }x) }v(t, }x }V t) + }V , ✭✷✳✸✾✮
✇❛s ❡①♣❧♦✐t❡❞ t♦ ❞❡❞✉❝❡ ♥♦♥✲r❡♥♦r♠❛❧✐③❛t✐♦♥ t❤❡♦r❡♠s✳ ❚❤❡ ❝❛s❡ ♦❢ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞
t✉r❜✉❧❡♥❝❡ ✇❛s ♣✐♦♥❡❡r❡❞ ❜② ✭❉❡ ❉♦♠✐♥✐❝✐s ❛♥❞ ▼❛rt✐♥ ✶✾✼✾✮✳ ❚❤❡② ❝❤♦s❡ ❛ ♣♦✇❡r✲
✷✳✷✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡ ✷✾
❧❛✇ ❢♦r t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ❢♦r❝✐♥❣ D˜  (q)✱ ❞❡✜♥❡❞ ❛s t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡
❢♦r❝✐♥❣ ❝♦rr❡❧❛t✐♦♥ D  ( }x }x  )✿
D˜  (q)  q4 d 2 , ❢♦r q  L 1 ✭✷✳✹✵✮
✇❤❡r❡ L✲1 ✐s ❛♥ ■❘ ❝✉t♦✛ ❛♥❞  ✐s ❛ r❡❛❧ ♣❛r❛♠❡t❡r ♥♦t t♦ ❜❡ ❝♦♥❢✉s❡❞ ✇✐t❤ t❤❡
❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥  ✳ ❚❤✐s ❝❤♦✐❝❡ ♦❢ s♣❡❝tr✉♠ ❢♦r t❤❡ ❢♦r❝✐♥❣ ✐s ♥❡❝❡ss❛r② ✐♥ ♦r❞❡r t♦
❝❛rr② ♦♥ ✇✐t❤ ♣❡rt✉❜❛t✐✈❡ ❘●✳ ■♥❞❡❡❞✱ ❝♦♥tr❛r② t♦ st❛♥❞❛r❞ ❝r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ✐♥
❡q✉✐❧✐❜r✐✉♠ st❛t✐st✐❝❛❧ ♣❤②s✐❝s✱ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥ ❞♦❡s ♥♦t ♣♦ss❡ss ❛♥ ✉♣♣❡r
❝r✐t✐❝❛❧ ❞✐♠❡♥s✐♦♥ dc ❛❜♦✈❡ ✇❤✐❝❤ t❤❡ t❤❡♦r② ✐s ❞❡s❝r✐❜❡❞ ❜② ●❛✉ss✐❛♥ ✢✉❝t✉❛t✐♦♥s✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❝❛♥♥♦t tr❡❛t t❤❡ ♣r♦❜❧❡♠ ✉s✐♥❣ ❝❛❧❝✉❧❛t✐♦♥s ♣❡rt✉r❜❛t✐✈❡ ✐♥
t❤❡ ❞✐st❛♥❝❡ t♦ dc✳ ❋♦r t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❢♦r❝✐♥❣ ❛❜♦✈❡✱  ♣❧❛②s t❤❡ s❛♠❡ r♦❧❡ ❛s
dc  d ✐♥ st❛♥❞❛r❞ ❝r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛✳ ❚❤❡ ♣✐❝t✉r❡ ♦❢ t❤❡ ❡♥❡r❣② ❝❛s❝❛❞❡ ❛♣♣❧✐❡s
✇❤❡♥ ❛❧❧ t❤❡ ❡♥❡r❣② ✐♥♣✉t ✐s ❝♦♥❝❡♥tr❛t❡❞ ❛t ❧❛r❣❡ s❝❛❧❡✳ ❚❤✐s ❤❛♣♣❡♥s ❢♦r  > 2✳
❚❤❡ ❛✉t❤♦rs ♦❢ ✭❉❡ ❉♦♠✐♥✐❝✐s ❛♥❞ ▼❛rt✐♥ ✶✾✼✾✮ ❢♦✉♥❞ ❛ ✜①❡❞ ♣♦✐♥t ♦❢ t❤❡ ❘● ✢♦✇✳
❚❤❡② ♦❜t❛✐♥❡❞ t❤❛t t❤❡ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥ts ♦❜t❛✐♥❡❞ ❛t ✜rst ♦r❞❡r ✐♥  ✇❡r❡ ✐♥ ❢❛❝t
❡①❛❝t ❛t ❛❧❧ ♦r❞❡r✳ ❙♣❡❝✐✜❝❛❧❧② ❧♦♦❦✐♥❣ ❢♦r s❝❛❧❡✲✐♥✈❛r✐❛♥t s♦❧✉t✐♦♥s ❢♦r t❤❡ ❡♥❡r❣②
s♣❡❝tr✉♠ ❣❛✈❡
E(p)  p1 4 /3 . ✭✷✳✹✶✮
❚❤❡② ✉s❡❞ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥
}v(t, }x) }v(t, }x }R(t)) + }˙R(t) , ✭✷✳✹✷✮
✇❤✐❝❤ ✐s ❛ t✐♠❡✲❣❛✉❣❡❞ ✈❡rs✐♦♥ ♦❢ ●❛❧✐❧❡❛♥ ✐♥✈❛r✐❛♥❝❡ ✭✷✳✸✾✮✱ t♦ ❛r❣✉❡ ❤♦✇ t❤✐s r❡s✉❧t
❝♦✉❧❞ ❤♦❧❞ ✉♣ t♦  = 2✱ ✇❤❡r❡ ♦♥❡ r❡❝♦✈❡rs t❤❡ s❛♠❡ s❝❛❧✐♥❣ ❛s ✐♥ ❑✹✶✿ E(k)  k 5/3✳
❚❤✐s r❡s✉❧t ♠❛② s❡❡♠ ✉♥❞❡r✇❤❡❧♠✐♥❣ ✐♥ r❡❣❛r❞ ♦❢ t❤❡ ❤❡❛✈② ❘● ♠❛❝❤✐♥❡r② ✐♥✈♦❧✈❡❞✱
❛s t❤❡ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥ts ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ✜❡❧❞ t❤❡♦r② ❛r❡ ❝♦♠♣❧❡t❡❧② ✜①❡❞ ❜②
t❤❡ ●❛❧✐❧❡❛♥ s②♠♠❡tr② ❛♥❞ t❤❡ r❡q✉✐r❡♠❡♥t ♦❢ st❛t✐♦♥❛r✐t②✳ ❚❤❡r❡❢♦r❡✱ t♦ ❛s❦ ❢♦r
s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ❝❛♥♥♦t ❣✐✈❡ s♦♠❡t❤✐♥❣ ❡❧s❡ t❤❛♥ t❤❡ ❑✹✶ s❝❛❧✐♥❣ ✭❑r❛✐❝❤♥❛♥ ✶✾✽✷✮✳
❚❤❡ st❛t❡♠❡♥t ❜❡❝♦♠❡s t❤✉s t❤❛t ❑✹✶ ✐s ❛♥ ❛ttr❛❝t✐✈❡ ✜①❡❞ ♣♦✐♥t ♦❢ ❘● tr❛❥❡❝t♦r✐❡s
❢♦r t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤✐s r❡s✉❧t ❜r✐♥❣s t✇♦ ❝♦♠♠❡♥ts✳ ❋✐rst✱ ❛t
t❤✐s ♣♦✐♥t ✐t ✐s ♥♦t s♦ ❝❧❡❛r ✇❤② t❤❡ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥ts s❤♦✉❧❞ ✏❢r❡❡③❡✑ ❛t t❤❡✐r ✈❛❧✉❡
❢♦r  = 2 ❢♦r ♦t❤❡r ■❘✲❝♦♥❝❡♥tr❛t❡❞ ❢♦r❝✐♥❣ s♣❡❝tr✉♠ ✇✐t❤  > 2 ✭❋♦✉r♥✐❡r ❛♥❞ ❋r✐s❝❤
✶✾✽✸✮✳ ❙❡❝♦♥❞❧②✱ ❢♦❧❧♦✇✐♥❣ ❞❡ ❉♦♠✐♥✐❝✐s ❛♥❞ ▼❛rt✐♥✱ ✇❡ ♥♦t❡ t❤❛t ❛s ✇❡ ♥❡❡❞ t♦
r❡❛❝❤  > 2 t♦ ♠❛❦❡ ❝♦♥t❛❝t ✇✐t❤ ♣❤②s✐❝❛❧ ❡♥❡r❣② ❝❛s❝❛❞❡✱ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ ❡✛❡❝ts
♠❛② ♦❝❝✉r✳ ❚❤✐s ♣♦ss✐❜✐❧✐t② ♦♣❡♥s t❤❡ r♦❛❞ t♦ ✐♥t❡r♠✐tt❡♥❝② ❝♦rr❡❝t✐♦♥s t♦ t❤❡ ❑✹✶
s❝❛❧✐♥❣✳ ❚❤✐s r❡s❡❛r❝❤ ♣r♦❣r❛♠ ✇❛s ✉♥❞❡rt❛❦❡♥ ❜② ❆❞③❤❡♠②❛♥ ❡t ❛❧✳ ✭❆❞③❤❡♠②❛♥✱
❱❛s✐❧✬❡✈✱ ❛♥❞ P✐s✬♠❛❦ ✶✾✽✸❀ ❆❞③❤❡♠②❛♥✱ ❱❛s✐❧✬❡✈✱ ❛♥❞ ●♥❛t✐❝❤ ✶✾✽✽❀ ❆❞③❤❡♠②❛♥✱
❆♥t♦♥♦✈✱ ❛♥❞ ❱❛s✐❧✬❡✈ ✶✾✽✾✮✱ ❛s ✇❡❧❧ ❛s ✐♥ ✭❆♥t♦♥♦✈ ✶✾✾✶❀ ❆♥t♦♥♦✈✱ ❇♦r✐s❡♥♦❦✱ ❛♥❞
●✐r✐♥❛ ✶✾✾✻✮ ✉s✐♥❣ ♣❡rt✉r❜❛t✐✈❡ ❘● ❛♥❞ ♦♣❡r❛t♦r ♣r♦❞✉❝t ❡①♣❛♥s✐♦♥ ✭❈♦❧❧✐♥s ✶✾✽✹✮✳
▲❡t ✉s st❛t❡ t❤❡✐r ✜♥❞✐♥❣s✳ ❋✐rst✱ ✐♥ t❤❡ ♣❤②s✐❝❛❧ r❡❣✐♦♥  > 2✱ t❤❡ s❝❛❧❡✲✐♥✈❛r✐❛♥t
❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ s♣❡❝tr✉♠✱ ❛r❡ ✜♥✐t❡ ✇❤❡♥   0 ❛t ✜①❡❞
❞✐ss✐♣❛t✐♦♥ ❡♥❡r❣②  ✳ ❚❤✐s s❤♦✇s t❤❛t ✐♥t❡r♠✐tt❡♥❝② ❝♦rr❡❝t✐♦♥s ❞♦ ♥♦t ❝♦♠❡ ❢r♦♠
❯❱ s✐♥❣✉❧❛r✐t✐❡s✳ ❙❡❝♦♥❞❧②✱ t❤❡② s❤♦✇❡❞ ❤♦✇ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦ t❤❡ ❡①♣♦♥❡♥ts ❢r❡❡③❡
❛t t❤❡✐r  = 2 ✈❛❧✉❡ ❢♦r  > 2✳ ❚❤✐r❞❧②✱ t❤❡② ♣r♦✈❡❞ t❤❛t ❢♦r ❡q✉❛❧✲t✐♠❡ q✉❛♥t✐t✐❡s✱
❛t  < 2✱ s❝❛❧❡✲✐♥✈❛r✐❛♥t ❝♦rr❡❧❛t✐♦♥s ❢✉♥❝t✐♦♥s ❛r❡ ✜♥✐t❡ ✇❤❡♥ t❤❡ ■❘ ❝✉t♦✛ L✲1 ❣♦❡s
t♦ ③❡r♦✳ ❍♦✇❡✈❡r✱ t❤❡② ✇❡r❡ ♥♦t ❛❜❧❡ t♦ ❡①t❡♥❞ t❤✐s r❡s✉❧t ❢♦r  > 2✳ ■♥ t❤✐s r❛♥❣❡✱
t❤❡ s✐t✉❛t✐♦♥ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s ♦♥ t❤❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥s✿
Sn( ) = Cn( ¯ )
n
3 ( /L) n , ❢♦r   L . ✭✷✳✹✸✮
✸✵
❈❤❛♣t❡r ✷✳ ❯♥✐✈❡rs❛❧ ❜❡❤❛✈✐♦rs ✐♥ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ❛♥❞ ✐♥ ❢✉❧❧②
❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡
❈r✉❝✐❛❧❧②✱ t❤❡ ❛✉t❤♦rs ✉s❡❞ t❤❡ s②♠♠❡tr②✭✷✳✹✷✮ t♦ ❞✐s❝❛r❞ ❛ ♣♦t❡♥t✐❛❧ L 1 s✐♥❣✉❧❛r✐t②
❢♦r  > 3/2✳ ▼♦r❡ t❡❝❤♥✐❝❛❧❧②✱ ❛t  = 3/2✱ ❛ ❢❛♠✐❧② ♦❢ ♦♣❡r❛t♦rs ❜❡❝♦♠❡ ❞❛♥❣❡r♦✉s✱
t❤❛t ✐s t❤❡✐r s❝❛❧✐♥❣ ❞✐♠❡♥s✐♦♥s ✐♥ t❤❡ ■❘ ❝✉t♦✛ L✲1 ❜❡❝♦♠❡ ♥❡❣❛t✐✈❡✳ ❚❤❡ t✐♠❡✲
❣❛✉❣❡❞ ●❛❧✐❧❡❛♥ ✐♥✈❛r✐❛♥❝❡ ✐s ✉s❡❞ t♦ s❤♦✇ t❤❛t t❤❡s❡ ♦♣❡r❛t♦rs ❞♦ ♥♦t ♣❛rt✐❝✐♣❛t❡
✐♥ t❤❡ ♦♣❡r❛t♦r ♣r♦❞✉❝t ❡①♣❛♥s✐♦♥ ♦❢ ❡q✉❛❧✲t✐♠❡ q✉❛♥t✐t✐❡s✱ ❛♥❞ t❤✉s ❞♦ ♥♦t ♣❧❛② ❛
r♦❧❡ ✐♥ t❤❡✐r s❝❛❧✐♥❣✳ ❚❤❡ ✐♥t❡r♠✐tt❡♥❝② ❝♦rr❡❝t✐♦♥s✱ ❣✐✈❡♥ ❜②  n ✇❡r❡ ♦✉t ♦❢ r❡❛❝❤
♦❢ t❤❡ ♠❡t❤♦❞✳ ❙❡❡ ❛❧s♦ ✭▲✬✈♦✈ ❛♥❞ ▲❡❜❡❞❡✈ ✶✾✾✸❀ ❆♥t♦♥♦✈ ✶✾✾✹✮ ❢♦r ❛ s❤♦rt❡r
❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ s❛♠❡ r❡s✉❧t✳
❚❤✐s ❝♦♥❝❧✉s✐♦♥ ✇❛s r❡❞❡r✐✈❡❞ ✐♥ ✭▲✬✈♦✈ ❛♥❞ Pr♦❝❛❝❝✐❛ ✶✾✾✺✮ ✇✐t❤ ❛ ❞✐❛❣r❛♠♠❛t✐❝
♠❡t❤♦❞✱ ✇✐t❤♦✉t t❤❡ ♥❡❡❞ ♦❢ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❛♥❞ ✇♦r❦✐♥❣ ❞✐r❡❝t❧② ✇✐t❤ ❛♥ ■❘✲
❝♦♥❝❡♥tr❛t❡❞ ❢♦r❝✐♥❣✳ ❚♦ ❜②♣❛ss t❤❡ ■❘ ❞✐✈❡r❣❡♥❝❡s ❛♣♣❡❛r✐♥❣ ❛t  = 3/2✱ t❤❡②
✇♦r❦❡❞ ✇✐t❤ ❛ tr❛♥s❢♦r♠❡❞ ✈❡❧♦❝✐t② ✜❡❧❞ ✐♥✈❛r✐❛♥t ✉♥❞❡r ✭✷✳✹✷✮✱ t❤❡ q✉❛s✐✲▲❛❣r❛♥❣✐❛♥
✈❛r✐❛❜❧❡s ✭❇❡❧✐♥✐❝❤❡r ❛♥❞ ▲✬✈♦✈ ✶✾✽✼✮✳ ❚❤❡② ✇❡r❡ ❛❜❧❡ t♦ ♦❜t❛✐♥ ❡①♣r❡ss✐♦♥s ❧✐♥❦✐♥❣
t❤❡ ❞✐✛❡r❡♥t  n t♦❣❡t❤❡r ❜✉t ♥♦ ♣r❡❞✐❝t✐♦♥s ❢♦r t❤❡✐r ✈❛❧✉❡s ✇❛s ♦❜t❛✐♥❡❞✳ ❋✐♥❛❧❧② ❧❡t
✉s s✐❣♥❛❧ ❛♥ ✐s♦❧❛t❡❞ ✇♦r❦ ❝♦♥❞✉❝t❡❞ ✐♥ ✭●✐❧❡s ✷✵✵✶✮✱ ✇❤✐❝❤ ❝♦♠❜✐♥❡s s❡❧❢✲❝♦♥s✐st❡♥t
❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❡✛❡❝t✐✈❡ ✈✐s❝♦s✐t② ❛♥❞ ♥♦✐s❡✱ ❡❧✐♠✐♥❛t✐♦♥ ♦❢ t❤❡ s✇❡❡♣✐♥❣ ❡✛❡❝t
❜② r❛♥❞♦♠ ●❛❧✐❧❡❛♥ ✐♥✈❛r✐❛♥❝❡✱ t❤❡ ♦♣❡r❛t♦r ♣r♦❞✉❝t ❡①♣❛♥s✐♦♥ ❛♥❞ tr✉♥❝❛t✐♦♥ ♦❢ t❤❡
r❡♥♦r♠❛❧✐③❛t✐♦♥ ✢♦✇ t♦ ♦❜t❛✐♥ ❛♥❛❧②t✐❝❛❧ ♣r❡❞✐❝t✐♦♥s ❢♦r t❤❡ ✐♥t❡r♠✐tt❡♥❝② ❡①♣♦♥❡♥ts
 n✱ ✇❤✐❝❤ q✉❛♥t✐t❛t✐✈❡❧② ❛❣r❡❡ ❛t ❧♦✇ ♦r❞❡r ✭n  6✮ ✇✐t❤ ❡①♣❡r✐♠❡♥ts✳ ❚❤❡ ❛tt❡♠♣ts
t♦ t❛❝❦❧❡ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡ ✇✐t❤ t❤❡ ◆P❘● ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝✳ ✷✳✷✳✸✳
❆t t❤✐s ♣♦✐♥t✱ ❧❡t ✉s ♠❛❦❡ ❛ q✉✐❝❦ ❞✐❣r❡ss✐♦♥ ♦♥ ❛♥♦t❤❡r ♠♦❞❡❧ ❡①❤✐❜✐t✐♥❣ ✐♥t❡r✲
♠✐tt❡♥❝②✱ ❜✉t ✇❤❡r❡ ✜❡❧❞✲t❤❡♦r❡t✐❝❛❧ ♠❡t❤♦❞s ✇❡r❡ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞✳ ■♥st❡❛❞ ♦❢
❧♦♦❦✐♥❣ ❞✐r❡❝t❧② ❛t t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✱ ❑r❛✐❝❤♥❛♥ ♣r♦♣♦s❡❞ ❛ ♠♦❞❡❧ ♦❢ ❛ ♣❛ss✐✈❡ s❝❛❧❛r
s✉❜♠✐tt❡❞ t♦ ❞✐✛✉s✐♦♥ ❛♥❞ ❛❞✈❡❝t❡❞ ❜② ❛ ♠❡♠♦r②❧❡ss ✭✇❤✐t❡✲♥♦✐s❡ ✐♥ t✐♠❡✮ ●❛✉ss✐❛♥
✈❡❧♦❝✐t② ✜❡❧❞ ✭❑r❛✐❝❤♥❛♥ ✶✾✻✽✮✳ ❚❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐s ❝❤♦s❡♥ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❛♥❞ ✐s
❣✐✈❡♥ ❛ r♦✉❣❤♥❡ss ❡①♣♦♥❡♥t  ✳ ❚❤✐s ♠♦❞❡❧ r❡❛❞s ❢♦r ❛ ❣❡♥❡r✐❝ s♣❛❝❡ ❞✐♠❡♥s✐♦♥ d
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P  (q) = (    q q /q2) ✭✷✳✹✺✮
✐s t❤❡ tr❛♥s✈❡rs❡ ♣r♦❥❡❝t♦r ❡♥s✉r✐♥❣ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t②✳ ❲✐t❤ t❤❡ ❝❤♦✐❝❡ d = 3 ❛♥❞
 = 4/3✱ ♦♥❡ r❡❝♦✈❡rs t❤❡ ❑✹✶ ✈❡❧♦❝✐t② ✜❡❧❞ ✭t❤❡ m2 ✐s ❛♥ ■❘ ❝✉t♦✛✱ ♥❡❝❡ss❛r② t♦
♣r❡✈❡♥t t❤❡ ✐♥t❡❣r❛❧ ❢r♦♠ ❞✐✈❡r❣✐♥❣ ❛t q = 0 ❢♦r  > 0✮✳ ■♥ t❤✐s s❡tt✐♥❣✱ ❑r❛✐❝❤♥❛♥
✇❛s ❛❜❧❡ t♦ ♠❛❦❡ ❛♥ ❡❞✉❝❛t❡❞ ❣✉❡ss ❢♦r t❤❡ ❛♥♦♠❛❧♦✉s s❝❛❧✐♥❣ ♦❢ t❤❡  str✉❝t✉r❡
❢✉♥❝t✐♦♥s ✭❑r❛✐❝❤♥❛♥ ✶✾✾✹✮✱ ✇❤✐❝❤ ✇❛s ♣✉t ♦♥ ❛ ♠♦r❡ r✐❣♦r♦✉s ❢♦♦t✐♥❣ ❛ ②❡❛r ❧❛t❡r
✉s✐♥❣ t❤❡ s♦✲❝❛❧❧❡❞ ③❡r♦✲♠♦❞❡ ♠❡t❤♦❞ ✭●❛✇☛❡❞③❦✐ ❛♥❞ ❑✉♣✐❛✐♥❡♥ ✶✾✾✺✮✳ ❆ r❡✈✐❡✇ ♦❢
t❤✐s ❛♣♣r♦❛❝❤ ✐s ❣✐✈❡♥ ✐♥ ✭❋❛❧❦♦✈✐❝❤✱ ●❛✇☛❡❞③❦✐✱ ❛♥❞ ❱❡r❣❛ss♦❧❛ ✷✵✵✶✮✳ ❚❤✐s ❧❡❞ t♦
❞❡✈❡❧♦♣ ❛ ♥❡✇ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ ✐♥t❡r♠✐tt❡♥❝②
✐♥ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ❢♦r t❤❡ ♦r✐❣✐♥❛❧ st♦❝❤❛st✐❝ ◆❛✈✐❡r✲❙t♦❦❡s
✭❙◆❙✮ ♣r♦❜❧❡♠✱ t❤❡ ♠❡t❤♦❞ ❞✐❞ ♥♦t s✉❝❡❡❞ t♦ ♣r♦❞✉❝❡ ♣r❡❞✐❝t✐♦♥s ❢♦r t❤❡ ❡①♣♦♥❡♥ts✳
❆♥♦t❤❡r ♠♦r❡ r❡❝❡♥t ♣r♦♠✐s✐♥❣ ❛♣♣r♦❛❝❤ ✐s t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✐♥st❛♥t♦♥ ♠❡t❤♦❞✱
♣✐♦♥❡❡r❡❞ ❢♦r t✉r❜✉❧❡♥❝❡ ✐♥ ✭❋❛❧❦♦✈✐❝❤ ❡t ❛❧✳ ✶✾✾✻✮✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❛❧❧♦✇❡❞ t♦ ♦❜t❛✐♥
t❤❡ ✐♥t❡r♠✐tt❡♥❝② ❡①♣♦♥❡♥ts ✐♥ t❤❡ ❑r❛✐❝❤♥❛♥ ♠♦❞❡❧✱ s❡❡ ✭❉♦♠❜r❡ ✷✵✶✵✮ ❢♦r ❛ r❡❝❡♥t
❞❡✈❡❧♦♣♠❡♥t✱ ❧✐♥❦✐♥❣ ✐♥st❛♥t♦♥ ❛♥❞ ③❡r♦✲♠♦❞❡ ♠❡t❤♦❞✳ ❍♦✇❡✈❡r✱ t❤❡ s✐t✉❛t✐♦♥ ✐s
t❤❡ s❛♠❡ ❛s ❢♦r t❤❡ ❧❛tt❡r ❛s ♥♦ ♣r❡❞✐❝t✐♦♥s ❝♦✉❧❞ ❜❡ ♠❛❞❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ◆❛✈✐❡r✲
❙t♦❦❡s ❡q✉❛t✐♦♥✳ ■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ ♣❡rt✉r❜❛t✐✈❡ ❘● ❛♣♣r♦❛❝❤ ❞❡s❝r✐❜❡❞
✷✳✷✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡ ✸✶
❛❜♦✈❡ ✇❛s ❛❧s♦ ❛❜❧❡ t♦ ❣✐✈❡ r❡s✉❧ts ❢♦r ✐♥t❡r♠✐tt❡♥❝② ❝♦rr❡❝t✐♦♥s ✐♥ t❤❡ ❑r❛✐❝❤♥❛♥
♠♦❞❡❧ ✭❆❞③❤❡♠②❛♥✱ ❆♥t♦♥♦✈✱ ❛♥❞ ❱❛s✐❧✬❡✈ ✶✾✾✽❀ ❆♥t♦♥♦✈ ✷✵✵✻✮✳ ❚❤❡s❡ ✇♦r❦s ✇❡r❡
s✉❝❝❡ss❢✉❧❧② r❡❢♦r♠✉❧❛t❡❞ ✐♥ t❤❡ ◆P❘● ❢r❛♠❡✇♦r❦ ✐♥ ✭P❛❣❛♥✐ ✷✵✶✺✮✱ ❛❧t❤♦✉❣❤ ♦♥❧②
t❤❡ ♣❡rt✉r❜❛t✐✈❡ r❡❣✐♠❡ ✇❛s ❝♦♥s✐❞❡r❡❞✳
▲❡t ✉s ✇r❛♣ ✉♣ t❤✐s s❡❝t✐♦♥ ❜② ❛ ❝♦♠♠❡♥t✳ ❑♦❧♠♦❣♦r♦✈ ♦r✐❣✐♥❛❧ ❤②♣♦t❤❡s✐s
❝♦♥❝❡r♥❡❞ ♦♥❧② ❡q✉❛❧✲t✐♠❡ st❛t✐st✐❝s✳ ■♥❞❡❡❞✱ ❛t ✉♥❡q✉❛❧ t✐♠❡s✱ ♦t❤❡r ❡✛❡❝ts ♣❧❛②
❛ r♦❧❡ ✇❤✐❝❤ ♠❛② s❡✈❡r❡❧② s♣♦✐❧ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡✳ ❆❝❝♦r❞✐♥❣❧②✱ ❛❧❧ t❤❡ ♣❤❡♥♦♠❡❧♦❣✲
✐❝❛❧ ♠♦❞❡❧s ♦❢ ✐♥t❡r♠✐t❡♥❝② ❛♥❞ ✜❡❧❞s t❤❡♦r❡t✐❝❛❧ st✉❞✐❡s t❤❛t ✇❡r❡ r❡✈✐❡✇❡❞ ❤❡r❡
❤❛✈❡ ✐♥ ❝♦♠♠♦♥ t♦ ❝♦♥❝❡♥tr❛t❡ ♦♥ ❡q✉❛❧✲t✐♠❡ st❛t✐st✐❝s✳ ❙②♠♣t♦♠❛t✐❝❛❧❧②✱ t❤❡ ♦♥❧②
❛✈❛✐❧❛❜❧❡ r✐❣♦r♦✉s ♣r❡❞✐❝t✐♦♥s ❝♦♥❝❡r♥✐♥❣ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡ ❝♦♥❝❡r♥ ❡q✉❛❧✲
t✐♠❡ st❛t✐st✐❝s ❛s ✇❡❧❧✳ ❚❤✉s✱ ✐t s❡❡♠s ✇♦rt❤✇❤✐❧❡ t♦ str❡ss t❤❛t t❤❡ ❜r❡❛❦✐♥❣ ♦❢
s❝❛❧❡✲✐♥✈❛r✐❛♥❝❡ ❡①❤✐❜✐t❡❞ ❜② ✉♥❡q✉❛❧✲t✐♠❡ st❛t✐st✐❝s ✐♥ t✉r❜✉❧❡♥❝❡ ✐s ❢❛r ❢r♦♠ tr✐✈✲
✐❛❧ ✇✐t❤✐♥ t❤❡ t❤❡♦r② ♦❢ ❝r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡s❡ ❡✛❡❝ts ✇❡r❡
t❤❡ s✉❜❥❡❝t ♦❢ s♦♠❡ ❝♦♥tr♦✈❡rs② ✭❨❛❦❤♦t✱ ❖rs③❛❣✱ ❛♥❞ ❙❤❡ ✶✾✽✾❀ ◆❡❧❦✐♥ ❛♥❞ ❚❛❜♦r
✶✾✾✵❀ ❈❤❡♥ ❛♥❞ ❑r❛✐❝❤♥❛♥ ✶✾✽✾✮ ✭s❡❡ ♥❡①t s❡❝t✐♦♥✮✳ ❋✉rt❤❡r♠♦r❡✱ ♥❡✇ ♣r❡❞✐❝t✐♦♥s
✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ♠❛② ❤❡❧♣ t♦ ❜r♦❛❞❡♥ t❤❡ ❝♦♥t❛❝t ♦❢ t❤❡♦r② ✇✐t❤ ❡①♣❡r✐♠❡♥ts ❛♥❞
s✐♠✉❧❛t✐♦♥s ✭❈❛♥❡t ❡t ❛❧✳ ✷✵✶✼❀ ❉❡❜✉❡ ❡t ❛❧✳ ✷✵✶✽✮✳ ❯♥❡q✉❛❧✲t✐♠❡ ♣r♦♣❡rt✐❡s ♦❢ ❢✉❧❧②
❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡ ❛r❡ t❤❡ s✉❜❥❡❝t ♦❢ t❤❡ ♥❡①t s❡❝t✐♦♥✳
✷✳✷✳✸ ❚✐♠❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ✐♥
t✉r❜✉❧❡♥❝❡
❚❤❡ t②♣✐❝❛❧ ❞❡❝♦rr❡❧❛t✐♦♥ t✐♠❡ ♦❢ t❤❡ ✈❡❧♦❝✐t②✱ ❛♥❞ ❛❧s♦ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❢r❡q✉❡♥❝②
❡♥❡r❣② s♣❡❝tr✉♠✱ ❤❛✈❡ ❡❛r❧② ❜❡❡♥ ❞❡❜❛t❡❞✳ ■♥❞❡❡❞✱ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ❑♦❧♠♦❣♦r♦✈
♦r✐❣✐♥❛❧ ❧♦❝❛❧ s✐♠✐❧❛r✐t② ❤②♣♦t❤❡s✐s t♦ ✉♥❡q✉❛❧✲t✐♠❡ st❛t✐st✐❝s✱ ❛s ♣r♦♣♦s❡❞ ✐♥ ✭▼♦♥✐♥
❛♥❞ ❨❛❣❧♦♠ ✶✾✼✸✮✱ ❧❡❛❞s t♦ ❛ t②♣✐❝❛❧ t✐♠❡ ❛t ✇❛✈❡✲♥✉♠❜❡r p ✇❤✐❝❤ ❣♦❡s ❧✐❦❡
 ❑   ¯ 1/3p 2/3 . ✭✷✳✹✻✮
❚❤✐s s❝❛❧✐♥❣ ✐s ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ ❝♦♥s✐❞❡r❛t✐♦♥s st❡♠♠✐♥❣ ❢r♦♠ ♦t❤❡r s❡♠✐✲
♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❛r❣✉♠❡♥ts t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ s✇❡❡♣✐♥❣ ♦❢ s♠❛❧❧ ❡❞❞✐❡s ❜②
❧❛r❣❡r ♦♥❡s ✭❍❡✐s❡♥❜❡r❣ ✶✾✹✽❀ ❑r❛✐❝❤♥❛♥ ✶✾✺✾❀ ❚❡♥♥❡❦❡s ✶✾✼✺✮✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
t②♣✐❝❛❧ t✐♠❡ ✐s ✐♥ t❤✐s ❝❛s❡ t❤❡ ❢♦❧❧♦✇✐♥❣
 ❡❞❞②  ( ¯L) 1/3p 1 . ✭✷✳✹✼✮
■♥ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥✱ ( ¯L)1/3 ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ r♠s ✈❡❧♦❝✐t② ♦❢ t❤❡ ✢✉✐❞✳ ❚❤✐s
s❡❝♦♥❞ ♦♣t✐♦♥ ❜r❡❛❦s ❑✹✶ s❡❧❢✲s✐♠✐❧❛r✐t② ❤②♣♦t❤❡s✐s✱ ❛s ✐t ✐♥✈♦❧✈❡s ❡①♣❧✐❝✐t❧② t❤❡
✐♥t❡❣r❛❧ s❝❛❧❡ L✳ ❋r♦♠ t❤❡ ❛♥❛❧②s✐s ♦❢ ❛ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧ ♦❢ ❛❞✈❡❝t✐♦♥✱ ❑r❛✐❝❤♥❛♥
❞❡❞✉❝❡❞ t❤❛t t❤❡ s✇❡❡♣✐♥❣ ❡✛❡❝t s❤♦✉❧❞ ②✐❡❧❞ ❢♦r t❤❡ t✇♦✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ❛
●❛✉ss✐❛♥ ❜❡❤❛✈✐♦r ✐♥ t❤❡ ✈❛r✐❛❜❧❡ pt ✇❤❡r❡ p ✐s t❤❡ ✇❛✈❡✲♥✉♠❜❡r ❛♥❞ t t❤❡ t✐♠❡ ❞❡❧❛②✳
❙✉❝❤ t✐♠❡✲❞❡♣❡♥❞❡♥❝❡ ✇♦✉❧❞ ❤❛✈❡ ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ❢♦r t❤❡ ❡♥❡r❣② s♣❡❝tr✉♠✳
❲❤❡r❡❛s t❤❡ ❧♦❝❛❧ s✐♠✐❧❛r✐t② ❤②♣♦t❤❡s✐s ❡①t❡♥❞❡❞ t♦ t❤❡ t✐♠❡ ❞♦♠❛✐♥ ♣r❡❞✐❝ts ❛♥
❡♥❡r❣② s♣❡❝tr✉♠ ❜❡❤❛✈✐♥❣ ❛s   2 ❢♦r ❊✉❧❡r✐❛♥ ✈❡❧♦❝✐t✐❡s✱ t❤❡ s✇❡❡♣✐♥❣ ❡✛❡❝t ❧❡❛❞s
✐♥st❡❛❞ t♦ t❤❡ ♣♦✇❡r ❧❛✇   5/3✱ s❡❡ ❛❧s♦ ✭◆❡❧❦✐♥ ❛♥❞ ❚❛❜♦r ✶✾✾✵✮ ♦♥ t❤❡ s✉❜❥❡❝t✳
❚❤❡ s✇❡❡♣✐♥❣ ❡✛❡❝t ✇❛s ✐❞❡♥t✐✜❡❞ ❡❛r❧② ♦♥ ❜② ❑r❛✐❝❤♥❛♥ ❛s ❛♥ ♦❜st❛❝❧❡ t♦ ♣r♦✈❡
❑✹✶ s❝❛❧✐♥❣ ♦r ❝♦rr❡❝t✐♦♥s t♦ ✐t ✭❑r❛✐❝❤♥❛♥ ✶✾✻✹✮✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t②✱ ❤❡
✇❛s ❧❡❞ t♦ ❞❡✈❡❧♦♣ ❛ ▲❛❣r❛♥❣✐❛♥ ✈❡rs✐♦♥ ♦❢ ❤✐s ❝❧♦s✉r❡ ♠♦❞❡❧ ✭❑r❛✐❝❤♥❛♥ ✶✾✻✺✮✳
❚❤❡ s❛♠❡ ❞✐✣❝✉❧t② ❛♣♣❡❛rs ✐♥ t❤❡ ✜❡❧❞✲t❤❡♦r❡t✐❝❛❧ ❛♣♣r♦❛❝❤ ❛♥❞ ✐s ❛t t❤❡ ♦r✐❣✐♥ ♦❢
✸✷
❈❤❛♣t❡r ✷✳ ❯♥✐✈❡rs❛❧ ❜❡❤❛✈✐♦rs ✐♥ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ❛♥❞ ✐♥ ❢✉❧❧②
❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡
t❤❡ q✉❛s✐✲▲❛❣r❛♥❣✐❛♥ ✈❛r✐❛❜❧❡s ♦❢ ❇❡❧✐♥✐❝❤❡r ❛♥❞ ▲✬✈♦✈ ✭❇❡❧✐♥✐❝❤❡r ❛♥❞ ▲✬✈♦✈ ✶✾✽✼✮✳
❍♦✇❡✈❡r✱ t❤❡ ✜rst ❘● st✉❞✐❡s s❡❡♠ t♦ ♦✈❡r❧♦♦❦ t❤✐s ♣r♦❜❧❡♠ ❛♥❞ ♦❜t❛✐♥ t❤❡ ❑✹✶
s♣❡❝tr✉♠ ❛❧t❤♦✉❣❤ t❤❡② ✇♦r❦ ✇✐t❤ ❊✉❧❡r✐❛♥ ✈❡❧♦❝✐t✐❡s ❛♥❞ ❞♦ ♥♦t s❡❡♠ t♦ ❛❞❞r❡ss
s✇❡❡♣✐♥❣ ✭❉❡ ❉♦♠✐♥✐❝✐s ❛♥❞ ▼❛rt✐♥ ✶✾✼✾❀ ❋♦✉r♥✐❡r ❛♥❞ ❋r✐s❝❤ ✶✾✽✸❀ ❨❛❦❤♦t ❛♥❞
❖rs③❛❣ ✶✾✽✻✮✳ ■♥ ❢❛❝t✱ t❤❡ ❛✉t❤♦rs ♦❢ ✭❨❛❦❤♦t✱ ❖rs③❛❣✱ ❛♥❞ ❙❤❡ ✶✾✽✾✮ ❝❧❛✐♠❡❞
t❤❛t s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✇♦✉❧❞ ❤♦❧❞ ❛❧s♦ ✐♥ t❤❡ t✐♠❡ ❞♦♠❛✐♥✱ q✉❡st✐♦♥✐♥❣ t❤❡ r❡s✉❧t ♦❢
❑r❛✐❝❤♥❛♥✳ ✭❈❤❡♥ ❛♥❞ ❑r❛✐❝❤♥❛♥ ✶✾✽✾✮ ❛r❣✉❡❞ t❤❛t t❤❡ ❘● ❛♥❛❧②s✐s ♦❢ ✭❨❛❦❤♦t✱
❖rs③❛❣✱ ❛♥❞ ❙❤❡ ✶✾✽✾✮✱ ✇❤✐❝❤ ✉s❡❞ t❤❡ ♣♦✇❡r✲❧❛✇ ❢♦r❝✐♥❣ ♦❢ ✭✷✳✹✵✮✱ ❝♦✉❧❞ ♦♥❧② ❤♦❧❞
❛t s♠❛❧❧  ❛♥❞ ✇❛s ♥♦t ✈❛❧✐❞ ❢♦r  > 2✳ ■♥ t❤❡ ❧✐❣❤t ♦❢ t❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ❜② t❤❡ ❘●
♠❡t❤♦❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤✐s ❝♦♥❝❡r♥ s❡❡♠s ❥✉st✐✜❡❞✳
❚❤✐s ❝♦♥tr♦✈❡rs② ✇❛s ✜♥❛❧❧② s❡tt❧❡❞✿ t❤❡ ●❛✉ss✐❛♥ ❜❡❤❛✈✐♦r ♣r❡❞✐❝t❡❞ ❢r♦♠ s✇❡❡♣✲
✐♥❣ ❤❛s ♥♦✇ ❜❡❡♥ ♦❜s❡r✈❡❞ ✐♥ ♠❛♥② ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✭❖rs③❛❣ ❛♥❞ P❛tt❡rs♦♥
✶✾✼✷❀ ❙❛♥❛❞❛ ❛♥❞ ❙❤❛♥♠✉❣❛s✉♥❞❛r❛♠ ✶✾✾✷❀ ❍❡✱ ❲❛♥❣✱ ❛♥❞ ▲❡❧❡ ✷✵✵✹❀ ❋❛✈✐❡r✱
●♦❞❡❢❡r❞✱ ❛♥❞ ❈❛♠❜♦♥ ✷✵✶✵❀ ❈❛♥❡t ❡t ❛❧✳ ✷✵✶✼✮ ❛♥❞ ❛❧s♦ ✐♥ ❡①♣❡r✐♠❡♥ts ✭P♦✉❧❛✐♥
❡t ❛❧✳ ✷✵✵✻✮✳ ▲❡t ✉s ❛❧s♦ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ●❛✉ss✐❛♥ ✐♥ pt ❢♦r t❤❡ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥
✇❛s ❝♦♥✜r♠❡❞ ✐♥ ❛ ❘● st✉❞② ♦❢ ❛ ♠♦❞✐✜❡❞ ◆❙ ❡q✉❛t✐♦♥ ✇✐t❤ ❛♥ ❡✛❡❝t✐✈❡ ✈✐s❝♦s✲
✐t② ✈❡r✐❢②✐♥❣ ❑✹✶✭❆♥t♦♥♦✈ ✶✾✾✹✮✳ ■♥ ✭❑r❛✐❝❤♥❛♥ ✶✾✻✹✮✱ t❤❡ ❛♥❛❧②s✐s ♦❢ s✇❡❡♣✐♥❣
✇❛s ❡①t❡♥❞❡❞ t♦ ❛ ♣❛rt✐❝✉❧❛r t❤r❡❡✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥✱ ❜✉t t❤❡ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥ ♦❢
t❤❡ s✇❡❡♣✐♥❣ ❡✛❡❝t ❢♦r n✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ✇❛s ♥♦t ❦♥♦✇♥✳ ❋✉rt❤❡r♠♦r❡✱
❛♣♣r♦①✐♠❛t✐♦♥s ❤❛❞ t♦ ❜❡ ♠❛❞❡ ✐♥ ♦r❞❡r t♦ ❞❡r✐✈❡ s✉❝❤ ❡①♣r❡ss✐♦♥s ❢r♦♠ t❤❡ ◆❙
❡q✉❛t✐♦♥✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❤✐❧❡ t♦❞❛② t❤❡ s✇❡❡♣✐♥❣ ❡✛❡❝t ✐s ✇❡❧❧ ❛❝❝❡♣t❡❞ ✐♥ ❢✉❧❧②
❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡✱ ✇❡ ❛r❡ st✐❧❧ ♠✐ss✐♥❣ ❛ s❛t✐s❢❛❝t♦r② ❡①♣❧❛♥❛t✐♦♥ ❢♦r ✐t ❢r♦♠ ✜rst
♣r✐♥❝✐♣❧❡s ❛♥❞ ✉♥t✐❧ r❡❝❡♥t❧② ✐ts ❝♦♥s❡q✉❡♥❝❡s ❢♦r ❣❡♥❡r❛❧ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ✇❡r❡
♥♦t ❦♥♦✇♥✳
❆t t❤✐s ♣♦✐♥t✱ ❧❡t ✉s ♣r❡s❡♥t t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡
✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ t❤❡ ◆P❘●✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✇❛s ♣✐♦♥❡❡r❡❞ ❜② ✭❚♦♠❛ss✐♥✐ ✶✾✾✼✮✳
❇❡❝❛✉s❡ t❤❡ ◆P❘● ♠❡t❤♦❞ ❞♦❡s ♥♦t r❡❧② ♦♥ ❛ ♣❡rt✉r❜❛t✐✈❡ ❡①♣❛♥s✐♦♥✱ t❤❡ ❝❤♦✐❝❡
♦❢ ❛ ♣♦✇❡r✲❧❛✇ ✭✷✳✹✵✮ ❢♦r t❤❡ ❢♦r❝✐♥❣ ✐s ♥♦t ♥❡❝❡ss❛r② ❛♥②♠♦r❡✳ ❚❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡
❢♦r❝✐♥❣ ❝❛♥ t❤✉s ❤❛✈❡ ❛ ♠♦r❡ ♣❤②s✐❝❛❧ ❢♦r♠✱ r❡❣✉❧❛r ❛♥❞ ❝♦♥❝❡♥tr❛t❡❞ ❛r♦✉♥❞ t❤❡ ■❘
❝✉t♦✛ L✲1✳ ❆ ❝♦♠♠♦♥ ❝❤♦✐❝❡ ✐s
D˜  (q)  q2me (qL)2n , ✇✐t❤ m, n  N , ✭✷✳✹✽✮
❜✉t t❤❡ r❡s✉❧t s❤♦✉❧❞ ❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣r❡❝✐s❡ ❢♦r♠ ♦❢ t❤❡ ❢♦r❝✐♥❣✳ ■♥ ♦r❞❡r
t♦ ✐♥t❡❣r❛t❡ ♥✉♠❡r✐❝❛❧❧② t❤❡ ◆P❘● ✢♦✇✱ ✭❚♦♠❛ss✐♥✐ ✶✾✾✼✮ ♣r♦♣♦s❡s t❤❛t t❤❡ r❡♥♦r✲
♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❛❝t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❜② ❛♥ ❡✛❡❝t✐✈❡ ✈✐s❝♦s✐t② ❛♥❞
❛♥ ❡✛❡❝t✐✈❡ ♥♦✐s❡✱ ✇❤✐❝❤ ❜♦t❤ ❛❝q✉✐r❡ ♥♦♥✲tr✐✈✐❛❧ ✇❛✈❡✲♥✉♠❜❡r ❞❡♣❡♥❞❡♥❝②✳ ❚❤✐s
❛♥s❛t③ ✇❛s ✉s❡❞ t♦ ✐♥t❡❣r❛t❡ ♥✉♠❡r✐❝❛❧❧② t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ❛♥❞ t♦ r❡❛❝❤ ❛ ✜①❡❞
♣♦✐♥t ♦❢ t❤❡ ✢♦✇✳ ❆t t❤❡ ✜①❡❞ ♣♦✐♥t✱ t❤❡ ❛✉t❤♦r ♦❜t❛✐♥❡❞ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦❢ t❤❡
❡✛❡❝t✐✈❡ ✈✐s❝♦s✐t② ❛♥❞ ♥♦✐s❡✳ ❆❧t❤♦✉❣❤✱ ❛s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✱ t❤❡ ❝r✐t✐❝❛❧ ❞✐♠❡♥s✐♦♥s
♦❢ ❛ s❝❛❧❡✲✐♥✈❛r✐❛♥t t❤❡♦r② ♦❢ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡ ❝❛♥♥♦t ❞✐✛❡r ❢r♦♠ t❤❡✐r ❑✹✶
✈❛❧✉❡✱ ❛ ✈❡r② ♣❡❝✉❧✐❛r ❛♥❞ ♠❡❛♥✐♥❣❢✉❧ ❢❡❛t✉r❡ ♦❢ t❤❡ r❡♥♦r♠❛❧✐③❡❞ ✈✐s❝♦s✐t② ♦❜t❛✐♥❡❞
✐♥ ✭❚♦♠❛ss✐♥✐ ✶✾✾✼✮ ✇❛s ♦❜s❡r✈❡❞ ❜✉t ♥♦t ❝♦♠♠❡♥t❡❞ ✉♣♦♥✳ ■♥ t❤❡ ✐♥❡rt✐❛❧ r❛♥❣❡✱
t❤❡ ❡✛❡❝t✐✈❡ ✈✐s❝♦s✐t② ✐s ❢♦✉♥❞ t♦ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦✇❡r✲❧❛✇ ❜❡❤❛✈✐♦r ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ✇❛✈❡✲♥✉♠❜❡r
 ❡✛(p)  p 1 . ✭✷✳✹✾✮
❚❤✐s r❡s✉❧t ✐s ✐♥ st❛r❦ ❝♦♥tr❛st ✇✐t❤ t❤❡ s❝❛❧✐♥❣ ♦❜t❛✐♥❡❞ ❜② ❛ss✉♠✐♥❣ s❝❛❧❡ ✐♥✈❛r✐✲
❛♥❝❡✱ ♦r ❡q✉✐✈❛❧❡♥t❧② t❤❡ ❑✹✶ s❝❛❧✐♥❣✱ ✇❤✐❝❤ ✐s  ❡✛  p 4/3✳ ❆s ❡①♣❡❝t❡❞✱ t❤✐s
❛♥♦♠❛❧♦✉s ❜❡❤❛✈✐♦r ❞✐s❛♣♣❡❛rs ✐♥ ❡q✉❛❧✲t✐♠❡ q✉❛♥t✐t✐❡s ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡  5/3
✷✳✷✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡ ✸✸
s❝❛❧✐♥❣ ❢♦r t❤❡ ❡♥❡r❣② s♣❡❝tr✉♠ ✐s r❡❝♦✈❡r❡❞✱ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ❑✹✶✶✳ ◆♦♥❡t❤❡❧❡ss✱
✐t ✐s t❤❡ ✜rst t✐♠❡ t❤❛t ❛ ❘● tr❡❛t♠❡♥t ♦❢ t✉r❜✉❧❡♥❝❡ ✐♥❞✐❝❛t❡s ❜r❡❛❦✐♥❣ ♦❢ s❝❛❧❡
✐♥✈❛r✐❛♥❝❡✳ ■♥ ❤✐♥❞s✐❣❤t✱ t❤✐s ❜❡❤❛✈✐♦r ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s✇❡❡♣✐♥❣ ❡✛❡❝t ♣r❡s❡♥t ✐♥
t✉r❜✉❧❡♥❝❡✳ ❚❤❡ ♣♦✇❡r✲❧❛✇ ❢♦r❝✐♥❣ ✭✷✳✹✵✮ ✇❛s r❡✈✐s✐t❡❞ ✇✐t❤✐♥ t❤❡ ◆P❘● ❢♦r♠❛❧✲
✐s♠ ✐♥ ✭▼❡❥í❛✲▼♦♥❛st❡r✐♦ ❛♥❞ ▼✉r❛t♦r❡✲●✐♥❛♥♥❡s❝❤✐ ✷✵✶✷✮✱ ✇✐t❤ t❤❡ s❛♠❡ ❛♥③❛t③
❛s ❛❜♦✈❡✳ ❚❤❡ ♠❛✐♥ ♣♦✐♥t ♦❢ t❤❡ ♣❛♣❡r ✇❛s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❢r❡❡③✐♥❣ ♦❢ ❡①♣♦♥❡♥ts
❛❜♦✈❡  = 2✱ ✇❤✐❝❤ ✐s ❛ ♥❡❝❡ss❛r② ❢❡❛t✉r❡ ♦❢ ♣❡rt✉❜❛t✐✈❡ ❘●✱ ❜✉t ✇❛s q✉❡st✐♦♥❡❞
✇✐t❤✐♥ t❤❡ ♥♦♥♣❡rt✉r❜❛t✐✈❡ ❢♦r♠❛❧✐s♠✳ ❍♦✇❡✈❡r✱ ✐t ❛♣♣❡❛rs t❤❛t ✐ts ♠♦st ✐♥t❡r❡st✐♥❣
r❡s✉❧t ✇❛s t❤❡ ❜❡❤❛✈✐♦r ♦❢  ❡✛(p) ♦❜t❛✐♥❡❞ ❜② ✐♥t❡❣r❛t✐♥❣ t❤❡ ❘● ✢♦✇✿
 ❡✛(p)  
 
p 
2 
3 , ✐❢ 0 <  < 3/2 ,
p 1, ✐❢  > 3/2 .
❚❤✐s ❜❡❤❛✈✐♦r ✇❛s ✐♥t❡r♣r❡t❡❞ ❝♦rr❡❝t❧② ❜② t❤❡ ❛✉t❤♦rs ❛s ❛ s✇❡❡♣✐♥❣ ❡✛❡❝t✳ ❋✉rt❤❡r✲
♠♦r❡✱ t❤❡② s❤♦✇ t❤❛t ❢r♦♠ ❛ ❘● ♣❡rs♣❡❝t✐✈❡✱ ✐t ❛r✐s❡s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥
✈❡r✐✜❡❞ ❜②  ❡✛ ❛t t❤❡ ❘● ✜①❡❞ ♣♦✐♥t✿
 
p p + 2 /3
 
 ❡✛  1
p2 ❡✛
, ❢♦r p L 1. ✭✷✳✺✵✮
▲♦♦❦✐♥❣ ❢♦r ♣♦✇❡r✲❧❛✇ s♦❧✉t✐♦♥s  ❡✛  p  ✱ ♦♥❡ s❡❡s t❤❛t ❛s ❧♦♥❣ ❛s  < 1✱ t❤❡
r✐❣❤t✲❤❛♥❞ s✐❞❡ ✭r✳❤✳s✳✮ ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ✐♥ t❤❡ ❧❛r❣❡ p ❜❡❤❛✈✐♦r ❛♥❞ ♦♥❡ r❡❝♦✈❡rs
st❛♥❞❛r❞ s❝❛❧✐♥❣✿  = 2 /3✳ ❚❤✐s s❝❛❧✐♥❣ ✐s ♥♦t ❝♦♥s✐st❡♥t ❛♥②♠♦r❡ ✐❢  > 3/2
❛♥❞ ✐♥ t❤✐s ❝❛s❡ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ✭❧✳❤✳s✳✮ ❛♥❞ t❤❡ r✳❤✳s✳ ♥❡❡❞ t♦ ❤❛✈❡ t❤❡ s❛♠❡
s❝❛❧✐♥❣✱ ❧❡❛❞✐♥❣ t♦  = 1✳ ■♥ st❛♥❞❛r❞ ❝r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛✱ t❤❡ r✳❤✳s✳ ♦❢ t❤❡ ❘●
✜①❡❞ ♣♦✐♥t ❡q✉❛t✐♦♥s ✐s ❛❧✇❛②s s✉❜✲❧❡❛❞✐♥❣ ❛t ❧❛r❣❡ p✱ ❡♥❢♦r❝✐♥❣ st❛♥❞❛r❞ s❝❛❧✐♥❣✳
❍♦✇❡✈❡r ✐♥ t✉r❜✉❧❡♥❝❡ ✭❛t ❧❡❛st ❢♦r ✉♥❡q✉❛❧ t✐♠❡ q✉❛♥t✐t✐❡s✮✱ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢
❛ ♥♦♥✲♥❡❣❧✐❣✐❜❧❡ r✳❤✳s✳ ❝❛♥ ❧❡❛❞ t♦ ❝♦rr❡❝t✐♦♥s t♦ t❤❡ s❝❛❧✐♥❣ ❡①♣♦♥❡♥ts ❛♥❞ ♠♦r❡
❣❡♥❡r❛❧❧② t♦ ❜r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡✳ ❚❤✐s ✐s ❛ ❣❡♥✉✐♥❡ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ ❡✛❡❝ts✱
✇❤✐❝❤ ❡①♣❧❛✐♥s ✇❤② ✐t ✇❛s ♠✐ss❡❞ ❜② ♣❡rt✉r❜❛t✐✈❡ ❘● ❛♣♣r♦❛❝❤❡s ✉s✐♥❣ t❤❡ s❛♠❡
❦✐♥❞ ♦❢ ❛♥③❛t③ ✭❨❛❦❤♦t✱ ❖rs③❛❣✱ ❛♥❞ ❙❤❡ ✶✾✽✾✮✳ ❚❤❡ ✈❛❧✉❡  = 3/2 ❛t ✇❤✐❝❤ t❤✐s
❝r♦ss♦✈❡r ❤❛♣♣❡♥s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✈❛❧✉❡ ♦❢  ❛t ✇❤✐❝❤ ❝❡rt❛✐♥ ❞❛♥❣❡r♦✉s ♦♣❡r❛t♦rs
❤❛✈❡ t♦ ❜❡ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ t✐♠❡✲❣❛✉❣❡❞ ●❛❧✐❧❡❛♥ s②♠♠❡tr② ✐♥ t❤❡ ♣❡rt✉r❜❛t✐✈❡ ❘●
r❡❧❛t❡❞ ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤✐s ❢❛❝t ❧❡❛❞s t♦ ❝♦♥❥❡❝t✉r❡ t❤❛t ❜♦t❤ ♣❤❡♥♦♠❡♥❛ ❛r❡
t✇♦ ♠❛♥✐❢❡st❛t✐♦♥ ♦❢ t❤❡ s❛♠❡ s✇❡♣♣✐♥❣ ❡✛❡❝t✳
❚❤❡ ❛❜♦✈❡ r❡s✉❧ts ✇❡r❡ ❢♦❧❧♦✇❡❞ ❜② t❤❡ ✇♦r❦ ♦❢ ❈❛♥❡t ❡t ❛❧✳ ✭❈❛♥❡t✱ ❉❡❧❛♠♦tt❡✱
❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✺❀ ❈❛♥❡t✱ ❉❡❧❛♠♦tt❡✱ ❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✻❀ ❈❛♥❡t ❡t ❛❧✳ ✷✵✶✼✮✳ ❚❤❡
♠❛✐♥ t❡❝❤♥✐❝❛❧ ✐♥♥♦✈❛t✐♦♥ ✐s t❤❛t t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s ♥♦t ❡♥❢♦r❝❡❞ ❜②
♣r♦❥❡❝t✐♥❣ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥ ♦♥ tr❛♥s✈❡rs❡ ✜❡❧❞s ✉s✐♥❣ t❤❡ ♣r♦❥❡❝t♦r ❞❡✜♥❡❞
✐♥ ✭✷✳✹✺✮✱ ❜✉t ❜② ❡♥❢♦r❝✐♥❣ ✐t ❞②♥❛♠✐❝❛❧❧② ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❛ ♥❡✇ ✜❡❧❞ ♣❧❛②✐♥❣ t❤❡ r♦❧❡
♦❢ ❛ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r ❢♦r t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✳ ❚❤✐s ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡
t❤❛t t❤❡ ✐♥t❡r❛❝t✐♦♥ ✈❡rt❡① ✐s ❧♦❝❛❧✱ ❛t t❤❡ ♣r✐❝❡ ♦❢ ✐♥tr♦❞✉❝✐♥❣ t✇♦ ♥❡✇ s❝❛❧❛r ✜❡❧❞s ✐♥
t❤❡ ❛❝t✐♦♥✳ ❚❤✐s st❡♣ ❛❧❧♦✇❡❞ t❤❡ ❛✉t❤♦rs t♦ ❞✐s❝♦✈❡r ❛ ♥❡✇ t✐♠❡✲❣❛✉❣❡❞ s②♠♠❡tr②
♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ✜❡❧❞ t❤❡♦r②✳ ❘❡❧❛t❡❞ ❙❝❤✇✐♥❣❡r✲❉②s♦♥ ❡q✉❛t✐♦♥s ✇❡r❡ ✉s❡❞
✐♥ ✭▲✬✈♦✈ ❛♥❞ ▲❡❜❡❞❡✈ ✶✾✾✸✮ ❜✉t ✐t ✇❛s t❤❡ ✜rst t✐♠❡ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❤❛♥❣❡
♦❢ ✈❛r✐❛❜❧❡ ✇❛s ✐❞❡♥t✐✜❡❞ ❛♥❞ ✉s❡❞ ❛s ❛ s②♠♠❡tr② ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ✜❡❧❞ t❤❡♦r②✳
❚❤✐s ♥❡✇ s②♠♠❡tr② ❛❧❧♦✇❡❞ t❤❡ ❛✉t❤♦rs t♦ ❣❡♥❡r❛❧✐③❡ ❡①❛❝t r❡❧❛t✐♦♥s ✇❤✐❝❤ ❤❛❞
✶◆♦t❡ t❤❛t ✐♥ ♦r❞❡r ❢♦r t❤❡ ❑✹✶ s♣❡❝tr✉♠ t♦ ❜❡ r❡❝♦✈❡r❡❞✱ t❤❡ ❡✛❡❝t✐✈❡ ♥♦✐s❡ ❤❛s ❛❧s♦ t♦ r❡❝❡✐✈❡
❛♥ ❛♥♦♠❛❧♦✉s ❝♦rr❡❝t✐♦♥ ❞✉❡ t♦ s✇❡❡♣✐♥❣✳
✸✹
❈❤❛♣t❡r ✷✳ ❯♥✐✈❡rs❛❧ ❜❡❤❛✈✐♦rs ✐♥ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ❛♥❞ ✐♥ ❢✉❧❧②
❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡
❜❡❡♥ ❞❡r✐✈❡❞ ♣r❡✈✐♦✉s❧② ✐♥ ✭❋❛❧❦♦✈✐❝❤✱ ❋♦✉①♦♥✱ ❛♥❞ ❖③ ✷✵✶✵✮✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛♣❡r✱
t❤❡ s❛♠❡ ❛♥s❛t③ ❛s ✐♥ ✭❚♦♠❛ss✐♥✐ ✶✾✾✼❀ ❈❛♥❡t ❡t ❛❧✳ ✷✵✶✶❀ ▼❡❥í❛✲▼♦♥❛st❡r✐♦ ❛♥❞
▼✉r❛t♦r❡✲●✐♥❛♥♥❡s❝❤✐ ✷✵✶✷✮ ✐s ✉s❡❞ t♦ ✐♥t❡❣r❛t❡ ♥✉♠❡r✐❝❛❧❧② t❤❡ ❘● ✢♦✇ ❛♥❞ ✜♥❞
t❤❡ ❑✹✶ ✜①❡❞ ♣♦✐♥t✳ ▼♦r❡ ✐♠♣♦rt❛♥t❧②✱ ✐♥ t❤❡ s❛♠❡ ♣❛♣❡r ✐t ✐s s❤♦✇♥ t❤❛t t❤❡ ❡①❛❝t
❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ t❤❡ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❝❧♦s❡❞ ✐♥ t❤❡ ❧✐♠✐t ♦❢ ✇❛✈❡✲
♥✉♠❜❡rs ❧❛r❣❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ■❘ ❝✉t♦✛✳ ❚❤✐s r❡s✉❧t ✉s❡s t❤❡ ♥❡✇❢♦✉♥❞ s②♠♠❡tr②
❛♥❞ t❤❡ t✐♠❡✲❣❛✉❣❡❞ ●❛❧✐❧❡❛♥ ♦♥❡ ❛♥❞✱ ❝♦♥tr❛r✐❧② t♦ ♣r❡✈✐♦✉s ❛♥❛❧②s✐s✱ ♠❛❦❡s ♥♦
r❡❢❡r❡♥❝❡ t♦ ❛♥② ♣❛rt✐❝✉❧❛r ❛♥s❛t③✳ ❚❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❜t❛✐♥❡❞ t❤✐s ✇❛② ✐s
❡①❛❝t ✐♥ t❤❡ ❧✐♠✐t ♦❢ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡rs✳ ❈♦♥tr❛r② t♦ ✇❤❛t ✐s ✉s✉❛❧❧② t❡r♠❡❞ ❛s
❝❧♦s✉r❡s ✐♥ t✉r❜✉❧❡♥❝❡✱ t❤✐s r❡s✉❧t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ❛♥② ✉♥❝♦♥tr♦❧❧❡❞ ❤❡✉r✐st✐❝
❛♥❞ ✐s ❡①❛❝t❧② ❝♦♥tr♦❧❧❡❞ ❜② ❛♥ ❡①♣❛♥s✐♦♥ ✐♥ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r✳ ■♥ t❤❡ ❧❛st ♣❛♣❡r✱
t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s ❛t t❤❡ ❘● ✜①❡❞ ♣♦✐♥t ❣❛✈❡ t❤❡ ❧❡❛❞✐♥❣ ❜❡❤❛✈✐♦r
♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❛♥❞ r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s✳ ■t ✇❛s ❢♦✉♥❞ t❤❛t ❛t s♠❛❧❧ t✐♠❡ ❞❡❧❛②
❛♥❞ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r✱ ❜♦t❤ ❢✉♥❝t✐♦♥s ✇❡r❡ ●❛✉ss✐❛♥ ✐♥ t❤❡ ✈❛r✐❛❜❧❡ pt✱ ✇✐t❤ p t❤❡
✇❛✈❡✲♥✉♠❜❡r ❛♠♣❧✐t✉❞❡ ❛♥❞ t t❤❡ t✐♠❡ ❞❡❧❛②✳ ❚❤✐s r❡s✉❧t ♣✉t ♦♥ ❛ ✜r♠ ❣r♦✉♥❞ t❤❡
❡❛r❧② ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♣r❡❞✐❝t✐♦♥s ❜❛s❡❞ ♦♥ t❤❡ s✇❡❡♣✐♥❣ ❡✛❡❝t ❛♥❞ ✇❛s ❢♦✉♥❞ t♦
❛❣r❡❡ r❡♠❛r❦❛❜❧② ✇❡❧❧ ✇✐t❤ ❉◆❙ ✭❈❛♥❡t ❡t ❛❧✳ ✷✵✶✼✮
■♥ t❤❡ ✜rst ♣❛rt ♦❢ ❈❤❛♣✳ ✺✱ ✇❡ ❣✐✈❡ ❛♥ ❛❝❝♦✉♥t ♦♥ t❤❡ ✇♦r❦ ♣✉❜❧✐s❤❡❞ ✐♥ ✭❚❛r♣✐♥✱
❈❛♥❡t✱ ❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✽✮✳ ❲❡ ❡①t❡♥❞❡❞ t❤❡ ❛❜♦✈❡ r❡s✉❧t ❜② ❞❡r✐✈✐♥❣ t❤❡ ❧❡❛❞✐♥❣
❘● ✢♦✇ ❡q✉❛t✐♦♥ ❢♦r ❛♥② n✲♣♦✐♥t ❣❡♥❡r❛❧✐③❡❞ ✭✈❡❧♦❝✐t② ❛♥❞ r❡s♣♦♥s❡✮ ❝♦rr❡❧❛t✐♦♥
❢✉♥❝t✐♦♥✱ ❢♦r ❛♥② t✐♠❡ ❞❡❧❛②s ❛s ❧♦♥❣ ❛s t❤❡② ❛r❡ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ✜①❡❞ ♣♦✐♥t ❡q✉❛✲
t✐♦♥✳ ❚❤❡ ❝♦rr❡❝t✐♦♥s t♦ t❤✐s ❧❡❛❞✐♥❣ ❜❡❤❛✈✐♦r ❛r❡ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡
♠✐♥✐♠✉♠ ✇❛✈❡✲♥✉♠❜❡r ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s✱ ♠❡❛s✉r❡❞ ✐♥ t❡r♠ ♦❢
t❤❡ ■❘ ❝✉t♦✛✳ ❲❡ s♦❧✈❡❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✜①❡❞ ♣♦✐♥t ❡q✉❛t✐♦♥ ❛♥❞ ♦❜t❛✐♥❡❞ ❛♥
❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ❢♦r n✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ✐s ❡①❛❝t ✐♥ t❤❡ ❧✐♠✐t ♦❢
❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡rs ✭❛♥❞ ❢♦r ♥♦♥✲❡①❝❡♣t✐♦♥❛❧ ✇❛✈❡✲✈❡❝t♦r ❝♦♥✜❣✉r❛t✐♦♥s✮✱ ✐♥ ❜♦t❤
r❡❣✐♠❡s ♦❢ s♠❛❧❧ ❛♥❞ ❧❛r❣❡ t✐♠❡ ❞❡❧❛②s✳ ❙✉❝❤ r✐❣♦r♦✉s t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❛r❡ s❝❛r❝❡
✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t✉r❜✉❧❡♥❝❡✳ ❚❤❡ ❡①♣r❡ss✐♦♥s ♦❜t❛✐♥❡❞ ❢♦r ❣❡♥❡r❛❧✐③❡❞ n✲♣♦✐♥t ❝♦r✲
r❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ ✐❞❡♥t✐✜❡❞ ❛s t❤❡ ♠❛♥✐❢❡st❛t✐♦♥ ♦❢ t❤❡ s✇❡❡♣✐♥❣ ❡✛❡❝t ❛t s♠❛❧❧
t✐♠❡ ❞❡❧❛②s✱ ❜✉t t❛❦❡s ❛ ❞✐✛❡r❡♥t ❢♦r♠ ❛t ❧❛r❣❡ t✐♠❡ ❞❡❧❛②s✱ s✉❣❣❡st✐♥❣ ❛ ♠♦r❡ ❣❡♥✲
❡r❛❧ ♠❡❝❤❛♥✐s♠ ♦❢ t❤❡ ◆❙ ✜❡❧❞ t❤❡♦r② ❛t ♣❧❛②✳ ❚❤❡ ❝❛❧❝✉❧❛t❡❞ ❡✛❡❝t ❞✐s❛♣♣❡❛rs
✇❤❡♥ ❧♦♦❦✐♥❣ ❛t ❡q✉❛❧✲t✐♠❡ q✉❛♥t✐t✐❡s✳ ❚❤✐s s❡❡♠s t♦ ❜❡ ✐♥ ❛❝❝♦r❞❛♥❝❡ t❤❡ ♣r❡✈✐♦✉s
❘● ❛♥❛❧②s❡s✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥♥♦t ❡①❝❧✉❞❡ t❤❛t s✉❜✲❧❡❛❞✐♥❣ t❡r♠s ✇❤✐❝❤ ❛r❡ ♥♦t
❝❛♣t✉r❡❞ ❜② ♦✉r r❡s✉❧t ❛t ❧❡❛❞✐♥❣ ♦r❞❡r ♣❧❛② ❛ r♦❧❡ ❛t ❡q✉❛❧ t✐♠❡s ❛♥❞ ❧❡❛❞ t♦ ✐♥t❡r✲
♠✐tt❡♥❝② ❝♦rr❡❝t✐♦♥s✳ ❚❤✐s ✐❞❡❛ ✐s ♠♦r❡ ❡❛s✐❧② ❡①♣❧♦r❡❞ ✐♥ 2✲❉✱ ❢♦r r❡❛s♦♥s t❤❛t ✇✐❧❧
❜❡❝♦♠❡ ❝❧❡❛r ✐♥ t❤❡ ❢♦❧❧✇✐♥❣✳ ❚❤✉s✱ ❧❡t ✉s t✉r♥ t♦ 2✲❉ t✉r❜✉❧❡♥❝❡✳
✷✳✷✳✹ ❚❤❡ q✉❡st✐♦♥ ♦❢ ✐♥t❡r♠✐tt❡♥❝② ✐♥ t❤❡ ❞✐r❡❝t ❝❛s❝❛❞❡ ♦❢
✷❉ t✉r❜✉❧❡♥❝❡
❇❡❢♦r❡ ❣✐✈✐♥❣ t❤❡ ♠♦t✐✈❛t✐♦♥ ♦❢ ♦✉r st✉❞✐❡s ♦❢ 2✲❉ t✉r❜✉❧❡♥❝❡✱ ❧❡t ✉s ♣r❡s❡♥t q✉✐❝❦❧②
✐ts ♣❡❝✉❧✐❛r✐t✐❡s✳ ❯♣ t♦ ♥♦✇✱ ✇❡ ❤❛✈❡ ♥♦t ♠❡♥t✐♦♥❡❞ ❤✐st♦r✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥ts ✐♥ 2✲❉
t✉r❜✉❧❡♥❝❡✳ ❍♦✇❡✈❡r✱ t❤❡② r❛♥ ✐♥ ♣❛r❛❧❧❡❧ t♦ t❤❡ 3✲❉ ♦♥❡s✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❢❛❝t ♦❢
2✲❉ t✉r❜✉❧❡♥❝❡ ✇❛s ♥♦t❡❞ ❜② ❚❛②❧♦r ✐♥ ✶✾✶✼ ✭❚❛②❧♦r ✶✾✻✵✮✿ t❤❡ ✈♦rt✐❝✐t②  = curl}v
✐s ❝♦♥s❡r✈❡❞ ✐♥ ❛ ♣❡r❢❡❝t ✢✉✐❞✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐♥ 2✲❉ t✉r❜✉❧❡♥❝❡ t❤❡ t♦t❛❧ ❡♥❡r❣②
❞✐ss✐♣❛t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ r❡✇r✐tt❡♥
 ¯   
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✷✳✷✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡ ✸✺
❝❛♥♥♦t st❛② ✜♥✐t❡ ✐♥ t❤❡ ❧✐♠✐t   0✱ ❝♦♥tr❛r② t♦ ✇❤❛t ❤❛♣♣❡♥s ✐♥ 3✲❉ t✉r❜✉❧❡♥❝❡✳
❚❤❡r❡ ✐s ♥♦ ❡♥❡r❣② ❞✐ss✐♣❛t✐✈❡ ❛♥♦♠❛❧② ✐♥ 2✲❉✳ ❚❤❡ ✐♥t❡❣r❛♥❞ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥
❛❜♦✈❡ ✐s ❝❛❧❧❡❞ t❤❡ ❡♥str♦♣❤②✳ ❚❤✐s ❢❛❝t ♣r❡✈❡♥t❡❞ t❤❡ st✉❞② ♦❢ 2✲❉ t✉r❜✉❧❡♥❝❡ ❛s ✐t
✇❛s t❤♦✉❣❤t t❤❛t ✐t ❝♦✉❧❞ ♥♦t ❞❡✈❡❧♦♣ ❛ st❛t✐♦♥❛r② ❡♥❡r❣② ❝❛s❝❛❞❡✳ ❚❤✐s ❛r❣✉♠❡♥t
✇❛s ♣✉t ♦♥ ❛ ♠♦r❡ r✐❣♦r♦✉s ❢♦♦t✐♥❣ ✐♥ ✭▲❡❡ ✶✾✺✶✮✱ ✇❤❡r❡ ✐t ✇❛s s❤♦✇♥ t❤❛t t❤❡r❡
❝❛♥♥♦t ❜❡ ❞✐r❡❝t ❡♥❡r❣② ❝❛s❝❛❞❡ ✭❛ ❝❛s❝❛❞❡ ✇✐t❤ ❡♥❡r❣② tr❛♥s❢❡r ❢r♦♠ ❧♦✇ t♦ ❤✐❣❤
✇❛✈❡✲♥✉♠❜❡r✮✱ ✐♥ 2✲❉ t✉r❜✉❧❡♥❝❡✳ ❆ ❤✐♥t ♦❢ t❤❡ ♣❡❝✉❧✐❛r ❜❡❤❛✈✐♦r ❛t ❧❛r❣❡ s❝❛❧❡ ✇❛s
❣✐✈❡♥ ✐♥ ✭❖♥s❛❣❡r ✶✾✹✾✮✱ ✇❤✐❝❤ ❝♦♥s✐❞❡r❡❞ ❛ ❣❛s ♦❢ ♣♦✐♥t✲✈♦rt✐❝❡s ✐♥ ❛ ♣❧❛♥❡✳ ❚❤✐s
❛♣♣❛r❡♥t❧② ✉♥r❡❧❛t❡❞ s②st❡♠ ❝❛♥ ❜❡ s❤♦✇♥ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ 2✲❉ ❊✉❧❡r ❡q✉❛t✐♦♥
✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥t✲✈♦rt✐❝❡s ❣♦❡s t♦ ✐♥✜♥✐t② ✭❊②✐♥❦ ❛♥❞ ❙r❡❡♥✐✈❛s❛♥ ✷✵✵✻✮✳ ❍✐s
s✉r♣r✐s✐♥❣ ✜♥❞✐♥❣ ✐s t❤❛t t❤✐s ❡q✉✐❧✐❜r✐✉♠ s②st❡♠ ❝❛♥ ❜❡ ✐♥ ❛ ♥❡❣❛t✐✈❡ t❡♠♣❡r❛t✉r❡
st❛t❡✱ ✇❤❡r❡ t❤❡ ✈♦rt✐❝❡s ❛❣❣r❡❣❛t❡✳ ❚❤✐s ❢❡❛t✉r❡ r❡♠✐♥❞s ♦❢ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❧❛r❣❡✱
❝♦❤❡r❡♥t str✉❝t✉r❡ ❦♥♦✇♥ t♦ ❛♣♣❡❛r ✐♥ 2✲❉ ✢♦✇ ✭s✉❝❤ ❛s st❛❜❧❡ str❡❛♠s ❛♥❞ ✈♦rt✐❝❡s
✐♥ ❊❛rt❤ ❛t♠♦s♣❤❡r❡✱ ♦r t❤❡ s♣❡❝t❛❝✉❧❛r ✈♦rt❡① ✐♥ ❏✉♣✐t❡r✬s ♦♥❡✮✳
■♥ t❤❡ ❜r❡❛❦t❤r♦✉❣❤ ♣❛♣❡r ✭❑r❛✐❝❤♥❛♥ ✶✾✻✼❛✮✱ t❤❡ ❛✉t❤♦r ❛r❣✉❡❞ t❤❛t ✐♥ 2✲❉✱
t❤❡r❡ ✇❛s ✐♥ ❢❛❝t t✇♦ s❡♣❛r❛t❡ ❝❛s❝❛❞❡s✳ ❋♦r s❝❛❧❡s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ ✐♥t❡❣r❛❧
s❝❛❧❡✱ t❤❛t ✐s ❢♦r k  L✲1✱ t❤❡r❡ ✐s ❛♥ ❡♥str♦♣❤② ❞✐r❡❝t ❝❛s❝❛❞❡ t♦✇❛r❞s t❤❡ s♠❛❧❧
s❝❛❧❡✱ ✇❤❡r❡ ✐t ✐s ❞✐ss✐♣❛t❡❞ ❜② ✈✐s❝♦s✐t②✱ ✇❤✐❧❡ t❤❡ ❡♥❡r❣② tr❛♥s❢❡r ✐s ③❡r♦✳ ❚❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❡♥❡r❣② s♣❡❝tr✉♠ ❣♦❡s ❧✐❦❡ E(k)  k 3 ✭❛❝t✉❛❧❧②✱ ✐t ✇❛s ❛r❣✉❡❞ ❜②
t❤❡ s❛♠❡ ❛✉t❤♦r t❤❛t t❤✐s s♣❡❝tr✉♠ ✇❛s ❝♦rr❡❝t❡❞ ❜② ❛ ❧♦❣❛r✐t❤♠✐❝ ❢❛❝t♦r ✐♥ t❤❡
❢♦r♠ E(k)  k 3(ln kL) 1/3 ✭❑r❛✐❝❤♥❛♥ ✶✾✼✶✮✮✳ ❋♦r s❝❛❧❡s ❜❡t✇❡❡♥ t❤❡ ✐♥t❡❣r❛❧
s❝❛❧❡ ❛♥❞ t❤❡ s②st❡♠ s✐③❡ L0✱ t❤❛t ✐s ❢♦r L✲10  k  L✲1✱ t❤❡ ❡♥str♦♣❤② tr❛♥s❢❡r ✐s
③❡r♦ ❛♥❞ t❤❡r❡ ✐s ❛♥ ✐♥✈❡rs❡ ❡♥❡r❣② ❝❛s❝❛❞❡✱ t♦✇❛r❞s t❤❡ ❧♦✇ ✇❛✈❡✲♥✉♠❜❡rs✱ ❣✐✈✐♥❣
❛ ❡♥❡r❣② s♣❡❝tr✉♠ ❣♦✐♥❣ ❧✐❦❡ E(k)  k 5/3✳ ❚❤✐s ♣r❡❞✐❝t✐♦♥ s♣❛✇♥❡❞ ❛ ✢✉rr② ♦❢
❛❝t✐✈✐t② ♦♥ t❤❡ s✉❜❥❡❝t✱ t♦ ❜❡❣✐♥ ✇✐t❤ t❤❡ ❡①♣❧♦r❛t✐♦♥ ♦❢ ❇❛t❝❤❡❧♦r ❛♥❞ ❤✐s st✉❞❡♥t
❇r❛② ✭❇❛t❝❤❡❧♦r ✶✾✻✾✮✱ ✐♥ ❢❛❝t ✉♥❞❡rt♦♦❦ ❡❛r❧✐❡r t❤❛♥ ❑r❛✐❝❤♥❛♥✬s ♣❛♣❡r✱ ❛♥❞ t❤❡
♦♥❡ ♦❢ ▲❡✐t❤ ✭▲❡✐t❤ ✶✾✻✽✮✳ ❆s ✐♥ 3✲❉ t✉r❜✉❧❡♥❝❡✱ ❛♥ ❡①❛❝t ❧❛✇ s✐♠✐❧❛r t♦ t❤❡ ❢♦✉r✲✜❢t❤
❧❛✇ ✐♥ 3✲❉ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥✱ ❛❧t❤♦✉❣❤ ✐t t♦♦❦ ♠♦r❡ t✐♠❡
t♦ ❜❡ r❡❝♦❣♥✐③❡❞ ✭❇❡r♥❛r❞ ✶✾✾✾✮✳
❉✉❡ t♦ t❤❡ ✐♥✈❡rs❡ ❡♥❡r❣② ❝❛s❝❛❞❡✱ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ t❡r♠ t♦ ❞✐ss✐♣❛t❡ ❡♥❡r❣②
❛t ❧❛r❣❡ s❝❛❧❡s✱ t❤❡ ✢♦✇ ❝❛♥♥♦t r❡❛❝❤ ❛ st❡❛❞② st❛t❡✳ ❙✉❝❤ ❛ t❡r♠ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❜②
❝♦♥s✐❞❡r✐♥❣ ❛ ♣❤②s✐❝❛❧ s✐t✉❛t✐♦♥✱ ✇❤❡r❡ t❤❡ 2✲❉ ✢♦✇ ✐s ❡♠❜❡❞❞❡❞ ✐♥ ❛ 3✲❉ s♣❛❝❡✳ ❚❤✐s
❤❛s t❤❡ ❡✛❡❝t t♦ ❛❞❞ ❛ ❢r✐❝t✐♦♥ t❡r♠ ❛❝t✐♥❣ ✐♥ t❤❡ ❜✉❧❦✱ ♥❛♠❡❞ t❤❡ ❊❦♠❛♥ ❞r❛❣✳ ❚❤❡
♣r❡s❡♥❝❡ ♦❢ s✉❝❤ t❡r♠ ❣✐✈❡s ❛ ✇❡❧❧ ✉♥❞❡rst♦♦❞ ✐♥t❡r♠✐tt❡♥t ❝♦rr❡❝t✐♦♥ t♦ t❤❡ ❛❜♦✈❡
❑r❛✐❝❤♥❛♥ s❝❛❧✐♥❣ ✭◆❛♠ ❡t ❛❧✳ ✷✵✵✵❀ ❇❡r♥❛r❞✱ ❉✳ ✷✵✵✵❀ ❇♦✛❡tt❛ ❡t ❛❧✳ ✷✵✵✷✮✳ ■♥
✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ✇✐❧❧ ♥♦t ❝♦♥s✐❞❡r s✉❝❤ t❡r♠ ❛♥❞ ❝♦♥❝❡♥tr❛t❡ ✐♥st❡❛❞ ♦♥ t❤❡ ❝❛s❡
✇❤❡r❡ t❤❡ ❡♥❡r❣② s✐♥❦ ✐s ❧✐♠✐t❡❞ t♦ ❤❛♣♣❡♥ ❛t ❛♥ ■❘ ❢r✐❝t✐♦♥ s❝❛❧❡ L✲10  L✲1✳ ▼❛♥②
r❡s✉❧ts s❡❡♠ t♦ ♣♦✐♥t t♦ t❤❡ ❢❛❝t t❤❛t ✐♥ s✉❝❤ ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡r❡ ✐s ♥♦ ✐♥t❡r♠✐tt❡♥❝②
✐♥ t❤❡ ❞✐r❡❝t ❝❛s❝❛❞❡✳ ❋✐rst✱ t❤❡r❡ ❡①✐st ♠❛t❤❡♠❛t✐❝❛❧ r❡s✉❧ts ✇❤✐❝❤ ❜♦✉♥❞ t❤❡
♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❤②♣♦t❤❡t✐❝❛❧ ✐♥t❡r♠✐tt❡♥❝② ❡①♣♦♥❡♥ts ✭❊②✐♥❦ ✶✾✾✻✮✳ ❙❡❝♦♥❞✱ ❛
✇♦r❦ ✉s✐♥❣ ❞✐❛❣r❛♠♠❛t✐❝ ♠❡t❤♦❞s ❜♦rr♦✇❡❞ ❢r♦♠ 3✲❉✱ s✉❝❤ ❛s t❤❡ q✉❛s✐✲▲❛❣r❛♥❣✐❛♥
✈❛r✐❛❜❧❡s✱ ♦❜t❛✐♥❡❞ t❤❛t t❤❡ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ♠♦♥♦♠❡s ♦❢ t❤❡ ✈♦rt✐❝✐t② ❞✐❞
♥♦t r❡❝❡✐✈❡ ✐♥t❡r♠✐tt❡♥❝② ❝♦rr❡❝t✐♦♥s ❛♣❛rt ❢♦r t❤❡ ❞✐♠❡♥s✐♦♥❛❧ ❧♦❣❛r✐t❤♠ ❢❛❝t♦r
♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ✭❋❛❧❦♦✈✐❝❤ ❛♥❞ ▲❡❜❡❞❡✈ ✶✾✾✹❛❀ ❋❛❧❦♦✈✐❝❤ ❛♥❞ ▲❡❜❡❞❡✈ ✶✾✾✹❜✮✳
❚❤✐r❞✱ ❡①♣❡r✐♠❡♥ts ✭P❛r❡t✱ ❏✉❧❧✐❡♥✱ ❛♥❞ ❚❛❜❡❧✐♥❣ ✶✾✾✾✮ ❛♥❞ s✐♠✉❧❛t✐♦♥s ✭❇❛❜✐❛♥♦✱
❉✉❜r✉❧❧❡✱ ❛♥❞ ❋r✐❝❦ ✶✾✾✺✮✱ ❜♦t❤ ✜♥❞ ✇❡❛❦ ♦r ③❡r♦ ✐♥t❡r♠✐tt❡♥❝② ❝♦rr❡❝t✐♦♥s ✐♥ t❤❡
❞✐r❡❝t ❝❛s❝❛❞❡ ✭s❡❡ ❛❧s♦ t❤❡ ♠♦r❡ r❡❝❡♥t ✇♦r❦ ♦❢ ✭❇r✉♥❡❛✉ ❛♥❞ ❑❡❧❧❛② ✷✵✵✺✮✮✳
❙t✉❞② ♦❢ 2✲❉ t✉r❜✉❧❡♥❝❡ ✉s✐♥❣ ♣❡rt✉r❜❛t✐✈❡ ❘● ♠❡t❤♦❞ ❛r❡ s❝❛r❝❡✳ ❚♦ t❤❡
✸✻
❈❤❛♣t❡r ✷✳ ❯♥✐✈❡rs❛❧ ❜❡❤❛✈✐♦rs ✐♥ t❤❡ ❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ❛♥❞ ✐♥ ❢✉❧❧②
❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡
❞✐✣❝✉❧t✐❡s ✐♥❤❡r❡♥t t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ♣♦✇❡r✲❧❛✇ ❢♦r❝✐♥❣✱ t❤❡ ❞✐♠❡♥s✐♦♥ 2 ❛❞❞s ♥❡✇
❞✐✣❝✉❧t✐❡s ✇❤✐❝❤ ♣❧❛❣✉❡❞ t❤❡ ✜rst ❛tt❡♠♣ts✳ ■♥ 2✲❉✱ ♥❡✇ ■❘ ❞✐✈❡r❣❡♥❝❡s ❛♣♣❡❛r✱
s✉❝❤ t❤❛t t❤❡ ❘● ❛♣♣r♦❛❝❤❡s ❤❛✈❡ t♦ ❜❡ ❛❞❛♣t❡❞✳ ❆ r❡✈✐❡✇ ♦❢ t❤❡s❡ ❛tt❡♠♣ts ✐s
♠❛❞❡ ✐♥ ✭▼❛③③✐♥♦✱ ▼✉r❛t♦r❡✲●✐♥❛♥♥❡s❝❤✐✱ ❛♥❞ ▼✉s❛❝❝❤✐♦ ✷✵✵✾✮✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡
2✲❉ ❝❛s❡✱ ✇❡ ❞✐s❝♦✈❡r❡❞ ♥❡✇ s②♠♠❡tr✐❡s s♣❡❝✐✜❝ t♦ 2✲❉ t✉r❜✉❧❡♥❝❡ ✇❤✐❝❤ ❣❛✈❡ ✉s
❤♦♣❡ t♦ ❝♦♥t✐♥✉❡ t❤❡ ❧✐♥❡ ♦❢ ✇♦r❦ st❛rt❡❞ ✐♥ ✭❚❛r♣✐♥✱ ❈❛♥❡t✱ ❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✽✮✳
❆s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝✳ ✷✳✷✳✸✱ ✐♥ t❤❡ ♣r❡✈✐♦✉s ✇♦r❦s✱ ✇❡ ♦❜t❛✐♥❡❞ t❤❡ ❧❡❛❞✐♥❣ t❡r♠ ♦❢
t❤❡ ❡①❛❝t ❘● ✢♦✇ ❡q✉❛t✐♦♥ ❛t ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡rs ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ■❘ ❝✉t♦✛✳
❚❤✐s t❡r♠ ✇❛s ❢♦✉♥❞ t♦ ✈❛♥✐s❤ ❢♦r ❡q✉❛❧✲t✐♠❡s q✉❛♥t✐t✐❡s✳ ■♥ ❈❤❛♣✳ ✸✱ ✇❡ ✇✐❧❧ s❤♦✇
t❤❛t ✐♥ ♦r❞❡r t♦ ✐♥✈❡st✐❣❛t❡ ♣♦ss✐❜❧❡ ✐♥t❡r♠✐tt❡♥❝② ❝♦rr❡❝t✐♦♥s✱ ♦♥❡ t❤✉s ❤❛s t♦ ♦❜t❛✐♥
t❤❡ s✉❜✲❧❡❛❞✐♥❣ ♦r❞❡r ♦❢ t❤❡ ❘● ✢♦✇✳ ■♥ 3✲❉ ❛♥ ❡①❛❝t ❝❛❧❝✉❧❛t✐♦♥ s❡❡♠s ♣♦ss✐❜❧❡
❢♦r t❤❡ ♠♦♠❡♥t✳ ❍♦✇❡✈❡r ✐♥ 2✲❉✱ t❤❡ ♥❡✇❢♦✉♥❞ s②♠♠❡tr✐❡s ♠❛② ❛❧❧♦✇ t♦ ♦❜t❛✐♥
❡①❛❝t ❡①♣r❡ss✐♦♥s✳ ■❢ t❤❡ ♥❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r t❡r♠s ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡
❣✐✈❡♥ ❛ ❝❧♦s❡❞ ❢♦r♠ ❛♥❞ ❞♦ ♥♦t ✈❛♥✐s❤ ❛t ❡q✉❛❧✲t✐♠❡✱ t❤❡② ❣✐✈❡ ❛ ✇❛② t♦ ❝❛❧❝✉❧❛t❡
✐♥t❡r♠✐tt❡♥❝② ❝♦rr❡❝t✐♦♥s✳ ■❢ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ♥❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r t❡r♠s
✈❛♥✐s❤ ❛t ❡q✉❛❧ t✐♠❡✱ t❤✐s ✇♦✉❧❞ ❝♦♥st✐t✉t❡ ❛ ♣r♦♦❢ ♦❢ t❤❡ ❛❜s❡♥❝❡ ♦❢ ✐♥t❡r♠✐tt❡♥❝②
❝♦rr❡❝t✐♦♥ ✐♥ t❤❡ ❞✐r❡❝t ❝❛s❝❛❞❡ ♦❢ 2✲❉ t✉r❜✉❧❡♥❝❡✳
❚❤✐s ✇♦r❦ ✐s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ❈❤❛♣✳ ✺✳ ❇❡❝❛✉s❡ ♦✉r ♠❡t❤♦❞ ♣r♦❜❡s
t❤❡ r❡❣✐♠❡ ♦❢ ✇❛✈❡✲♥✉♠❜❡rs ❧❛r❣❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ■❘ ❝✉t♦✛✱ ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡
❞✐r❡❝t ❝❛s❝❛❞❡ ❛♥❞ ✇❡ s❡t t❤❡ ✐♥t❡❣r❛❧ s❝❛❧❡ ❡q✉❛❧ t♦ t❤❡ ■❘ ❢r✐❝t✐♦♥ s❝❛❧❡✳ ❋✐rst✱ ✇❡
✉s❡ t❤❡ ♣❛rt✐❝✉❧❛r✐t② ♦❢ 2✲❉ t♦ ❡①♣r❡ss t❤❡ ◆❙ ❛❝t✐♦♥ ✐♥ t❡r♠s ♦❢ ❛ s❝❛❧❛r ✜❡❧❞✱ t❤❡
str❡❛♠ ❢✉♥❝t✐♦♥✳ ❲❡ ✉s❡ t❤✐s ❢♦r♠❛❧✐s♠ t♦ ❡①♣r❡ss t❤❡ ❦♥♦✇♥ ❛♥❞ ♥❡✇ s②♠♠❡tr✐❡s
♦❢ t❤❡ 2✲❉ ◆❙ ❛❝t✐♦♥✳ ❚❤❡ s②♠♠❡tr✐❡s ❛r❡ t❤❡♥ ✉s❡❞ t♦ s✐♠♣❧✐❢② t❤❡ ❘● ✢♦✇✳
■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r t✇♦ ❡①❛♠♣❧❡s ♦❢ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠
♣❤②s✐❝❛❧ s②st❡♠s ❡①❤✐❜✐t✐♥❣ ❝r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛✳ ❚❤❡ ✜rst s②st❡♠ ✐s t❤❡ ❛❜s♦r❜✐♥❣
♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ ❉❊P✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ❝✉rr❡♥t t❤❡♦r❡t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥s
❛✈❛✐❧❛❜❧❡ ❛r❡ ♥♦t ❡♥t✐r❡❧② s❛t✐s❢❛❝t♦r②✳ ■♥ ❈❤❛♣✳ ✹ ✇❡ ♣r❡s❡♥t ♦✉r t❛❦❡ ♦♥ t❤✐s s✉❜❥❡❝t
✉s✐♥❣ t❤❡ ◆P❘●✳ ❚❤❡ s❡❝♦♥❞ s②st❡♠ ✐s ❤♦♠♦❣❡♥❡♦✉s ✐s♦tr♦♣✐❝ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r✲
❜✉❧❡♥❝❡✳ ■t s❤♦✉❧❞ ❜❡ ❝❧❡❛r ❛t t❤✐s ♣♦✐♥t t❤❛t ❛ t❤❡♦r❡t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t✉r❜✉❧❡♥❝❡
✐s ♠✐ss✐♥❣✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♦❢ t❤❡ ✐♥t❡r♠✐tt❡♥❝② ❡✛❡❝ts✳ ❖✉r st✉❞②✱ ♣r❡s❡♥t❡❞ ✐♥
❈❤❛♣✳ ✺ ✐s r❡str❛✐♥❡❞ t♦ t❤❡ t✇♦ s✉❜❥❡❝ts ♦✉t❧✐♥❡❞ ❛❜♦✈❡✿ t✐♠❡✲❞❡♣❡♥❞❡♥❝❡ ♦❢ ❝♦rr❡✲
❧❛t✐♦♥ ❢✉♥❝t✐♦♥s✱ ❛♥❞ ✐♥t❡r♠✐tt❡♥❝② ✐♥ t❤❡ ❞✐r❡❝t ❝❛s❝❛❞❡ ✐♥ 2✲❉✳ ❇❡❢♦r❡ ❞❡❧✈✐♥❣ ✐♥t♦
❡❛❝❤ ♦❢ t❤❡s❡ s✉❜❥❡❝ts✱ ❧❡t ✉s ✜rst ❣✐✈❡ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r ❛ s❤♦rt ✐♥tr♦❞✉❝t✐♦♥ t♦
t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ◆P❘● ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s✳
❱❡rs✐♦♥ ❢r❛♥☛❝❛✐s❡
❊♥ ❝♦♥❝❧✉s✐♦♥✱ ♥♦✉s ❛✈♦♥s ♣rés❡♥té ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ❞❡✉① ❡①❡♠♣❧❡s ❞❡ s②stè♠❡s
♣❤②s✐q✉❡s ❤♦rs ❞❡ ❧✬éq✉✐❧✐❜r❡ ♣rés❡♥t❛♥t ❞❡s ♣❤é♥♦♠è♥❡s ❝r✐t✐q✉❡s✳ ▲❡ ♣r❡♠✐❡r s②s✲
tè♠❡ ❡st ❧❛ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❛❜s♦r❜❛♥t❡ ❞❛♥s ❧❡ ❉❊P✳ ◆♦✉s ❛✈♦♥s ♠♦♥tré q✉❡
❧❡s ❞❡s❝r✐♣t✐♦♥s t❤é♦r✐q✉❡s ❛❝t✉❡❧❧❡♠❡♥t ❞✐s♣♦♥✐❜❧❡s ♥❡ s♦♥t ♣❛s ❡♥t✐èr❡♠❡♥t s❛t✐s✲
❢❛✐s❛♥t❡s✳ ❉❛♥s ❧❡ ❈❤❛♣✳ ✹✱ ♥♦✉s ♣rés❡♥t♦♥s ♥♦tr❡ ♣♦✐♥t ❞❡ ✈✉❡ s✉r ❝❡ s✉❥❡t à ❧✬❛✐❞❡
❞✉ ◆P❘●✳ ▲❡ s❡❝♦♥❞ s②stè♠❡ ❡st ❧❛ t✉r❜✉❧❡♥❝❡ ✐s♦tr♦♣❡ ❤♦♠♦❣è♥❡ ❡t ♣❧❡✐♥❡♠❡♥t
❞é✈❡❧♦♣♣é❡✳ ■❧ ❞❡✈r❛✐t êtr❡ ❝❧❛✐r à ❝❡ st❛❞❡ q✉✬✉♥❡ ❝♦♠♣ré❤❡♥s✐♦♥ t❤é♦r✐q✉❡ ❝♦♠♣❧èt❡
❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ r❡st❡ à ❜ât✐r✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❝♦♥❝❡r♥❛♥t ❧❡s ❡✛❡ts ❞❡ ❧✬✐♥t❡r♠✐tt❡♥❝❡✳
◆♦tr❡ ét✉❞❡✱ ♣rés❡♥té❡ ❛✉ ❈❤❛♣✳ ✺✱ s❡ ❧✐♠✐t❡ ❛✉① ❞❡✉① s✉❥❡ts ❞é❝r✐ts ❝✐✲❞❡ss✉s ✿ ❧❛
❞é♣❡♥❞❛♥❝❡ t❡♠♣♦r❡❧❧❡ ❞❡s ❢♦♥❝t✐♦♥s ❞❡ ❝♦rré❧❛t✐♦♥ ❡t ❧✬✐♥t❡r♠✐tt❡♥❝❡ ❞❛♥s ❧❛ ❝❛s❝❛❞❡
❞✐r❡❝t❡ ❡♥ ✷❉✳ ❆✈❛♥t ❞❡ s❡ ♣❧♦♥❣❡r ❞❛♥s ❝❤❛❝✉♥ ❞❡ ❝❡s s✉❥❡ts✱ ❧❡ ❝❤❛♣✐tr❡ s✉✐✈❛♥t ❡st
✷✳✷✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡ ✸✼
❝♦♥s❛❝ré à ✉♥❡ ❜rè✈❡ ✐♥tr♦❞✉❝t✐♦♥ ❛✉ ◆P❘● ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡s t❤é♦r✐❡s ❞❡ ❝❤❛♠♣s
❤♦rs ❞❡ ❧✬éq✉✐❧✐❜r❡✳

❈❤❛♣t❡r ✸
■♥tr♦❞✉❝t✐♦♥ t♦ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡
r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ❢♦r ♦✉t ♦❢
❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s
■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ◆P❘● ❛♣♣❧✐❡❞ t♦ ♦✉t ♦❢ ❡q✉✐❧❜r✐✉♠
✜❡❧❞ t❤❡♦r✐❡s✳ ■♥ ♦r❞❡r t♦ ✐♥tr♦❞✉❝❡ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s✱ ✇❡ ✜rst ♣r❡s❡♥t
✐♥ ❙❡❝✳ ✸✳✷ t❤❡ ♠❛♣♣✐♥❣ ❢r♦♠ ❛ ❙P❉❊ ✇✐t❤ ●❛✉ss✐❛♥ ♥♦✐s❡ t♦ ❛♥ ❛❝t✐♦♥ ❢✉♥❝t✐♦♥❛❧
❦♥♦✇♥ ❛s t❤❡ ▼❙❘❏❉ ❢♦r♠❛❧✐s♠✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❞✐s❝✉ss t❤❡ s♣❡❝✐✜❝✐t✐❡s ♦❢ ♦✉t
♦❢ ❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❝❛✉s❛❧✐t② ♦❢ s✉❝❤ ✜❡❧❞
t❤❡♦r✐❡s✳ ❚❤❡♥ ✐♥ ❙❡❝✳ ✸✳✸ ✇❡ ❣✐✈❡ ❛ s❤♦rt ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s❛❞❞❧❡ ♣♦✐♥t ♠❡t❤♦❞
✐♥ st❛t✐st✐❝❛❧ ✜❡❧❞ t❤❡♦r✐❡s ❛s ✇❡❧❧ ❛s ✐ts s❤♦rt❢❛❧❧s✳ ❚❤✐s ♣r❡♣❛r❡s ❛♥❞ ♠♦t✐✈❛t❡s t❤❡
✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ◆P❘● ✐♥ ❙❡❝✳ ✸✳✹✳ ❋✐♥❛❧❧② ✐♥ ❙❡❝✳ ✸✳✺ ✇❡ s♣❡♥❞ s♦♠❡ t✐♠❡ ♦♥ t❤❡
tr❡❛t♠❡♥t ♦❢ ❝❛✉s❛❧✐t② ✐♥ t❤✐s s❡tt✐♥❣✳ Pr✐♦r t♦ t❤✐s✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥s
✉s❡❞ t❤r♦✉❣❤♦✉t t❤❡ ♠❛♥✉s❝r✐♣t✳
❱❡rs✐♦♥ ❢r❛♥☛❝❛✐s❡
❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♣rés❡♥t♦♥s ❧❡ ❢♦r♠❛❧✐s♠❡ ❞✉ ◆P❘● ❛♣♣❧✐q✉é ❛✉① t❤é♦r✐❡s
❞❡s ❝❤❛♠♣s ❤♦rs éq✉✐❧✐❜r❡✳ ❆✜♥ ❞✬✐♥tr♦❞✉✐r❡ ❧❡s t❤é♦r✐❡s ❞❡s ❝❤❛♠♣s ❤♦rs ❞✬éq✉✐❧✐❜r❡✱
♥♦✉s ♣rés❡♥t♦♥s ❞✬❛❜♦r❞ ❞❛♥s ❧❛ ❙❡❝✳ ✸✳✷ ❧❛ ♠✐s❡ ❡♥ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❞✬✉♥❡ ❙P❉❊
❛✈❡❝ ❜r✉✐t ❣❛✉ss✐❡♥ à ✉♥❡ ❛❝t✐♦♥ ❢♦♥❝t✐♦♥♥❡❧❧❡✱ ❝♦♥♥✉❡ s♦✉s ❧❡ ♥♦♠ ❞❡ ❢♦r♠❛❧✐s♠❡
▼❙❘❏❉✳ ❈❡❧❛ ♥♦✉s ♣❡r♠❡t ❞❡ ❞✐s❝✉t❡r ❞❡s s♣é❝✐✜❝✐tés ❞❡s t❤é♦r✐❡s ❞❡ ❝❤❛♠♣ ❤♦rs
❞✬éq✉✐❧✐❜r❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❡s ♣r♦♣r✐étés ❞❡ ❝❛✉s❛❧✐té ❞❡ ❝❡s t❤é♦r✐❡s ❞❡ ❝❤❛♠♣✳ ❊♥✲
s✉✐t❡✱ à ❧❛ ❙❡❝✳ ✸✳✸✱ ♥♦✉s ❞♦♥♥♦♥s ✉♥❡ ❜rè✈❡ ♣rés❡♥t❛t✐♦♥ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞✉ ♣♦✐♥t✲❝♦❧
❞❛♥s ❧❡s t❤é♦r✐❡s st❛t✐st✐q✉❡s ❞❡s ❝❤❛♠♣s✱ ❛✐♥s✐ q✉❡ ❞❡ s❡s ❧❛❝✉♥❡s✳ ❈❡❝✐ ♣ré♣❛r❡ ❡t
♠♦t✐✈❡ ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞✉ ◆P❘● ❞❛♥s ❧❛ ❙❡❝✳ ✸✳✹✳ ❊♥✜♥✱ à ❧❛ ❙❡❝✳ ✸✳✺✱ ♥♦✉s ♥♦✉s
❛tt❛r❞♦♥s s✉r ❧❡ tr❛✐t❡♠❡♥t ❞❡ ❧❛ ❝❛✉s❛❧✐té ❞❛♥s ❝❡ ❝♦♥t❡①t❡✳ ❆✈❛♥t ❝❡❧❛✱ ✐♥tr♦❞✉✐s♦♥s
q✉❡❧q✉❡s ♥♦t❛t✐♦♥s ✉t✐❧✐sé❡s t♦✉t ❛✉ ❧♦♥❣ ❞✉ ♠❛♥✉s❝r✐t✳
✸✳✶ ◆♦t❛t✐♦♥s
■♥ t❤✐s ✇♦r❦✱ t❤❡ ✈❡❝t♦rs ❛r❡ ♥♦t❡❞ ✇✐t❤ ❛♥ ❛rr♦✇ ❛s }x ❛♥❞ t❤❡✐r ❝♦♠♣♦♥❡♥ts ✇✐t❤
❣r❡❡❦ ✐♥❞✐❝❡s✱ x ♦r x ✐♥❞✐✛❡r❡♥t❧②✳ ❚❤❡ ❊✐♥st❡✐♥ ♥♦t❛t✐♦♥ ❢♦r t❤❡ s✉♠♠❛t✐♦♥s ✐s
✉s❡❞✳ ❇♦❧❞ s②♠❜♦❧s ✐♥❞✐❝❛t❡ ❜♦t❤ ❛ s♣❛❝❡ ❝♦♦r❞✐♥❛t❡ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t✐♠❡
✸✾
✹✵
❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ❢♦r ♦✉t ♦❢
❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s
❝♦♦r❞✐♥❛t❡✱ ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥s✿ x = (t, }x), y = (u, }y), z = (v, }z) ❢♦r r❡❛❧ s♣❛❝❡ ❛♥❞
p = ( , }p), q = ( , }q), k = ( ,}k) ✐♥ ❋♦✉r✐❡r s♣❛❝❡✳ ❚❤❡ ✐♥t❡❣r❛❧s ❛r❡ ❛❜❜r❡✈✐❛t❡❞
❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✿ 
x
 
 
ddx dt ✐♥ r❡❛❧ s♣❛❝❡✱ 
q
 
 
ddq d 
(2 )d+1
✐♥ ❋♦✉r✐❡r s♣❛❝❡✳ ✭✸✳✶✮
❚❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐s ♥♦t❡❞ ✇✐t❤ ❛ t✐❧❞❡ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐❣♥ ❝♦♥✈❡♥t✐♦♥ ✐s ✉s❡❞
f(x) =
 
q
f˜(q)eip x
f˜(p) =
 
x
f(x)e ip x , ✭✸✳✷✮
✇✐t❤ t❤❡ s❤♦rt❤❛♥❞ ♥♦t❛t✐♦♥
p  x = }p  }x  t ✭✸✳✸✮
❛♥❞ ✇✐t❤ t❤❡ ♦❜✈✐♦✉s ❣❡♥❡r❛❧✐s❛t✐♦♥ ❢♦r ♠❛♥②✲♣♦✐♥t ❢✉♥❝t✐♦♥s✳ ❉✉❡ t♦ ✐♥✈❛r✐❛♥❝❡
✉♥❞❡r s♣❛❝❡✲t✐♠❡ tr❛♥s❧❛t✐♦♥s✱ ❢✉♥❝t✐♦♥s ♦❢ ♠❛♥② ♠♦♠❡♥t❛ s✉❝❤ ❛s t❤❡ ❋♦✉r✐❡r
tr❛♥s❢♦r♠s ♦❢ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ ♦❢t❡♥ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞❡❧t❛✲❢♦♥❝t✐♦♥ ♦❢
❝♦♥s❡r✈❛t✐♦♥✳ ❚❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✇✐t❤ t❤❡ ❞❡❧t❛ ❡①tr❛❝t❡❞ ✐s ♥♦t❡❞ ✇✐t❤ ❛ ❜❛r ❛s
❢♦❧❧♦✇s
F˜ (p1, . . . ,pn) = (2 )
d+1 
  
 i
 
 d
  
}pi
 
F¯ (p1, . . . ,pn 1) . ✭✸✳✹✮
✸✳✷ ❘❡s♣♦♥s❡ ✜❡❧❞ ❢♦r♠❛❧✐s♠ ❢♦r ▲❛♥❣❡✈✐♥
❡q✉❛t✐♦♥
❚♦ ♣r❡s❡♥t t❤❡ ▼❙❘❏❉ ❢♦r♠❛❧✐s♠ ✇❡ ✇✐❧❧ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢
t❤❡ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥ ❢♦r ❉P✱ ✇❤✐❧❡ t❤❡ ❣❡♥❡r❛❧ s❡tt✐♥❣✱ ✇✐t❤ ♠♦r❡ t❤❛♥ ♦♥❡ ✜❡❧❞
❛♥❞ ❛❝❝♦✉♥t✐♥❣ ❢♦r ❡①♣❧✐❝✐t ❝♦♥str❛✐♥ts ❛❧♦♥❣ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥✱ ✐s ❞❡❢❡rr❡❞ t♦ ❆♣✲
♣❡♥❞✐① ❇✳✶✳ ❚❤❡ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥ ❢♦r ❉P r❡❛❞s
 t =     1 2 + D  2 +  , ✭✸✳✺✮
✇❤❡r❡  ✐s ❛ ❝❡♥t❡r❡❞ ●❛✉ss✐❛♥ r❛♥❞♦♠ ✜❡❧❞ ♦❢ ❝♦✈❛r✐❛♥❝❡
  (x) (x ) = 2 2 (x) (t t ) d(}x }x ) . ✭✸✳✻✮
❚❤✐s ❞❡✜♥✐t✐♦♥ ❝❛♥ s❡❡♠ s♦♠❡✇❤❛t ♣r♦❜❧❡♠❛t✐❝ ❛s t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦❢  ❞❡♣❡♥❞s ♦♥
 ✱ ✇❤✐❝❤ ✐s ❛ ♣r♦❝❡ss ❞❡✜♥❡❞ t❤r♦✉❣❤  ✳ ■♥ ❢❛❝t✱ t❤❡ r✐❣❤t ✇❛② t♦ r❡❛❞ t❤✐s ▲❛♥❣❡✈✐♥
❡q✉❛t✐♦♥ ✇♦✉❧❞ ❜❡ t♦ ❞✐s❝r❡t✐③❡ ✐t✱ ✉s✐♥❣ ❛ ❢♦r✇❛r❞ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡✳ ■♥ t❤✐s
♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❛ ●❛✉ss✐❛♥ ♥♦✐s❡  ✱ t❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
✇❛②✳ ❲❡ ❝❛♥ r❡s❝❛❧❡ t❤❡ ♥♦✐s❡ s✉❝❤ t❤❛t t❤❡ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥ r❡❛❞s
 t =     1 2 + D  2 +
 
2 2  ˜ , ✭✸✳✼✮
✸✳✷✳ ❘❡s♣♦♥s❡ ✜❡❧❞ ❢♦r♠❛❧✐s♠ ❢♦r ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥ ✹✶
✇✐t❤ t❤❡ ❝❡♥t❡r❡❞ ●❛✉ss✐❛♥ ♥♦✐s❡  ˜ ❤❛✈✐♥❣ ♥♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛♥❝❡✿
  ˜(x) ˜(x ) =  (t t ) d(}x }x ) , ✭✸✳✽✮
♦r ❡q✉✐✈❛❧❡♥t❧②✱ t❤❡ ♣r♦❜❛❜✐❧✐t② P[ ˜] ♦❢ ❛ ❣✐✈❡♥ tr❛❥❡❝t♦r② ❢♦r  ˜ ✐s ❣✐✈❡♥ ❜②
P[ ˜]  e 12
 
x
 ˜(x)2 . ✭✸✳✾✮
❚❤❡ ■tô ❝❛❧❝✉❧✉s ✐s t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♣♣❛r❛t✉s ✇❤✐❝❤ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❢♦r
t❤✐s ❢♦r♠✉❧❛t✐♦♥✱ ✇❤❡♥ ❛ ❢♦r✇❛r❞ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡ ✐s ❝❤♦s❡♥ ✭●❛r❞✐♥❡r ✷✵✵✾✮✳ ■♥
t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ✇♦r❦ ✇✐t❤ t❤❡ ❝♦♥t✐♥✉✉♠ ❙P❉❊ ✭✸✳✼✮ ✉s✐♥❣ ❢♦r♠❛❧ ❢✉♥❝t✐♦♥❛❧
♠❛♥✐♣✉❧❛t✐♦♥s✱ ❤❛✈✐♥❣ ✐♥ ♠✐♥❞ t❤❛t ✇❤❛t ✇❡ r❡❛❧❧② ♠❡❛♥ ✐s ❛ ❞✐s❝r❡t✐③❡❞ ✈❡rs✐♦♥ ♦❢
t❤❡ ♣r♦❝❡ss✳ ❚❤❡ ✜rst st❡♣ ♦❢ t❤❡ ▼❙❘❏❉ ❢♦r♠❛❧✐s♠ ✐s t♦ ❛❞❞ ❛ ❧✐♥❡❛r s♣❛❝❡t✐♠❡✲
❞❡♣❡♥❞❡♥t ♣❡rt✉r❜❛t✐♦♥✱  ¯✱ t♦ t❤❡ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥✿
 t =     1 2 + D  2 +
 
2 2  ˜ +  ¯ . ✭✸✳✶✵✮
❛♥❞ ✇❡ ♥♦t❡   [ ]  ¯✱ ✇✐t❤  ❛ ❢✉♥❝t✐♦♥❛❧ ♦❢  ✱ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ ✭❢✉♥❝t✐♦♥❛❧ ♦❢
t❤❡✮ s♦❧✉t✐♦♥ ♦❢ t❤❡ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥ ✭✸✳✶✵✮ ❛❜♦✈❡ ♦✈❡r r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ♥♦✐s❡  ˜✳
❚❤✐s ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ❣❡t ✐♥❢♦r♠❛t✐♦♥s ♦♥ t❤❡ r❡s♣♦♥s❡ ♦❢ t❤❡ s②st❡♠ t♦ ✐♥✜♥✐t❡s✐♠❛❧
♣❡rt✉r❜❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱
G(x,x ) =
   (x)  ¯
  ¯(x )
     
 ¯=0
, ✭✸✳✶✶✮
t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢    ✇✐t❤ r❡s♣❡❝t t♦  ¯✱ ✐s t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥✱ t❤❡ r❡s♣♦♥s❡
♦❢ t❤❡ s②st❡♠ ❛t t❤❡ ♣♦✐♥t x t♦ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ❝♦♥❝❡♥tr❛t❡❞ ❛t t❤❡
♣♦✐♥t x ✳
❖✉r ❣♦❛❧ ✐s ♥♦✇ t♦ ✜♥❞ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥❛❧ ♦❢ t❤❡ ♣r♦❝❡ss
 ✿
 [j,  ¯] =  e
 
x
j(x) (x)  ¯ . ✭✸✳✶✷✮
❲❡ s❡❡ t❤❛t j ❛♥❞  ¯ ♣❧❛② s✐♠✐❧❛r r♦❧❡s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡
r❡✇r✐tt❡♥ ❛s
G(x,x ) =
 2 [j,  ¯]
 j(x)  ¯(x )
     
j= ¯=0
✭✸✳✶✸✮
❚❤❡ ✜rst st❡♣ ✐s t♦ ✇r✐t❡  ❛s ❛ ❢✉♥❝t✐♦♥❛❧ ✐♥t❡❣r❛❧
 [j,  ¯] =
 
 [ ]e
 
x
j   [    ˜]  ¯ . ✭✸✳✶✹✮
❚❤❡ ✐♥t❡❣r❛t✐♦♥ ♠❡❛s✉r❡  [ ] ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❉✐r❛❝ ❞❡❧t❛  [ ] ❛r❡ t♦ ❜❡ ✉♥❞❡rst♦♦❞
❛s t❤❡ ❝♦♥t✐♥✉✉♠ ❧✐♠✐t ♦❢ t❤❡✐r ❞✐s❝r❡t✐③❡❞ ✈❡rs✐♦♥s ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡✳   ˜ ✐s t❤❡ ✇❡❛❦
s♦❧✉t✐♦♥ ♦❢ t❤❡ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥ ✭✸✳✶✵✮ ❢♦r ❛ ❣✐✈❡♥  ˜✳ ❚❤❡ s❡❝♦♥❞ st❡♣ ✐s t♦ r❡♣❧❛❝❡
t❤❡ ❝♦♥str❛✐♥t   [    ˜]  ¯ ❜② t❤❡ ❡①♣❧✐❝✐t ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ♦❢  ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢
t❤❡ ♣❡rt✉r❜❛t✐♦♥  ¯✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s  ( ) = 0✱ ✇✐t❤
 (x) =  t    +  1 2  D  2   ¯ 
 
2 2  ˜ . ✭✸✳✶✺✮
❆ss✉♠✐♥❣ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐❝✐t② ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ♦❢ ✭✸✳✶✵✮ ✭❛t ❧❡❛st ❛❧♠♦st ❡✈❡r②✲
✇❤❡r❡ ❢♦r t❤❡ ♠❡❛s✉r❡  [ ] ❢♦r ❛ ❣✐✈❡♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✮✱ ♦♥❡ ♦❜t❛✐♥s
 [j,  ¯] =
 
 [ ]e
 
x
j   [ ]   , ✭✸✳✶✻✮
✹✷
❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ❢♦r ♦✉t ♦❢
❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s
✇✐t❤  t❤❡ ❏❛❝♦❜✐❛♥ ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥✱  =  det    (x)
  (x )
  ✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥
t❤❡ ❝❤♦✐❝❡ ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ✭✸✳✶✵✮✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❛❧✇❛②s ❛ss✉♠❡ t❤❛t ✐t ❤❛s t♦
❜❡ ✉♥❞❡rst♦♦❞ ✐♥ t❤❡ ■tô ❝♦♥✈❡♥t✐♦♥✱ ✇❤✐❝❤ ❛♠♦✉♥ts t♦ ❤❛✈❡ ❛ ❢♦r✇❛r❞ ❞✐s❝r❡t✐③❛t✐♦♥
s❝❤❡♠❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱  ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡
✜❡❧❞s ✭❚ä✉❜❡r ✷✵✶✹✮✳ ❆❝❝♦r❞✐♥❣❧②✱ ✐t ❝❛♥ ❜❡ ✐❣♥♦r❡❞ ✐t t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❝♦rr❡❧❛t✐♦♥
❛♥❞ r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s ❛♥❞ ✐t ✐s ❛❜s♦r❜❡❞ ✐♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ ♠❡❛s✉r❡✳
❚❤❡ ❧❛st st❡♣ ✐s t♦ ✉s❡ t❤❡ ❋♦✉r✐❡r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❉✐r❛❝ ❞❡❧t❛s✳
 [j,  ¯] =
 
 [ ,  ¯]e
 
x
j  e i
 
x
 ¯  
=
 
 [ ,  ¯]e
 
x
j +i ¯ ¯e i
 
x
 ¯( t    + 1 2 D  2 ) ei
 
x
 ¯
 
2 2  ˜ 
=
 
 [ ,  ¯]e
 
x
j +i ¯ ¯e  [ , ¯]
✇✐t❤  [ ,  ¯] =
 
x
 
i ¯( t    +  1 2  D  2 ) +  2  ¯2
 
, ✭✸✳✶✼✮
✉s✐♥❣ t❤❡ ♣r♦♣❡rt② ✭✸✳✾✮ t♦ ❝♦♠♣✉t❡ t❤❡ ❛✈❡r❛❣❡ ✈❛❧✉❡ ✐♥ t❤❡ s❡❝♦♥❞ ❧✐♥❡✳ ❋✐♥❛❧❧②✱
♦♥❡ ✉s✉❛❧❧② ❛❜s♦r❜s t❤❡ ❝♦♠♣❧❡① i ✐♥ ❛ r❡❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ r❡s♣♦♥s❡ ✜❡❧❞s i ¯   ˜
②✐❡❧❞✐♥❣
 =
 
x
 
 ˜( t    +  1 2  D  2 )  2  ˜2
 
. ✭✸✳✶✽✮
❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ▼❙❘❏❉ ♠❛♣♣✐♥❣✳ ❇② r❡s❝❛❧✐♥❣   
 
 2
 1
 ❛♥❞  ˜ =
 
 1
 2
 ¯✱
r❡s❝❛❧✐♥❣ t❤❡ t✐♠❡ t  D 1t ❛♥❞ ♥♦t✐♥❣  =  D 1 ,  =   1 2✱ ♦♥❡ ♦❜t❛✐♥s
✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②
 [j,  ¯] =
 
 [ ,  ¯]e
 
x
j + ¯ ¯e  [ , ¯]
 [ ,  ¯] =
 
x
 
 ¯( t   2   ) +    ¯(   ¯)
 
. ✭✸✳✶✾✮
❚❤✐s ❛❝t✐♦♥ ✐s ❦♥♦✇♥ ✐♥ ❤✐❣❤ ❡♥❡r❣② ♣❤②s✐❝s ❛s t❤❡ ❘❡❣❣❡♦♥ ✜❡❧❞ t❤❡♦r②✱ ✐ts ♠❛♣♣✐♥❣
✇✐t❤ ❉P ✇❛s ✉♥❞❡rst♦♦❞ ✐♥ ✭❈❛r❞② ❛♥❞ ❙✉❣❛r ✶✾✽✵✮✳ ❖♥❡ s❡❡s t❤❛t ✐t ❞❡♣❡♥❞s ♦♥
t✇♦ s❝❛❧❛r ✜❡❧❞s✱ ❛❧t❤♦✉❣❤ ✇❡ ❤❛✈❡ st❛rt❡❞ ✇✐t❤ ❛ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❞❡♥s✐t②
♦♥❧②✳ ❚❤✐s ✐s ❛ ❣❡♥❡r❛❧ ❢❡❛t✉r❡ ♦❢ t❤❡ ❛❝t✐♦♥ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ t❤✐s ❢♦r♠❛❧✐s♠✿ t❤❡②
❝♦♥t❛✐♥ t✇✐❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♣r❡s❡♥t ✐♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❧✐♠✐t ♦❢
t❤❡ ♣r♦❝❡ss✳ ❚❤❡s❡ ♥❡✇ ✜❡❧❞s✱ ❛ss♦❝✐❛t❡❞ t♦ ❡❛❝❤ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ♦r ❝♦♥str❛✐♥ts
❛r❡ ❝❛❧❧❡❞ t❤❡ r❡s♣♦♥s❡ ✜❡❧❞s ❛♥❞ ✇❡ ❝❛❧❧ t❤❡ ✜❡❧❞ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♦r✐❣✐♥❛❧ ❞❡❣r❡❡s
♦❢ ❢r❡❡❞♦♠ t❤❡ ♦❜s❡r✈❛❜❧❡ ✜❡❧❞s✳ ❋r♦♠ ✭✸✳✶✾✮✱ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ❛s
G(x,x ) =
 2 [j,  ¯]
 j(x)  ¯(x )
     
j= ¯=0
=   (x) ¯(x ) . ✭✸✳✷✵✮
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ❝❛❧❧ t❤❡ ❛✈❡r❛❣❡ ♦❢ ❛♥ ❛r❜✐tr❛r② ♣r♦❞✉❝t ♦❢ ♦❜s❡r✈❛❜❧❡
❛♥❞ r❡s♣♦♥s❡ ✜❡❧❞s ❛ ❣❡♥❡r❛❧✐③❡❞ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥✳ ❚❤❡ ♠❛tr✐① ♦❢ t✇♦✲♣♦✐♥t
❣❡♥❡r❛❧✐③❡❞ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ♦❢t❡♥ ❝❛❧❧❡❞ t❤❡ ♣r♦♣❛❣❛t♦r✱ s♦♠❡✇❤❛t ❛❜✉s✐✈❡❧②
❛s ✐t ❝♦♥t❛✐♥s ❛❧s♦ t❤❡ t✇♦✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ♦❢ t❤❡ ♦❜s❡r✈❛❜❧❡ ✜❡❧❞✳
◆♦✇✱ ❧❡t ✉s ❞✐s❝✉ss ❣❡♥❡r❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s ♦♥ t❤❡
❛❜♦✈❡ ❡①❛♠♣❧❡✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❛❝t✐♦♥ ✈❛♥✐s❤❡s ✇❤❡♥ t❤❡ r❡s♣♦♥s❡ ✜❡❧❞s ❛r❡ s❡t
✸✳✸✳ ❙t❛t✐st✐❝❛❧ ♣❤②s✐❝s ❛♥❞ ♠❡❛♥✲✜❡❧❞ t❤❡♦r✐❡s ✹✸
t♦ ③❡r♦✳ ❋✉rt❤❡r♠♦r❡✱ ❞✉❡ t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥✱
t❤❡ r❡s♣♦♥s❡ ✜❡❧❞s ❛r❡ ❡✈❛❧✉❛t❡❞ ❛t ❛ ❧❛t❡r t✐♠❡ ✐♥ t❤❡ ❛❝t✐♦♥ t❤❛♥ t❤❡ ♦❜s❡r✈❛❜❧❡
✜❡❧❞✳ ❚❤❡s❡ t✇♦ ♣r♦♣❡rt✐❡s ❛r❡ ✐♥ ❢❛❝t ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❡ ❝❛s❡ ♦❢ ●❛✉ss✐❛♥ ♥♦✐s❡✳
❇♦t❤ ♦❢ t❤❡♠ ❛r❡ ♥❡❝❡ss❛r② t♦ ❤❛✈❡ ❛ ❝❛✉s❛❧ ♣r♦❝❡ss✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t
 m
  ¯(x1) . . .  ¯(xm)
  (x 1) . . .  (x n)  ¯ = 0
✐❢  k,  , l  , tk > t l . ✭✸✳✷✶✮
■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♣r♦❝❡ss ✐s ❝❛✉s❛❧ ✐❢ ❛♥② ♠✉❧t✐✲t✐♠❡s r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥ ✈❛♥✐s❤❡s
✇❤❡♥ ✐ts ❧❛r❣❡st t✐♠❡ ✐s t❤❡ ♦♥❡ ♦❢ ❛ r❡s♣♦♥s❡ ✜❡❧❞✳ ❚❤❡ tr❡❛t♠❡♥t ♦❢ t❤✐s ❝❛✉s❛❧✐t②
♣r♦♣❡rt② ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ◆P❘● ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ❢✉rt❤❡r ✐♥ ❙❡❝✳ ✸✳✺✳ ■♥ t❤❡
❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛❧✇❛②s ❛ss✉♠❡ t❤❛t t❤❡s❡ t✇♦ ♣r♦♣❡rt✐❡s ❤♦❧❞✱ ✇❤❛t❡✈❡r t❤❡ ✇❛② ✇❡
♦❜t❛✐♥❡❞ t❤❡ ❛❝t✐♦♥✳ ■t ✇✐❧❧ ❜❡ t❤❡ ❝❛s❡ ❢♦r ❛❧❧ ❛❝t✐♦♥s ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ❛ r❡s♣♦♥s❡
✜❡❧❞ ❢♦r♠❛❧✐s♠ ❣❡♥❡r❛❧✐③✐♥❣ ▼❙❘❏❉✳ ❲❤❡t❤❡r ❛♥❞ ❤♦✇ t♦ ✐♥t❡r♣r❡t t❤❡ ❛❝t✐♦♥ ♦❜✲
t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ❉♦✐✲P❡❧✐t✐ ❢♦r♠❛❧✐s♠✱ t♦ ❜❡ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣✳ ✹✱ ✐♥ t❤✐s s❡tt✐♥❣
♠❛② ❜❡ ♠♦r❡ ❞❡❧✐❝❛t❡✱ ❛t ❧❡❛st ♥♦♥✲♣❡rt✉r❜❛t✐✈❡❧②✳
✸✳✸ ❙t❛t✐st✐❝❛❧ ♣❤②s✐❝s ❛♥❞ ♠❡❛♥✲✜❡❧❞ t❤❡♦r✐❡s
❚❤❡ ❈❤❛♣✳ ✷ ♦❢ t❤✐s ♠❡♠♦✐r ❤❛s ❜❡❡♥ ❞❡✈♦t❡❞ t♦ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t✇♦ ❡①❛♠♣❧❡s
♦❢ s②st❡♠s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✜❡❧❞ ♦❢ st❛t✐st✐❝❛❧ ♣❤②s✐❝s✳ ❍♦✇❡✈❡r t❤❡s❡ ❡①❛♠♣❧❡s
✇❡r❡ ♣❡❝✉❧✐❛r ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ❡♠♣❤❛s✐s ✇❛s ❣✐✈❡♥ ♦♥ ❝♦rr❡❧❛t✐♦♥s t❤❛t ❞❡✈❡❧♦♣
❛t ❛❧❧ s❝❛❧❡s ✐♥ t❤❡s❡ s②st❡♠s✱ ❡✐t❤❡r ❜❡❝❛✉s❡ ✇❡ ♣❧❛❝❡❞ ♦✉rs❡❧✈❡s ❛t ❛ ♣❛rt✐❝✉❧❛r
♣♦✐♥t ✐♥ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ♦r ❜❡❝❛✉s❡ ✐t ✇❛s ❛ ❣❡♥❡r✐❝ ❢❡❛t✉r❡ ♦❢ t❤❡ t❤❡♦r②✳ ■t ✐s
✇♦rt❤✇❤✐❧❡ ❛t t❤✐s ♣♦✐♥t t♦ t❛❦❡ ❛ st❡♣ ❜❛❝❦ ❛♥❞ r❡✈✐❡✇ ✜rst t❤❡ st❛t✐st✐❝❛❧ ♣❤②s✐❝s
♦❢ ♥♦♥✲✐♥t❡r❛❝t✐♥❣ ♦r ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❚❤✐s ✇✐❧❧ ❛❧❧♦✇ ✉s t♦
♠♦t✐✈❛t❡ ❛♥❞ ✐♥tr♦❞✉❝❡ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠❛❧✐s♠ ♦❢ t❤❡ ◆P❘●✳
❲❡ ✇✐❧❧ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ st♦❝❤❛st✐❝ s②st❡♠s ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛
✭♥♦♥✲♥♦r♠❛❧✐③❡❞✮ ❢✉♥❝t✐♦♥❛❧ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿
 [j] =
 
 [ ]e  [ ]+j  . ✭✸✳✷✷✮
❋♦r ✜❡❧❞ t❤❡♦r✐❡s ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ❛ r❡s♣♦♥s❡ ✜❡❧❞ ❢♦r♠❛❧✐s♠✱  ❝♦♥t❛✐♥s ❜♦t❤ t❤❡
♦❜s❡r✈❛❜❧❡ ❛♥❞ r❡s♣♦♥s❡ ✜❡❧❞s✳ ❚❤❡ ❛❜♦✈❡ ❢♦r♠❛❧ ♥♦t❛t✐♦♥ ❤❛s t♦ ❜❡ ✉♥❞❡rst♦♦❞ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✳ ❚❤❡ s②♠❜♦❧ ✇✐t❤ ❜r❛❝❦❡ts r❡♣r❡s❡♥t ❛ ❢✉♥❝t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝② ✐♥
✐ts ❛r❣✉♠❡♥t✳ ❚❤❡ s②♠❜♦❧  ✐s ❛ ♠❡❛s✉r❡ ✐♥ ❛ ❝❡rt❛✐♥ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❞♦t ✐s
❛ ❢♦r♠❛❧ s❝❛❧❛r ♣r♦❞✉❝t ✐♥ t❤✐s s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ❢♦r ❛ n✲❝♦♠♣♦♥❡♥t
✜❡❧❞ t❤❡♦r② ❧✐✈✐♥❣ ✐♥ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ❜♦① ♦❢ ❧✐♥❡❛r s✐③❡ L ❛♥❞ ❢r♦♠ t❤❡ t✐♠❡ 0 t♦  ✱
✐t ✇r✐t❡s
j   =
n 
i=1
 
[0, ] [0,L]d
dt ddx ji(t, }x) i(t, }x) =
 
x
ji(x) i(x) . ✭✸✳✷✸✮
▲❡t ✉s ✐♥tr♦❞✉❝❡ t✇♦ ♠♦r❡ s❤♦rt❤❛♥❞ ♥♦t❛t✐♦♥s✳ ❋♦r ❛♥② ❧✐♥❡❛r ♦♣❡r❛t♦r  ❛♥❞ ✜❡❧❞
 ✱ ✇❡ ✇r✐t❡    t❤❡ ✜❡❧❞ ❞❡✜♥❡❞ ❛s
     
i
(x) =
 
y
 ij(x,y) j(y) , ✭✸✳✷✹✮
✹✹
❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ❢♦r ♦✉t ♦❢
❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s
❛♥❞ ✐❢  ✐s s②♠♠❡tr✐❝✱
      =         =         . ✭✸✳✷✺✮
❚♦ ❣✐✈❡ ❛ r✐❣♦r♦✉s ♠❡❛♥✐♥❣ t♦ t❤❡s❡ ♥♦t❛t✐♦♥s ✐s ♦❢t❡♥ ❛ ❤❛r❞ t❛s❦ t❤❛t ✇❡ ❞♦
♥♦t ❛✐♠ ♥♦r ♥❡❡❞ t♦ ✉♥❞❡rt❛❦❡✳ ■♥❞❡❡❞✱ ✐♥ st❛t✐st✐❝❛❧ ♣❤②s✐❝s✱ t❤❡s❡ ❣❡♥❡r❛t✐♥❣
❢✉♥❝t✐♦♥❛❧s ❛r❡ ♦❢t❡♥ ❞❡✜♥❡❞ ✇✐t❤ ❛ ♥❛t✉r❛❧ ❝✉t♦✛ ❢♦r t❤❡ s♠❛❧❧ ❧❡♥❣t❤ s❝❛❧❡s✱ ♦r
❡q✉✐✈❛❧❡♥t❧② ❢♦r ❤✐❣❤ ✇❛✈❡✲♥✉♠❜❡rs✳ ❋♦r t❤❡♦r✐❡s ❞❡✜♥❡❞ ♦♥ ❛ ❧❛tt✐❝❡ ❢♦r ❡①❛♠♣❧❡✱
t❤✐s ❝✉t♦✛ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥✈❡rs❡ ❧❛tt✐❝❡ s♣❛❝✐♥❣ ✭✐♥ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ✜❡❧❞ t❤❡♦r②✱
❛♥ ❯❱ ❝✉t♦✛✱ ❣❡♥❡r✐❝❛❧❧② ♥♦t❡❞ Λ✮✳ ❲❤❡♥ t❤❡ ❝✉t♦✛ ✐s ♥♦t ❡①♣❧✐❝✐t❧② ♣r❡s❡♥t✱ ✐t ❤❛s
t♦ ❜❡ ✉♥❞❡rst♦♦❞ ❛s t❤❡ ❧✐♠✐t ♦❢ ✈❛❧✐❞✐t② ♦❢ t❤❡ ♠♦❞❡❧ ✉s❡❞ t♦ ✇r✐t❡ t❤❡ t❤❡♦r②✳ ❚❤❡
♦♣❡r❛t✐♦♥ t♦ t❛❦❡ t❤❡ ❯❱ ❝✉t♦✛ t♦ ✐♥✜♥✐t② ✐s ❝❛❧❧❡❞ t❤❡ ❝♦♥t✐♥✉♦✉s ❧✐♠✐t✳ ❲❤✐❧❡ t❤❡
❝♦♥t✐♥✉♦✉s ❧✐♠✐t ♦❢t❡♥ ♠❛❦❡s t❤❡ t❛s❦ ♦❢ ❝♦♠♣✉t✐♥❣ q✉❛♥t✐t✐❡s ❡❛s✐❡r✱ ✐t ✐s ✐♥ ❢❛❝t
♥♦t ❛ ♥❡❝❡ss❛r② st❡♣✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ✇✐❧❧ ♠❛♥✐♣✉❧❛t❡ ❢♦r♠❛❧❧② t❤❡ ❢✉♥❝t✐♦♥❛❧
❡①♣r❡ss✐♦♥s ✐♥ t❤❡ ❝♦♥t✐♥✉✉♠✱ ❤❛✈✐♥❣ ✐♥ ♠✐♥❞ t❤❛t t❤❡② ❝♦♥t❛✐♥ ❛ ❯❱ ❝✉t♦✛ ✇❤✐❝❤
r❡❣✉❧❛r✐③❡s t❤❡ t❤❡♦r②✳ ◆♦✇✱ ❧❡t ✉s ❜❡❣✐♥ ❜② ❛♥ ✐♥tr♦❞✉❝t✐✈❡ s❡❝t✐♦♥ ♦♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥
♦❢ st❛t✐st✐❝❛❧ ✜❡❧❞ t❤❡♦r✐❡s ✇❤❡♥ t❤❡ t♦♦❧s ♦❢ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ❛r❡ ♥♦t
♥❡❡❞❡❞✳ ❚❤✐s ✇✐❧❧ ❛❧s♦ ❜❡ t❤❡ ♦❝❝❛s✐♦♥ t♦ s❡t ✉♣ s♦♠❡ ♥♦t❛t✐♦♥s✳
✸✳✸✳✶ ❋r❡❡ t❤❡♦r✐❡s ❛♥❞ s❛❞❞❧❡ ♣♦✐♥t ♠❡t❤♦❞s
❆ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦✈❡r t❤❡ ✜❡❧❞s ❝❛♥ ❜❡ ❞♦♥❡ ❡①❛❝t❧② ✐s t❤❡
❝❛s❡ ♦❢ ♥♦♥✲✐♥t❡r❛❝t✐♥❣✱ ♦r ❢r❡❡✱ t❤❡♦r✐❡s✳ ❚❤❡ t❤❡♦r② ✐s s❛✐❞ t♦ ❜❡ ❢r❡❡ ✐❢  ✐s ❛t ♠♦st
q✉❛❞r❛t✐❝ ✐♥ t❤❡ ✜❡❧❞s✳ ❆ ❧✐♥❡❛r t❡r♠ ❝❛♥ ❜❡ ❛❜s♦r❜❡❞ ✐♥ ❛ s❤✐❢t ♦❢ j✱ s♦ ✇❡ ✇r✐t❡ ✐♥
❛❧❧ ❣❡♥❡r❛❧✐t②
 [ ] = 1
2
   (2)   = 1
2
 
x,y
 i(x) (2)ij (x,y) j(y) ✭✸✳✷✻✮
✇✐t❤  (2) t❤❡ s②♠♠❡tr✐❝ ❧✐♥❡❛r ♦♣❡r❛t♦r ❞❡✜♥❡❞ ❛s t❤❡ ❍❡ss✐❛♥ ♦❢  ✿
 (2)ij (x,y) =
 2 [ ]
  i(x)  j(y)
     
 =0
. ✭✸✳✷✼✮
■❢  (2) ✐s ❞❡✜♥✐t❡ ♣♦s✐t✐✈❡✱ ✇❡ ♥♦t❡ G0 =
  (2)  1 ❛♥❞ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ✐s r❡❛❞✐❧②
❝❛❧❝✉❧❛t❡❞ t♦ ❜❡
 [j] =  e 12 j G0 j , ✭✸✳✷✽✮
✇❤❡r❡  ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ j✳ ❋r♦♠ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢  [j]✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❢✉❧❧ s❡t
♦❢ ❣❡♥❡r❛❧✐③❡❞ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❞❡✜♥✐♥❣ t❤❡ t❤❡♦r②✿
  i1(x1) i2(x2) . . .  ik(xk) j =
  [ ]e  [ ]+j   i1(x1) i2(x2) . . .  ik(xk)  [ ]e  [ ]+j  
=
1
 [j]
 n [j]
 ji1(x1) ji2(x2) . . .  jik(xk)
. ✭✸✳✷✾✮
◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ✇✐t❤♦✉t s❡tt✐♥❣ t❤❡ s♦✉r❝❡s j t♦
③❡r♦✱ t❤✉s t❤❡s❡ ❛r❡ st✐❧❧ ❢✉♥❝t✐♦♥❛❧s ♦❢ j✳ ❚❤✐s ✐s ✇❤② ✇❡ ❤❛✈❡ t♦ ❞✐✈✐❞❡ ❜②  [j] t♦
❣❡t ❛ ♥♦r♠❛❧✐③❡❞ ❡①♣r❡ss✐♦♥✳ ❚❤✐s ❞❡♣❡♥❞❡♥❝② ✐s ♠❛❞❡ ❡①♣❧✐❝✐t ✐♥ t❤❡ j s✉❜s❝r✐♣t ♦❢
t❤❡ ♠❡❛♥ ✈❛❧✉❡✳ ❚❤❡ ♣❤②s✐❝❛❧ ❝♦♥t❡♥t ♦❢ t❤❡ t❤❡♦r② ✐s ✇r✐tt❡♥ ♠♦r❡ ❝♦♠♣❛❝t❧② ✉s✐♥❣
✸✳✸✳ ❙t❛t✐st✐❝❛❧ ♣❤②s✐❝s ❛♥❞ ♠❡❛♥✲✜❡❧❞ t❤❡♦r✐❡s ✹✺
t❤❡ ❝♦♠♣❧❡① ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥✱ t❤❛t ✇❡ s❤❛❧❧ ♥♦t❡  ❢♦❧❧♦✇✐♥❣
❝♦♠♠♦♥ ✉s❛❣❡ ✐♥ t❤❡ ✜❡❧❞✳ ■t ✐s t❤❡ ❛♥❛❧♦❣♦✉s ♦❢ t❤❡ ❍❡❧♠♦❧t③ ❢r❡❡ ❡♥❡r❣② ❢♦r
♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ s②st❡♠s✳ ❲❤✐❧❡ ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢  ❣✐✈❡ t❤❡ ❝♦rr❡❧❛t✐♦♥
❢✉♥❝t✐♦♥s✱ ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢  ❣✐✈❡ ❝♦♥♥❡❝t❡❞ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ✲ t❤❡
❢✉♥❝t✐♦♥❛❧ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ ❝✉♠✉❧❛♥ts ✭▲❡ ❇❡❧❧❛❝ ✶✾✾✽✮✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ ♠♦r❡
♥♦t❛t✐♦♥s✳ ❚❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ ✜❡❧❞s ✐s ❞❡♥♦t❡❞ ❛s
Φi(x) =   i(x) j = 1 [j]
  [j]
 ji(x)
=
  
 ji(x)
, ✭✸✳✸✵✮
❛♥❞ ❛♥ ❛r❜✐tr❛r② n✲♣♦✐♥t ❣❡♥❡r❛❧✐③❡❞ ❝♦♥♥❡❝t❡❞ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ✐s ❞❡✜♥❡❞ ❛s
G
(n)
i1...in
[ x  1   n; j] =  
n 
 ji1(x1) . . .  jin(xn)
. ✭✸✳✸✶✮
◆♦t❡ t❤❛t ✐♥ t❤✐s ❞❡✜♥✐t✐♦♥ ❛s ✇❡❧❧✱ G(n)i1...in ✐s st✐❧❧ ❛ ❢✉♥❝t✐♦♥❛❧ ♦❢ t❤❡ s♦✉r❝❡s✱ ✇❤✐❝❤
✐s ♠❛t❡r✐❛❧✐③❡❞ ❜② t❤❡ sq✉❛r❡ ❜r❛❝❦❡ts ❛♥❞ t❤❡ ❡①♣❧✐❝✐t j ❞❡♣❡♥❞❡♥❝②✳ ❲❡ ✐♥❞✐❝❛t❡
t❤❛t ❛ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❡✈❛❧✉❛t❡❞ ❛t ❝♦♥st❛♥t ✜❡❧❞s j0 ✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥
G
(n)
i1...in
( x  1   n, j0)  G(n)i1...in [ x  ; j = j0] . ✭✸✳✸✷✮
■♥ t❤❡ ❝❛s❡ ♦❢ j0 = 0✱ ✇❡ ✇r✐t❡ s✐♠♣❧② G
(n)
i1...in
( x  1   n)✳ ❚❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠s ♦❢
t❤❡s❡ ❢✉♥❝t✐♦♥s ❢♦❧❧♦✇ t❤❡ ❝♦♥✈❡♥t✐♦♥s ❣✐✈❡♥ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✿
G˜(n)( p  1   n, j0) =
 
 x  
G(n)( x  1   n, j0)e ip  x . ✭✸✳✸✸✮
❛♥❞ ❢♦r s②st❡♠s ✐♥✈❛r✐❛♥t ✉♥❞❡r s♣❛❝❡✲t✐♠❡ tr❛♥s❧❛t✐♦♥s✱ ❡①tr❛❝t✐♥❣ t❤❡ ❞❡❧t❛ ❢✉♥❝✲
t✐♦♥ ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ✇❛✈❡✲✈❡❝t♦r ❛♥❞ ❢r❡q✉❡♥❝② ❣✐✈❡s
G˜(n)( p  1   n, j0) = (2 )d+1 d(
n 
k=1
}pk) (
n 
k=1
 k)G¯
(n)( p  1   n 1, j0) . ✭✸✳✸✹✮
●♦✐♥❣ ❜❛❝❦ t♦ t❤❡ ●❛✉ss✐❛♥ t❤❡♦r② ✭✸✳✷✽✮✱ ✇❡ ♦❜t❛✐♥ s✐♠♣❧②
Φi(x) =
 
G0  j
 
i
(x)
G
(2)
ij [x,y; j] =
 
G0
 
ij
(x,y)
G
(n)
i1...in
[ x  1   n; j] = 0 , ❢♦r n > 2 . ✭✸✳✸✺✮
■♥ t❤❡ ❝♦♥t❡①t ♦❢ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s✱ ✇❡ ✇✐❧❧ ♦❢t❡♥ ✉s❡ t❤❡ ♥❛♠❡ ♦❢
●❛✉ss✐❛♥ t❤❡♦r② ❛♥❞ ●❛✉ss✐❛♥ ✜❡❧❞s ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢
 ●❛✉ss✐❛♥ =
 
x
 
 ¯( t   2 +  )  ∆ ¯2
 
✭✸✳✸✻✮
✇✐t❤  ❛♥❞ ∆ t✇♦ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs✳ ❚❤✐s ▼❙❘❏❉ ❛❝t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❢♦❧❧♦✇✲
✐♥❣ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥✿
 t = ( 
2   ) +  
  (x) (x ) = 2∆ (x x ) , ✭✸✳✸✼✮
✹✻
❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ❢♦r ♦✉t ♦❢
❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s
✇❤✐❝❤ ❞❡s❝r✐❜❡s ❢♦r ❡①❛♠♣❧❡ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❤❡❛t ✐♥ ❛ ♠❛t❡r✐❛❧ s✉❜❥❡❝t❡❞ t♦ ❤❡❛t
❧♦ss ❛♥❞ ♥♦✐s❡✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥✱ t❤✐s ✜❡❧❞ ✐s ❣❡♥❡r❛❧❧② ♦♥❧② ❞❡✜♥❡❞
✉♣ t♦ ❛♥ ❯❱ ❝✉t♦✛✳
❍♦✇❡✈❡r✱ ♠♦st t❤❡♦r✐❡s ♦❢ ✐♥t❡r❡st ❛r❡ ♥♦t ❢r❡❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦♥❡ ❤❛s t♦ ✜♥❞
❛ ✇❛② t♦ ❝❛❧❝✉❧❛t❡ ❛♣♣r♦①✐♠❛t❡❧② t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡
♥♦♥✲q✉❛❞r❛t✐❝ ♣❛rt ♦❢  ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ ❛ s♠❛❧❧ ❝♦✉♣❧✐♥❣ g✳ ■♥ t❤✐s ❝❛s❡✱ ♦♥❡ ❝❛♥
tr② t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ✉s✐♥❣ ❛ ❢✉♥❝t✐♦♥❛❧ s❛❞❞❧❡✲♣♦✐♥t✳ ▲❡t ✉s
❛ss✉♠❡  ✐s s♠♦♦t❤ ❛♥❞ ❡①♣❛♥❞ t❤❡ ❛r❣✉♠❡♥t ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥ ♣♦✇❡rs ♦❢ t❤❡
✜❡❧❞s ❛r♦✉♥❞ ❛♥ ❛r❜✐tr❛r② ✈❛❧✉❡   ✿
  [ ] + j   =   [  ] +
 
j   
   
[  ]
 
 (    ) + j    
 1
2
(    )   (2)[  ]  (    ) + g S✐♥t[  ,     ] , ✭✸✳✸✽✮
✇❤❡r❡ S✐♥t[  ,     ] ✐s ❛t ❧❡❛st ❝✉❜✐❝ ✐♥     ✳ ▲❡t ✉s ❝❤♦♦s❡   = Φ0[j] t❤❡ s♦❧✉t✐♦♥
♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥
  
   
[  ] = j , ✭✸✳✸✾✮
s✉❝❤ t❤❛t t❤❡ t❡r♠ ❧✐♥❡❛r ✐♥  ✐♥ ✭✸✳✸✽✮ ✈❛♥✐s❤❡s✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t Φ0 ❞✐✈❡r❣❡s
✇❤❡♥ g ❣♦❡s t♦ ③❡r♦ ❛t j ✜①❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥t❡r❛❝t✐♦♥✱
Φ0  g 12 n ✱ ✇❤❡r❡ n ✐s t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ✜rst t✇♦
t❡r♠s ♦❢ ✭✸✳✸✽✮ ❞✐✈❡r❣❡ ✇✐t❤ g✱ t❤❡ q✉❛❞r❛t✐❝ t❡r♠ ✐s ♦❢ ♦r❞❡r g0 ❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥
♣❛rt ❤❛s ♣♦s✐t✐✈❡ ♣♦✇❡rs ♦❢ g✳ ❚❤❡ ♣❛rt✐t✐♦♥ r❡❛❞s✱ ♥❡❣❧❡❝t✐♥❣ S✐♥t ❢♦r t❤❡ ♠♦♠❡♥t✱
 [j]  e  [Φ0]+j Φ0
 
 [ ]e 12 (  Φ0)  (2)[Φ0] (  Φ0) . ✭✸✳✹✵✮
❆ss✉♠✐♥❣ t❤❛t t❤❡ ●❛✉ss✐❛♥ ✐♥t❡❣r❛t✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡✱ ✐t ❣✐✈❡s
 
 [ ]e 12 (  Φ0)  (2)[Φ0] (  Φ0) =
 
det
 (2)[Φ0]
2 
  1
2
=  e 12 tr ln (2)[Φ0] . ✭✸✳✹✶✮
❚❤❡ ❛r❣✉♠❡♥t ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❣♦❡s ❛s g0✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ ♦♥❡ ❝❛❧❝✉❧❛t❡s ♣❡r✲
t✉❜❛t✐✈❡❧② t❤❡ ❤✐❣❤❡r ♦r❞❡r t❡r♠s ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ♥❡❣❧❡❝t❡❞✱ t❤❡② ❛♣♣❡❛r ✐♥ t❤❡
❡①♣♦♥❡♥t✐❛❧ ✇✐t❤ ❛ ♣♦s✐t✐✈❡ ♣♦✇❡r ♦❢ g✳ ■♥ t❤❡ ❧✐♠✐t g  1✱ ♦♥❡ ✐s t❤✉s ❧❡❢t ✇✐t❤
 [j] = ln [j]    [Φ0] + j  Φ0 , ✭✸✳✹✷✮
✇❤❡r❡ Φ0 ❞❡♣❡♥❞s ♦♥ j t❤r♦✉❣❤ ✭✸✳✸✾✮✳ ❆t t❤✐s ♣♦✐♥t✱ ❧❡t ✉s ♠❛❦❡ ❛ ♥♦t❡ ❛❜♦✉t ♦✉t ♦❢
❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r②✳ ■♥ ❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r②✱ t❤❡ ❛❝t✐♦♥  ✐♥ ✭✸✳✷✷✮ ✐s r❡❛❧✳ ■♥
t❤✐s ❝❛s❡✱ t❤❡ s❛❞❞❧❡ ♣♦✐♥t ❝❛❧❝✉❧❛t✐♦♥ ✐s ❞♦♥❡ ❡①❛❝t❧② ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ❍♦✇❡✈❡r✱
❛❝t✐♦♥s ♦❢ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s ❛r❡ ❝♦♠♣❧❡① ❛♥❞ ❝❛♥♥♦t ❣❡♥❡r❛❧❧② ❜❡
❞❡❢♦r♠❡❞ t♦ t❤❡ ♣✉r❡ r❡❛❧ ❝❛s❡✳ ❲❡ ❤❛✈❡ t❤✉s ❤✐❞❞❡♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ♣❛t❤ ♦❢ ❝♦♥st❛♥t
♣❤❛s❡ ✐♥ ♦✉r s②♠❜♦❧✐❝ ♥♦t❛t✐♦♥s✱ ❛s ✇❡❧❧ ❛s t❤❡ t❛s❦ ♦❢ ♣r♦✈✐♥❣ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ t❤❡
❍❡ss✐❛♥✳ ❆t ❧❡❛st ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛❝t✐♦♥s ♦❜t❛✐♥❡❞ ❢r♦♠ ▼❙❘❏❉ ❢♦r♠❛❧✐s♠✱ t❤✐s ❝❛♥
❜❡ ❝❤❡❝❦❡❞ r✐❣♦r♦✉s❧②✳ ❍♦✇❡✈❡r✱ ✐t ✐s ❛ s✉❜t❧❡ ♠❛tt❡r t❤❛t ✇❡ ✇✐❧❧ ♥♦t ✉♥❞❡rt❛❦❡
❤❡r❡✳
✸✳✸✳ ❙t❛t✐st✐❝❛❧ ♣❤②s✐❝s ❛♥❞ ♠❡❛♥✲✜❡❧❞ t❤❡♦r✐❡s ✹✼
▲❡t ✉s ❝❛❧❝✉❧❛t❡ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ ✜❡❧❞s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✸✳✸✵✮ ❛♥❞ t❤❡
❡①♣r❡ss✐♦♥ ✭✸✳✹✷✮
Φi(x) =
 
 ji(x)
 
  [Φ0] + j  Φ0
 
=  
 
  
 Φ0
[Φ0]   Φ0
 j
 
i
(x) + Φ0,i(x) +
 
j   (Φ0)
 j
 
i
(x)
=
  
j   
 Φ0
[Φ0]
 
  Φ0
 j
 
i
(x) + Φ0,i(x)
= Φ0,i(x) ✭✸✳✹✸✮
❋✉rt❤❡r♠♦r❡✱ ✐♥ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥✱
G
(2)
ij [x,y; j] =
 Φj(y)
 ji(x)
=
 Φ0,j(y)
 ji(x)
=
 
 j
 Φ0
  1
ij
[x,y; j] =
  (2)  1
ij
[x,y; Φ] . ✭✸✳✹✹✮
■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♣r♦♣❛❣❛t♦r ♦❢ t❤❡ t❤❡♦r② ✐s G0✱ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❍❡ss✐❛♥ ♦❢ t❤❡
❛❝t✐♦♥✳ ■♥ t❤❡ ❧❛st ❡q✉❛❧✐t②✱ t❤❡ ❞❡♣❡♥❞❡♥❝② ♦♥ j ❛♣♣❡❛rs ✐♠♣❧✐❝✐t❡❧② t❤r♦✉❣❤ t❤❡
❞❡♣❡♥❞❡♥❝② ♦♥ Φ = Φ0[j]✳ ❚❛❦✐♥❣ ❛ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❛❜♦✈❡ ✇✐t❤ r❡s♣❡❝t t♦
jk(z) ❛♥❞ ✉s✐♥❣ t❤❡ ❢♦r♠✉❧❛
 
  k(z)
  [ ]  1
ij
(x,y) =  
 
  1    [ ]
  k(z)
   1
 
ij
(x,y) , ✭✸✳✹✺✮
❢♦r t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✐♥✈❡rs❡ ♦❢ ❛♥ ❛r❜✐tr❛r② ❧✐♥❡❛r ♦♣❡r❛t♦r  ❞❡♣❡♥❞✐♥❣ ♦♥ ❛
✜❡❧❞✱ ♦♥❡ ♦❜t❛✐♥s
G
(3)
ij [x,y; j] =
 
 jk(z)
G
(2)
ij [x,y; j] =
 Φ
 jk(z)
  
 Φ
  (2)  1
ij
[x,y; Φ]
=  
 
x ,y ,z 
 
G0
 
ia
[x,x ; j]
 
G0
 
jb
[y,y ; j]
 
G0
 
kc
[z, z ; j] (3)abc[x ,y , z ; Φ] .
✭✸✳✹✻✮
■♥ t❤❡ s❛❞❞❧❡✲♣♦✐♥t ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛❧❧ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞
❢r♦♠ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢  ✳ ■♥ ❢❛❝t✱ t❤❡ r❡s✉❧t ✐s ♠♦r❡ ♣r❡❝✐s❡✿ ❛♥ ❛r❜✐tr❛r② ❣❡♥❡r❛❧✐③❡❞
❝♦♥♥❡❝t❡❞ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ G(n) ✐s ❣✐✈❡♥ ❜② t❤❡ s✉♠ ♦✈❡r ❛❧❧ tr❡❡ ❞✐❛❣r❛♠s ✇❤♦s❡
❡❞❣❡s ❛r❡ t❤❡ G0 ❛♥❞ ✇❤♦s❡ ✈❡rt✐❝❡s ❛r❡ t❤❡  (k)✱ 3  k  n✳ ❊❛❝❤ ♦❢ t❤✐s ❞✐❛❣r❛♠
❛♣♣❡❛rs ✇✐t❤ ❛ s✐❣♥❡❞ s②♠♠❡tr② ❢❛❝t♦r ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✐rr❡❧❡✈❛♥t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
❚❤✐s ♣r♦♣❡rt② ✐s ❡❛s✐❧② ❞❡♠♦♥str❛t❡❞ ✐t❡r❛t✐✈❡❧②✱ st❛rt✐♥❣ ❢r♦♠ G(n 1) ❛♥❞ t❛❦✐♥❣
♦♥❡ j ❞❡r✐✈❛t✐✈❡✿
G
(n)
i1...in
[ x  1   n; j] =  
 jin(xn)
G
(n 1)
i1...in 1
[ x  1 n 1; j]
=
 Φ
 jin(xn)
  
 Φ
 (n 1)i1...in 1 [ x  1 n 1; Φ]
=
 
G0   
 Φ
 (n 1)i1...in 1 [ x  1 n 1; Φ]
 
in
(xn) , ✭✸✳✹✼✮
✹✽
❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ❢♦r ♦✉t ♦❢
❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s
 
 Φi(p)
( ) =  
i,p
❋✐❣✉r❡ ✸✳✶✿ ❋✐❡❧❞ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♣r♦♣❛❣❛t♦r
✇❤❡r❡  (n 1)[Φ] ✐s t❤❡ tr❡❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ G(n 1)✳ ❊✐t❤❡r t❤❡ ❞❡r✐✈❛t✐✈❡ ❤✐ts ♦♥ ♦♥❡
♦❢ t❤❡  (k) ♦r ♦♥ ♦♥❡ ♦❢ t❤❡ G0 ❝♦♠♣♦s✐♥❣  (n 1)[Φ]✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ✐t ❣✐✈❡s  (k+1)✱
✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ t❤❡ tr❡❡ str✉❝t✉r❡✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ t❤❡ ❡q✉❛t✐♦♥ ✭✸✳✹✺✮ ❢♦r t❤❡
❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✐♥✈❡rs❡ ❛♣♣❧✐❡s ❛♥❞ ❛  (3) ✈❡rt❡① ✐s ✐♥s❡rt❡❞ ✇✐t❤ ❛ ♠✐♥✉s s✐❣♥✳ ❚❤✐s
♦♣❡r❛t✐♦♥ ✐s r❡♣r❡s❡♥t❡❞ ❞✐❛❣r❛♠♠❛t✐❝❛❧② ✐♥ ❋✐❣✳ ✸✳✶✳ ❚❤❡♥ t❤❡ ♣r♦♣❛❣❛t♦r ❝♦♠✐♥❣
❢r♦♠  Φ
 jin (xn)
✐s ❛tt❛❝❤❡❞ t♦ ✇❤❡r❡ t❤❡ ✜❡❧❞ ❞❡r✐✈❛t✐✈❡ ❤❛s ❤✐t t♦ ❣✐✈❡ ❜❛❝❦ ❛ s✉♠ ♦❢
tr❡❡s  (n)[Φ] ❛s ❛♥♥♦✉♥❝❡❞✳
✸✳✸✳✷ ❚❤❡ ❡✛❡❝t✐✈❡ ❛❝t✐♦♥
❚❤❡ s❛❞❞❧❡ ♣♦✐♥t ❝❛❧❝✉❧❛t✐♦♥ ✐s ❦♥♦✇♥ ❛s t❤❡ ▲❛♥❞❛✉ ❛♣♣r♦①✐♠❛t✐♦♥ ✭▲❛♥❞❛✉ ✶✾✸✼✮✳
❲✐t❤✐♥ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❛❝t✐♦♥ ❣❡♥❡r❛t❡s t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥
❢♦r t❤❡ ❛✈❡r❛❣❡❞ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ■♥ ❢❛❝t✱ t❤❡s❡ ♣r♦♣❡rt✐❡s ❝❛♥ ❜❡ ❢♦r♠❛❧✐③❡❞
❛♥❞ ❣❡♥❡r❛❧✐③❡❞ ♦✉t ♦❢ t❤❡ ♠❡❛♥ ✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥ ✉s✐♥❣ t❤❡ ▲❡❣❡♥❞r❡✲❋❡♥❝❤❡❧
tr❛♥s❢♦r♠ ♦❢  ✱ ✇❤✐❝❤ ✐s tr❛❞✐t✐♦♥❛❧❧② ♥♦t❡❞ Γ ❛♥❞ ♥❛♠❡❞ t❤❡ ❡✛❡❝t✐✈❡ ❛❝t✐♦♥✳ ■t ✐s
❞❡✜♥❡❞ ❛s
Γ[Φ] = sup
j
 
j  Φ  [j]
 
=  inf
j
 
 [j] j  Φ
 
. ✭✸✳✹✽✮
■♥ ❣❡♥❡r❛❧✱ ✐t ♠❛② ❜❡ ❞✐✣❝✉❧t t♦ ❞❡✜♥❡ t❤❡ ✐♥✜♥✉♠ ✐❢  ✐s ♥♦t r❡❛❧ ❛s ✐t ✐s ✐♥
❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s✳ ❚❤✐s ❞✐✣❝✉❧t② ❝❛♥ ❜❡ ❝✐r❝✉♠✈❡♥t❡❞ ✐♥ t❤❡ s❛❞❞❧❡✲♣♦✐♥t
❛♣♣r♦①✐♠❛t✐♦♥✳
▲❡t ✉s r❡✇r✐t❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✐♥ t❡r♠s ♦❢ t❤❡ ❡✛❡❝t✐✈❡
❛❝t✐♦♥✳ ❲✐t❤✐♥ t❤❡ s❛❞❞❧❡✲♣♦✐♥t ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❡ ❝❛♥ ✇r✐t❡
 [j] j  Φ =   [Φ] + 1
2
   
 Φ
 j
 
   (2)  1[Φ]     
 Φ
 j
 
. ✭✸✳✹✾✮
❚❤❡ r✳❤✳s✳ r❡❛❝❤❡s ✐ts ♠✐♥✐♠✉♠ ❢♦r j s✉❝❤ t❤❛t Φ s❛t✐s✜❡s t❤❡ ❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥ ♦❢
♠♦t✐♦♥ ❛♥❞ ♦♥❡ ♦❜t❛✐♥s s✐♠♣❧② t❤❛t
Γ[Φ] =  [Φ] . ✭✸✳✺✵✮
❚❤✉s ♦♥❡ s❡❡s t❤❛t Γ ❝♦♥t❛✐♥s ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♥❡❝❡ss❛r② t♦ r❡❝♦♥str✉❝t t❤❡ ❝♦r✲
r❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ t❤❡♦r②✳ ❚❤✐s ❢❛❝t ✐s ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❡ s❛❞❞❧❡✲♣♦✐♥t
❛♣♣r♦①✐♠❛t✐♦♥✳ ❆ss✉♠✐♥❣  ✐s s✉✣❝✐❡♥t❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ❤❛✈❡ ❛ s✐♥❣❧❡ ♥♦♥✲
❞❡❣❡♥❡r❛t❡ s❛❞❞❧❡✲♣♦✐♥t✱ Γ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜②
Γ[Φ] + [j] = j  Φ , ✭✸✳✺✶✮
✇❤❡r❡ j ✐s ❞❡t❡r♠✐♥❡❞ ✐♠♣❧✐❝✐t❡❧② ❜②
  
 ji(x)
= Φi(x) . ✭✸✳✺✷✮
✸✳✸✳ ❙t❛t✐st✐❝❛❧ ♣❤②s✐❝s ❛♥❞ ♠❡❛♥✲✜❡❧❞ t❤❡♦r✐❡s ✹✾
■♥ t❤✐s ❝❛s❡✱ j ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❧✐♥❡❛r ❜✐❛s ♥❡❝❡ss❛r② t♦ ❛❞❞ t♦ t❤❡ ❛❝t✐♦♥
s✉❝❤ t❤❛t Φ ✐s t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ ✜❡❧❞✳ ❚❛❦✐♥❣ ❛ Φ ❞❡r✐✈❛t✐✈❡ ♦❢ ✭✸✳✺✶✮ ❛♥❞ ✉s✐♥❣
t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥ ♦❢ j✱ ♦♥❡ ♦❜t❛✐♥s t❤❛t
 Γ
 Φ
= j . ✭✸✳✺✸✮
❚❤✉s✱ Γ ♣❧❛②s t❤❡ r♦❧❡ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❛❝t✐♦♥ ❢♦r t❤❡ ♠❡❛♥ ✈❛❧✉❡ Φ ✐♥ t❤❡ s❡♥s❡ t❤❛t
✐t ❣❡♥❡r❛t❡s ✐ts ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ❢r♦♠ ❛ ♠✐♥✐♠✐③❛t✐♦♥ ♣r✐♥❝✐♣❧❡✳ ❋✉rt❤❡r♠♦r❡
G
(2)
ij [x,y; j] =
 Φj(y)
 ji(x)
=
 Φj(y)
 ji(x)
=
 
 j
 Φ
  1
ij
(x,y) =
 
Γ(2)
  1
ij
[x,y; Φ] , ✭✸✳✺✹✮
✇❤❡r❡ Γ(2) ✐s t❤❡ ❍❡ss✐❛♥ ♦❢ Γ ✭❡✈❛❧✉❛t❡❞ ❛t t❤❡ ✜❡❧❞ Φ[j]✮✳
■♥ t❤❡ s❛♠❡ ❢❛s❤✐♦♥ ❛s ✐♥ t❤❡ ♠❡❛♥ ✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛❧❧ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦r✲
r❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ Γ✱ ❝❛❧❧❡❞ t❤❡ ✈❡rt❡①
❢✉♥❝t✐♦♥s✳ ❚❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥s ❛r❡ ♦❢t❡♥ ♣r❡s❡♥t❡❞ ❛s t❤❡ ♦♥❡ ♣❛rt✐❝❧❡✲✐rr❡❞✉❝✐❜❧❡
✭✶✲P■✮ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❢♦r ❞✐❛❣r❛♠♠❛t✐❝ r❡❛s♦♥s✱ s❡❡ ✭❆♠✐t ✶✾✽✹✮✳ ▲❡t ✉s t❛❦❡
t❤✐s ♦❝❝❛s✐♦♥ t♦ ✐♥tr♦❞✉❝❡ ✉s❡❢✉❧ ♥♦t❛t✐♦♥s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❚❤❡ n✲♣♦✐♥t ✈❡rt❡①
✭✶✲P■✮ ❢✉♥❝t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ✇✐t❤ t❤❡ s❛♠❡ ❝♦♥✈❡♥t✐♦♥s ❛s t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦rr❡❧❛t✐♦♥
❢✉♥❝t✐♦♥s✿
Γ
(n)
i1...in
[x1, . . . ,xn; Φ] =
 nΓ
 Φi1(x1) . . .  Φin(xn)
, ✭✸✳✺✺✮
❆❝❝♦r❞✐♥❣❧②✱ ✇❡ ❞❡✜♥❡ Γ(n)i1...in(x1, . . . ,xn,Φ0) ❛♥❞ Γ
(n)
i1...in
(x1, . . . ,xn) ❛s t❤❡ ♣r❡✈✐✲
♦✉s ✈❡rt❡① ❢✉♥❝t✐♦♥s ❡✈❛❧✉❛t❡❞ ❛t ❝♦♥st❛♥t ✭r❡s♣✳ ③❡r♦✮ ✜❡❧❞✳ ❋✐♥❛❧❧② ✇❡ ❞❡✜♥❡ ❛s
✇❡❧❧ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠s ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r ❤❛✈✐♥❣ ❡①tr❛❝t❡❞ t❤❡ ❞❡❧t❛ ❢✉♥❝t✐♦♥
♦❢ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ✇❛✈❡✲✈❡❝t♦r ❛♥❞ ❢r❡q✉❡♥❝②✱ r❡s♣❡❝t✐✈❡❧② Γ˜(n)( p  1   n,Φ0) ❛♥❞
Γ¯(n)( p  1   n 1,Φ0)✳ ❯s✐♥❣ ✭✸✳✺✹✮ ❛♥❞ t❤❡ r✉❧❡ ❢♦r t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✐♥✈❡rs❡
✭✸✳✹✺✮✱ t❤❡ s❛♠❡ ❞❡♠♦♥str❛t✐♦♥ ❛s ✐♥ t❤❡ ♠❡❛♥✲✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❣♦❡s t❤r♦✉❣❤ t♦
s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✿ ❛♥② n✲♣♦✐♥t ❝♦♥♥❡❝t❡❞ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ G(n) ❝❛♥
❜❡ ❝♦♥str✉❝t❡❞ ❛s ❛ s✉♠ ♦❢ tr❡❡ ❞✐❛❣r❛♠s ✇❤♦s❡ ✈❡rt✐❝❡s ❛r❡ t❤❡ ✶✲P■ ❢✉♥❝t✐♦♥s Γ(k)✱
3  k  n ❛♥❞ ✇❤♦s❡ ❡❞❣❡s ❛r❡ t❤❡ ♣r♦♣❛❣❛t♦rs G(2) = [Γ(2)] 1✳ ❚❤✉s Γ ❣❡♥❡r❛❧✐③❡s
 ✇❤❡♥ t❤❡ s❛❞❞❧❡✲♣♦✐♥t ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♥♦t ✈❛❧✐❞✳ ❖❢ ❝♦✉rs❡✱ t♦ ♦❜t❛✐♥ t❤❡ ❡①❛❝t
❡①♣r❡ss✐♦♥ ♦❢ Γ ✐s ❛s ❞✐✣❝✉❧t ❛s t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ♦❢ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❝♦rr❡❧❛t✐♦♥
❢✉♥❝t✐♦♥s✳ ❚❤✉s ♦♥❡ ❤❛s t♦ ❞❡✈✐s❡ ❛♣♣r♦①✐♠❛t✐♦♥s✳
✸✳✸✳✸ ❈♦rr❡❝t✐♦♥s t♦ t❤❡ ♠❡❛♥ ✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥
❋✐♥❛❧❧②✱ ❧❡t ✉s ✉♥❞❡rst❛♥❞ ❤♦✇ t❤❡ ♠❡❛♥ ✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❝❛♥ ❢❛✐❧✳ ❚♦ ❞♦ t❤✐s✱
❧❡t ✉s ❝❛❧❝✉❧❛t❡ t❤❡ ✜rst ❝♦rr❡❝t✐♦♥ t♦ t❤❡ s❛❞❞❧❡✲♣♦✐♥t✳
Γ[Φ] =  [Φ] + 1
2
tr ln (2)[Φ] + O(g ) ✭✸✳✺✻✮
✇❤❡r❡ ✇❡ r❡♠❡♠❜❡r t❤❛t  [Φ] ❞✐✈❡r❣❡s ✇❤❡♥ g  0 ❛t ✜①❡❞ j ❛♥❞  > 0✳ ❚❤❡ ✜rst
♦r❞❡r ❝♦rr❡❝t✐♦♥ ❝♦♠❡s ❢r♦♠ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ●❛✉ss✐❛♥ ✐♥t❡❣r❛t✐♦♥ ✐♥ ✭✸✳✹✶✮✳
▲❡t ✉s ❢♦r ❡①❛♠♣❧❡ ✉s❡ t❤✐s ❡①♣r❡ss✐♦♥ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ t✇♦✲♣♦✐♥t ✈❡rt❡① ❢✉♥❝t✐♦♥ ♦❢
t❤❡ t❤❡♦r② ❛t ③❡r♦ ✜❡❧❞✳ ■♥ ♦r❞❡r t♦ ❞♦ t❤✐s ✇❡ t❛❦❡ t✇♦ ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢
✺✵
❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ❢♦r ♦✉t ♦❢
❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s
( ) 1 =( ) 1 + 12
q
 pp
 p
p+ q
q
 p
+ . . .
❋✐❣✉r❡ ✸✳✷✿ ❋✐rst ♦r❞❡r ❝♦rr❡❝t✐♦♥ t♦ Γ(2)
t❤❡ ❡q✉❛t✐♦♥ ❛❜♦✈❡✳ ❋♦r ❛ ✐♥t❡r❛❝t✐♦♥ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ n✱ ✇r✐t✐♥❣ ❡①♣❧✐❝✐t❧② t❤❡
tr❛❝❡ ❛♥❞ ✉s✐♥❣ t❤❡ r✉❧❡ ✭✸✳✹✺✮ ❢♦r t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✐♥✈❡rs❡✱ t❤❡ r❡s✉❧t r❡❛❞s
Γ
(2)
ij (x,y) =  (2)ij (x,y) +
1
2
 
z1,z2
 
G0
 
kl
(z1, z2) (4)klij(z1, z2,x,y)
 
 
z1...z4
 (3)ikl (x, z1, z2)
 
G0
 
km
(z1, z3)
 
G0
 
ln
(z1, z4) (3)mnj(z1, z2,y) + o(g
2
n 2 ) .
✭✸✳✺✼✮
❚❤❡ ♠❡❛♥ ✜❡❧❞ ❝♦rr❡❝t✐♦♥s ❛r❡ ♠♦r❡ s✐♠♣❧② ❡①♣r❡ss❡❞ ✐♥ ❋♦✉r✐❡r s♣❛❝❡✱ ✉s✐♥❣ ✐♥✈❛r✐✲
❛♥❝❡ ✉♥❞❡r s♣❛❝❡✲t✐♠❡ tr❛♥s❧❛t✐♦♥s✿
Γ¯
(2)
ij (p) =  ¯(2)ij (p) +
1
2
 
q
 
G¯0
 
lk
(q) ¯(4)klij(q, q,p)
 
 
q
 ¯(3)ikl (p,q)
 
G¯0
 
km
( q) G¯0 ln(p+ q) ¯(3)mnj( q,p+ q) + . . . . ✭✸✳✺✽✮
❚❤❡ ❝♦rr❡❝t✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❛ ❞✐❛❣r❛♠♠❛t✐❝ ❢♦r♠✳ ❯s✐♥❣ ❛ ❢✉❧❧ ❧✐♥❡
❢♦r t❤❡ t✇♦✲♣♦✐♥t ❝♦♥♥❡❝t❡❞ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ G(2) = [Γ(2)] 1✱ ❛ ❞❛s❤❡❞ ❧✐♥❡ ❢♦r
✐ts ♠❡❛♥ ✜❡❧❞ ❝♦✉♥t❡r♣❛rt G0 = [ (2)] 1 ❛♥❞ ❝✐r❝❧❡s ❢♦r t❤❡ ✈❡rt✐❝❡s  (n)✱ t❤❡ ❛❜♦✈❡
❡q✉❛t✐♦♥ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✸✳✷✳ ❆t t❤✐s ♣♦✐♥t✱ ❧❡t ✉s t❛❦❡ t❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ ❣❡♥❡r✐❝ ❛❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r② ❢♦r ♦♥❡
s❝❛❧❛r ❞❡✜♥❡❞ ❜② ❛ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥
 =
 
x
 
 ¯( t   2 +  )  ∆( ax ¯)2 +  ¯ U1( ) 
1
2
 ¯2 U2( )
 
, ✭✸✳✺✾✮
✇✐t❤ U1 ❛♥❞ U2 ❛r❡ ♣♦❧②♥♦♠✐❛❧s ❜❡❣✐♥♥✐♥❣ ❛t q✉❛❞r❛t✐❝ ❛♥❞ ❧✐♥❡❛r ♦r❞❡r r❡s♣❡❝t✐✈❡❧②
❛♥❞  , ∆  0✱ s✉❝❤ t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ ❤♦♠♦❣❡♥❡♦✉s st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ✐s  =  ¯ = 0✳
❚❤❡ ♣❛r❛♠❡t❡r a ❝❛♥ t❛❦❡ t❤❡ ✈❛❧✉❡ ③❡♦ ♦r ♦♥❡✳ a = 0 ❝♦rr❡s♣♦♥❞s t♦ ❛ ♥♦♥✲
❝♦♥s❡r✈❛t✐✈❡ ♥♦✐s❡✱ s✉❝❤ ❛s t❤❡ ♦♥❡ ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥ ✭✸✳✸✼✮✱ ✇❤✐❧❡
a = 1 ❝♦rr❡s♣♦♥❞s t♦ ❛ ❝♦♥s❡r✈❛t✐✈❡ ♥♦✐s❡✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ♥♦✐s❡ ✇❛s ✐♥tr♦❞✉❝❡❞
❢♦r t❤❡ ❉P✲❈ ♠♦❞❡❧ ✐♥ ❙❡❝✳ ✷✳✶✳ ❚❤❡ ❝❛s❡ U2 = 0 ✐s ❛♥❛❧②s❡❞ ✐♥ ❞❡t❛✐❧s ✐♥ ✭❚ä✉❜❡r
✷✵✶✹✮✳ ❋r♦♠ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥ t❤❛t
 
G¯0
 
  
(p) =
2∆ p2a
 2 + (p2 +  )2
,
 
G¯0
 
  ¯
(p) =
1
 i + p2 +  , 
G¯0
 
 ¯ ¯
(p) = 0 . ✭✸✳✻✵✮
✸✳✸✳ ❙t❛t✐st✐❝❛❧ ♣❤②s✐❝s ❛♥❞ ♠❡❛♥✲✜❡❧❞ t❤❡♦r✐❡s ✺✶
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✉s❡ t❤❡ s❤♦rt❤❛♥❞ ♥♦t❛t✐♦♥s
ui,n =  
n
 Ui( )
  
 =0
, 
G¯0
 
  
(q) = Cq , 
G¯0
 
  ¯
(q) = Rq .
✭✸✳✻✶✮
❲❡ ✇✐❧❧ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ✐♥✈❡rs❡ ♣r♦♣❛❣❛t♦r Γ¯(2)
 ¯ 
(p) ❛t p = 0✳ ❚❤✐s s❤♦✉❧❞ ❣✐✈❡ t❤❡
✜rst ❝♦rr❡❝t✐♦♥s t♦  ✳ ❋✐rst✱ ✇❡ ❧♦♦❦ ❛t t❤❡ ❝♦rr❡❝t✐♦♥s ♣r♦♣♦rt✐♦♥❛❧ t♦  (4)✳ ❚❤❡②
r❡❛❞
Γ¯
(2)
 ¯ 
(0)
  
4
=
1
2
 
q
 
Cqu1,3 + Rqu2,2 + c.c.
 
✭✸✳✻✷✮
✇❤❡r❡ ❝✳❝✳ st❛♥❞s ❢♦r t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ ♦❢ t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ ❝✉r❧② ❜r❛❝❡s✳
■t ✇✐❧❧ ❜❡ s❤♦✇♥ ✐♥ ❙❡❝✳ ✸✳✺ t❤❛t ❞✉❡ t♦ t❤❡ ❝❛✉s❛❧✐t② ♣r♦♣❡rt② ♦❢ t❤❡ ❛❝t✐♦♥✱ t❤❡ ❧❛st
t✇♦ t❡r♠s ❛r❡ ❜♦t❤ ③❡r♦ ❛❢t❡r ✐♥t❡❣r❛t✐♥❣ ♦✈❡r t❤❡ ❢r❡q✉❡♥❝②✳ ❋✉rt❤❡r♠♦r❡✱ 
 
Cq =
∆ q2a
q2 +  
 ∆ q2acq , ✭✸✳✻✸✮
✇❤❡r❡ cq ✐s t❤❡ ❝♦rr❡❧❛t♦r ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ●❛✉ss✐❛♥ ✜❡❧❞ t❤❡♦r②✳ ❋♦r q  
 
 ✱ ✐✳❡✳
s❤♦rt ❞✐st❛♥❝❡s✱ t❤❡ ❝♦rr❡❧❛t✐♦♥s ❞❡❝❛② ✇✐t❤ ❛ ♣♦✇❡r✲❧❛✇ ❜❡❤❛✈✐♦r✳ ❋♦r q    ✱ ✐✳❡✳
❧♦♥❣ ❞✐st❛♥❝❡s✱ t❤❡ ♣♦✇❡r ❧❛✇ ✐s ❝✉t ♦✛ ❜②
 
 ✳ ■♥ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ❊✉❝❧✐❞❡❛♥ ✜❡❧❞
t❤❡♦r②
 
 ✐s t❤❡ ♠❛ss ♦❢ t❤❡ ❡①❝✐t❛t✐♦♥s ♦❢ t❤❡ ✜❡❧❞✳ ◆♦✇ ❧♦♦❦✐♥❣ ❛t t❤❡ ❝♦rr❡❝t✐♦♥s
♣r♦♣♦rt✐♦♥❛❧ t♦  (3)✱ t❤❡② r❡❛❞
Γ¯
(2)
 ¯ 
(0)
  
3
=  
 
q
 
u1,2u2,1R qRq + u1,2u2,1RqRq + c.c.+
+ u21,2R qCq + c.c.
 
=  1
2
 
}q
 
u1,2u2,1 cq +∆ u
2
1,2 q
2ac2q
 
✭✸✳✻✹✮
✇❤❡r❡ ❛❣❛✐♥✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦✈❡r ❢r❡q✉❡♥❝✐❡s ✐s ❞♦♥❡ ✉s✐♥❣ t❤❡ ❝❛✉s❛❧✐t② ♣r♦♣❡rt② ♦❢
t❤❡ ❛❝t✐♦♥✳ ■♥s❡rt✐♥❣ ❡✈❡r②t❤✐♥❣ ❜❛❝❦ ✐♥t♦ t❤❡ ❡①♣❛♥s✐♦♥✱ ✇❡ ♦❜t❛✐♥
Γ¯
(2)
 ¯ 
(0) =  +
1
2
 
}q
  
∆ q2au1,3  u1,2u2,1
 
cq  ∆ u21,2 q2ac2q
 
+ . . . ✭✸✳✻✺✮
◆♦✇ ✐♥t❡❣r❛t✐♥❣ ♦✈❡r t❤❡ ✇❛✈❡✲✈❡❝t♦r✱ ✇❡ ✉s❡ ✐♥✈❛r✐❛♥❝❡ ✉♥❞❡r s♣❛t✐❛❧ r♦t❛t✐♦♥s
♦❢ t❤❡ ✐♥t❡❣r❛♥❞ t♦ r❡✇r✐t❡ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ ❝♦rr❡❝t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿
 
}q
q2kc q = 2vd
 Λ2
L 2
dy
y
d
2
+k 1
(y +  ) 
, ✭✸✳✻✻✮
✇✐t❤ vd = 1/(2d+1 
d
2Γ(d
2
))✳ ❚❤❡ ✜rst t❡r♠ ♦❢ ✭✸✳✻✺✮ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛
✇✐t❤ k = a,  = 1✱ t❤❡ s❡❝♦♥❞ t♦ k = 0,  = 1 ❛♥❞ t❤❡ t❤✐r❞ t♦ k = a,  = 2✳ ❚❤❡
❜❡❤❛✈✐♦r ♦❢ t❤✐s ✐♥t❡❣r❛❧ ❞❡♣❡♥❞s ❞r❛st✐❝❛❧❧② ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥✳ ❋♦r d+2k > 2 ✱ ✐t ✐s
❞♦♠✐♥❛t❡❞ ❜② t❤❡ ❯❱ s❝❛❧❡ ❛♥❞ ❣♦❡s ❧✐❦❡ Λd+2k 2 ✳ ❚❤✐s ✐s ♥♦t s♦ s✉r♣r✐s✐♥❣✱ ❛s t❤❡
♦r✐❣✐♥❛❧ ❝♦✉♣❧✐♥❣s ♦❢ t❤❡ t❤❡♦r② ❛r❡ ❞❡✜♥❡❞ ❛t t❤❡ s❝❛❧❡ Λ✱ ❛♥❞ ✐❢ ✇❡ ✇❛♥t t♦ t❛❦❡ t❤❡
✺✷
❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ❢♦r ♦✉t ♦❢
❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s
❧✐♠✐t Λ   ✱ ✇❡ s❤♦✉❧❞ s❝❛❧❡ t❤❡ ❝♦✉♣❧✐♥❣s ❛❝❝♦r❞✐♥❣❧②✳ ▲❡t ✉s ❡①❛♠✐♥❡ t❤❡ ❝❛s❡
d+2k < 2 ✱ ✇❤❡r❡ t❤❡ ✐♥t❡❣r❛♥❞ ✐s ❯❱ ❝♦♥✈❡r❣❡♥t✱ s✉❝❤ t❤❛t ✇❡ ❝❛♥ ✏❢♦r❣❡t✑ ❛❜♦✉t
t❤❡ ❞❡♣❡♥❞❡♥❝② ♦♥ t❤❡ ❯❱ s❝❛❧❡ ❛♥❞ ❧❡t Λ  ✳ ❚❤❡ ✐♥t❡❣r❛❧ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛♥❞
❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❡❤❛✈✐♦r ✇❤❡♥ t❤❡ ❧✐♥❡❛r s✐③❡ ♦❢ t❤❡ s②st❡♠✱ L✱ ❣♦❡s t♦ ✐♥✜♥✐t②  
0
dy
y
d
2
+k 1
(y +  ) 
  d2+k  . ✭✸✳✻✼✮
❍♦✇❡✈❡r✱ ✇❡ s❡❡ t❤❛t ❢♦r t❤❡ ♠❛ss❧❡ss ❝❛s❡✱  = 0✱ t❤❡ ✐♥t❡❣r❛❧ ❜❡❤❛✈❡s ❛s L d 2k+2 ✳
■♥ t❤✐s ❝❛s❡✱ t❤❡ ❝♦rr❡❝t✐♦♥ t❡r♠ ❜❡❝♦♠❡s ❞♦♠✐♥❛♥t ✐♥ t❤❡ ❧✐♠✐t L  ✳ ❋♦r a = 0✱
t❤✐s ♣r♦❜❧❡♠ ❛♣♣❡❛rs ❢♦r d ❝r♦ss✐♥❣ 4✳ ❋♦r a = 1✱ ✐t ✇✐❧❧ ❛♣♣❡❛r ♦♥❧② ❜❡❧♦✇ d = 2✳
❚❤✐s ❞✐✈❡r❣❡♥❝❡ s✐❣♥❛❧s ❛ ❜r❡❛❦❞♦✇♥ ♦❢ t❤❡ ♠❡❛♥✲✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥✳ ■♥ ❤✐❣❤
❡♥♦✉❣❤ ❞✐♠❡♥s✐♦♥s✱ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ✜❡❧❞s ✇❤✐❝❤ ❛r❡ ♥❡✲
❣❧❡❝t❡❞ ✐♥ t❤❡ s❛❞❞❧❡ ♣♦✐♥t ❝❛❧❝✉❧❛t✐♦♥ ❝❛♥ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❜② ❡①♣❛♥❞✐♥❣ t❤❡
✐♥t❡r❛❝t✐♦♥ t❡r♠s ❛♥❞ ❝❛❧❝✉❧❛t✐♥❣ ♣❡rt✉❜❛t✐✈❡❧② t❤❡ ❝♦rr❡❝t✐♦♥s✳ ❍♦✇❡✈❡r✱ ❜❡❧♦✇ ❛
❝❡rt❛✐♥ ❝r✐t✐❝❛❧ ❞✐♠❡♥s✐♦♥ dc ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ t❤❡♦r②✱ ✐❢ t❤❡ t❤❡♦r② ✐s ♠❛ss❧❡ss
t❤❡ ❝♦rr❡❝t✐♦♥s t♦ ♠❡❛♥ ✜❡❧❞ ❞✐✈❡r❣❡ ❢❛st❡r t❤❛♥ t❤❡ ❧❡❛❞✐♥❣ t❡r♠ ✐♥ t❤❡ ❧❛r❣❡ ✈♦❧✉♠❡
✧t❤❡r♠♦❞②♥❛♠✐❝✧ ❧✐♠✐t ❡✈❡♥ ✐❢ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ✐s ✇❡❛❦✳ ❆t t❤✐s ♣♦✐♥t
✇❡ ❞✐r❡❝t t❤❡ r❡❛❞❡r t♦ ❛ ♠♦r❡ ✐♥ ❞❡♣t❤ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s✉❜❥❡❝t ✐♥ t❤❡ ❝♦♥t❡①t
♦❢ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s ✐♥ ✭❚ä✉❜❡r ✷✵✶✹✮✳
▲❡t ✉s ♥♦t❡ ❛❧s♦ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ str♦♥❣ ❝♦✉♣❧✐♥❣ g  1✱ t❤❡ ❝♦rr❡❝t✐♦♥s ❝❛♥ ❜❡
str♦♥❣ ❡♥♦✉❣❤ t♦ ❝❤❛♥❣❡ q✉❛❧✐t❛t✐✈❡❧② t❤❡ r❡s✉❧t ♦❢ t❤❡ ♠❡❛♥ ✜❡❧❞ ❝❛❧❝✉❧❛t✐♦♥✱ ❡✈❡♥
❛❜♦✈❡ t❤❡ ❝r✐t✐❝❛❧ ❞✐♠❡♥s✐♦♥✳
✸✳✹ ■♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡
r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣
❲❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ t❤❛t t❤❡ ♠❡❛♥ ✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♥♦t ✈❛❧✐❞
❜❡❧♦✇ ❛ ❝❡rt❛✐♥ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥ ✐❢ ✇❡ ✇❛♥t t♦ st✉❞② ❛ t❤❡♦r② ✇❤♦s❡ ❛❝t✐♦♥ ❤❛s ❛
❍❡ss✐❛♥ t❤❛t ♣♦ss❡ss❡s ③❡r♦✲♠♦❞❡s ✐♥ t❤❡ ■❘✱ ♦r ✐♥ ♦t❤❡r t❡r♠s ✇❤❡♥ t❤❡ ♠❛ss ♦❢
t❤❡ t❤❡♦r② ✐s ③❡r♦✳ ❚❤✐s ✐s ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❝❛s❡ ♦❢ ❝r✐t✐❝❛❧ t❤❡♦r✐❡s✱ t❤❛t ✇❡ ✇✐❧❧
❞❡✜♥❡ ♠♦r❡ ♣r❡❝✐s❡❧② ❧❛t❡r✳ ❲❤❡♥ ❛ t❤❡♦r② ✐s ❛t s✉❝❤ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ ✐ts ♣❛r❛♠❡t❡r
s♣❛❝❡✱ t❤❡ ✐♥t❡❣r❛❧s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥s t♦ t❤❡ ♠❡❛♥✲✜❡❧❞ ♠❛② ❞✐✈❡r❣❡ ✐♥
t❤❡ ✏t❤❡r♠♦❞②♥❛♠✐❝✑ ❧✐♠✐t L  ❢❛st❡r t❤❛♥ t❤❡ ❧❡❛❞✐♥❣ t❡r♠✱ ✇❤✐❝❤ s✐❣♥❛❧s ❛
❜r❡❛❦❞♦✇♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ s❛❞❞❧❡✲♣♦✐♥t ❝❛❧❝✉❧❛t✐♦♥s
❛r❡ ♥♦t ❞✐r❡❝t❧② ♣♦ss✐❜❧❡✳ ❚❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ✇❛s ❞❡✈❡❧♦♣❡❞
t♦ ❜②♣❛ss t❤✐s ♣r♦❜❧❡♠✳
✸✳✹✳✶ ❚❤❡ ❲✐❧s♦♥ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣
■♥ ❙❡❝✳ ✸✳✸✳✸ ✐t ✇❛s s❤♦✇♥ t❤❛t ✐rr❡s♣❡❝t✐✈❡❧② ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❝♦✉♣❧✐♥❣
♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥✱ ❜❡❧♦✇ ❛ ❝❡rt❛✐♥ ❞✐♠❡♥s✐♦♥✱ t❤❡ ❝♦rr❡❝t✐♦♥s t♦ t❤❡ ♠❡❛♥ ✜❡❧❞
❞✐✈❡r❣❡ ✐♥ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝s ❧✐♠✐t ✐❢ t❤❡ ❛❝t✐♦♥ ✐s ❛t ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t✳ ❚❤✐s ❢❛❝t
❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ✐♥ t❡r♠s ♦❢ t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ✜❡❧❞s✳ ❆t ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t✱
t❤❡ ❝♦rr❡❧❛t✐♦♥s ♦❢ t❤❡ ✢✉❝t✉❛t✐♦♥s ❛r❡ ♥♦t ❞❛♠♣❡❞ ❜② ❛ ♠❛ss ❛♥❞ s♣❛♥ t❤❡ ✇❤♦❧❡
s②st❡♠✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ t❡r♠s ♣r♦❜❡ t❤❡ ❝♦rr❡❧❛t✐♦♥s ♦❢ t❤❡ ✢✉❝t✉❛t✐♥❣ ✜❡❧❞s ❛t t❤❡
s❛♠❡ s♣❛❝❡✲t✐♠❡ ♣♦✐♥t✳ ■❢ t❤❡ ✢✉❝t✉❛t✐♦♥s ❛r❡ ❝r✐t✐❝❛❧✱ t❤❡ ❝♦rr❡❝t✐♦♥s ❝♦♠✐♥❣ ❢r♦♠
t❤❡ ✐♥t❡r❛❝t✐♦♥ ✇✐❧❧ r❡❝❡✐✈❡ ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ ❛❧❧ ❋♦✉r✐❡r ♠♦❞❡s✱ ❢r♦♠ t❤❡ ❯❱ ❝✉t♦✛
✸✳✹✳ ■♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ✺✸
Λ t♦ t❤❡ ■❘ ♦♥❡ L 1✳ ❲❤❡♥ t❤❡ ❧✐♠✐t L   ✐s t❛❦❡♥✱ t❤❡ ❝♦rr❡❝t✐♦♥ ♠❛② t❤✉s
❞✐✈❡r❣❡ ✐♥ t❤❡ ■❘ ✐♥ ❧♦✇ ❡♥♦✉❣❤ ❞✐♠❡♥s✐♦♥s✳
❚❤❡ ✐❞❡❛ ♦❢ ❲✐❧s♦♥ ✐s t❤✉s ♥♦t t♦ ❞♦ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♥ ❛❧❧ ♠♦❞❡s ❞✐r❡❝t❧② ❜✉t
t♦ ❞♦ ✐t ♣r♦❣r❡ss✐✈❡❧②✱ st❛rt✐♥❣ ✇✐t❤ t❤❡ ❯❱ ♦♥❡s✳ ❇② ❞♦✐♥❣ t❤✐s✱ ♦♥❡ ❝♦♥str✉❝ts
❛♥ ❡✛❡❝t✐✈❡ t❤❡♦r② ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ ■❘ ♠♦❞❡s✳ ❚❤✐s ✐❞❡❛ ❝❛♥ ❜❡ tr❛❝❡❞ ❜❛❝❦ t♦
t❤❡ ❜❧♦❝❦ s♣✐♥ r❡♥♦r♠❛❧✐③❛t✐♦♥ à ❧❛ ❑❛❞❛♥♦✛✳ ❚❤✐s ♠❡t❤♦❞ ✇❛s ♦r✐❣✐♥❛❧❧② ❞❡✈✐s❡❞
❢♦r ■s✐♥❣ ♠♦❞❡❧s ♦r ✐ts ❣❡♥❡r❛❧✐③❛t✐♦♥s✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ♦❜t❛✐♥ ❛♥ ❡✛❡❝t✐✈❡ t❤❡♦r②
❢♦r ✏♠❡s♦s❝♦♣✐❝✑ s♣✐♥s✱ ✇❤✐❝❤ ❛r❡ ❛✈❡r❛❣❡❞ ♦✈❡r t❤❡ ♠✐❝r♦s❝♦♣✐❝ ✐♥✐t✐❛❧ ❞❡❣r❡❡s ♦❢
❢r❡❡❞♦♠✳ ❋♦r ❡①❛♠♣❧❡✱ ❢r♦♠ ❛♥ ✐♥✜♥✐t❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❧❛tt✐❝❡ ✇✐t❤ ❧❛tt✐❝❡ s♣❛❝✐♥❣ a✱
♦♥❡ ❢♦r♠s ❤②♣❡r❝✉❜✐❝ ❜❧♦❝❦s ♦❢ 2d ❛❞❥❛❝❡♥t s♣✐♥s ❛♥❞ ❛ss✐❣♥s ❛ s♣✐♥ ✈❛❧✉❡ t♦ ❡❛❝❤
❜❧♦❝❦✱ r❡♣r❡s❡♥t✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ s♣✐♥s ❝♦♠♣♦s✐♥❣ t❤❡ ❜❧♦❝❦✳ ❚❤❡ ♠❡s♦s❝♦♣✐❝
s♣✐♥s t❤✉s ❞❡✜♥❡❞ ❧✐✈❡ ♦♥ ❛ ❧❛tt✐❝❡ ♦❢ s♣❛❝✐♥❣ a = 2a ❛♥❞ ✐♥t❡r❛❝t t❤r♦✉❣❤ ❛♥
❡✛❡❝t✐✈❡ ❍❛♠✐❧♦♥✐❛♥ t❤❛t ❤❛s t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❚❤❡♥✱ r❡s❝❛❧✐♥❣ t❤❡ ❞✐st❛♥❝❡s ❛♥❞
t❤❡ ✜❡❧❞s ❜② t❤❡ ♥❡✇ ❧❛tt✐❝❡ s♣❛❝✐♥❣ a ✱ ♦♥❡ ♦❜t❛✐♥s ❛ ♥❡✇ t❤❡♦r② ❢♦r ❡✛❡❝t✐✈❡ ❞❡❣r❡❡s
♦❢ ❢r❡❡❞♦♠ ✇❤♦s❡ ♥✉♠❜❡r ♦❢ ♠♦❞❡s ✐s ❞✐✈✐❞❡❞ ❜② t✇♦✳ ❇② st✉❞②✐♥❣ t❤❡ ❡✛❡❝t ♦❢ t❤❡
r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ tr❛♥s❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦r t❤❡ ❛❝t✐♦♥ ❞❡✜♥✐♥❣ t❤❡
t❤❡♦r②✱ ♦♥❡ ❝❛♥ ✉♥❞❡rst❛♥❞ ❤♦✇ ❞✐✈❡r❣❡♥❝❡s ❛♣♣❡❛r ✐♥ ♣❤②s✐❝❛❧ q✉❛♥t✐t✐❡s ❛t ❛ ❝r✐t✐❝❛❧
♣♦✐♥t✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❞✐✛❡r❡♥t ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥ts ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t
✉♥❞❡r st✉❞② ❛r❡ ❡♥❝♦❞❡❞ ✐♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ t❤❡♦r② ✉♥❞❡r t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❛t
♦r ♥❡❛r t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t✱ ✇❤✐❝❤ ✐s ❛ ✜①❡❞ ♣♦✐♥t ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥✳
❚❤❡ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ❜② ❲✐❧s♦♥ ❢♦❧❧♦✇s t❤❡ s❛♠❡ ♣r✐♥❝✐♣❧❡s✱ ❛❧t❤♦✉❣❤ ❞✐r❡❝t❧②
✐♥ ❋♦✉r✐❡r s♣❛❝❡✳ ■♥ t❤❡ ♠♦❞❡r♥ r❡❢♦r♠✉❧❛t✐♦♥✱ ♦♥❡ ✇r✐t❡s t❤❡ ✜❡❧❞ ❛s ❛ s✉♠ ♦❢ t❤❡
s❧♦✇ ❛♥❞ t❤❡ ❢❛st ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✿
 =  < +  > , ✭✸✳✻✽✮
✇❤❡r❡  > ❝♦♥t❛✐♥s ♦♥❧② t❤❡ ♣❛rt ♦❢ t❤❡ ❋♦✉r✐❡r ♠♦❞❡s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ✜❡❧❞ ✇❤✐❝❤
❛r❡ ✐♥ ❛♥ ❯❱ s❤❡❧❧ ❢r♦♠ Λ t♦ Λb✱ ✇✐t❤ b s♠❛❧❧❡r ❜✉t ❝❧♦s❡ t♦ 1✱ ❛♥❞  < ❝♦♥t❛✐♥s
t❤❡ ♠♦❞❡s ❢r♦♠ Λb t♦ t❤❡ ■❘ ❝✉t♦✛✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t j ❝♦✉♣❧❡s ♦♥❧② t♦ t❤❡ s❧♦✇
❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✐♥ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥❛❧✳ ❚❤❡♥ ✐t ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s
 [j] =
 
 [ <]ej  <
 
 [ >]e  [ <+ >] =
 
 [ <]ej  <e  ❡✛b [ <] . ✭✸✳✻✾✮
✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❞❡✜♥❡s  ❡✛✳ ❚❤❡ ❤❡❛rt ♦❢ t❤❡ ❞✐✣❝✉❧t✐❡s ❧✐❡s ✐♥ ❝❛❧❝✉❧❛t✐♥❣
 ❡✛✳✳ ❍♦✇❡✈❡r✱ t❤❡ s✐t✉❛t✐♦♥ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ♣❡rt✉r❜❛t✐♦♥s ✐♥ t❤❡
♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ■♥❞❡❡❞ t❤❡ ✢✉❝t✉❛t✐♥❣ ✜❡❧❞ ✇❡ ❛r❡ ✐♥t❡❣r❛t✐♥❣ ♦♥✱  >✱ ♣♦ss❡ss❡s
❋♦✉r✐❡r ♠♦❞❡s ♦♥❧② ✐♥ t❤❡ s♠❛❧❧ s❤❡❧❧ [Λb,Λ]✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ s❛❞❞❧❡ ♣♦✐♥t
♠❡t❤♦❞ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❛s ❧♦♥❣ ❛s t❤❡ ❝♦✉♣❧✐♥❣ ✐s s♠❛❧❧
❡♥♦✉❣❤ ❛♥❞ t❤❡ ❝♦rr❡❝t✐♦♥s ❢r♦♠ t❤❡ ✐♥t❡r❛❝t✐♦♥s ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤♦✉t r✐s❦ ♦❢
❞✐✈❡r❣❡♥❝❡s✱ ❡✐t❤❡r ♣❡rt✉❜❛t✐✈❡❧② ❛s ✐♥ ❙❡❝✳ ✸✳✸✳✸ ♦r ✇✐t❤ ♦t❤❡r ♠❡❛♥✳ ❚❤❡ ♥❡①t st❡♣
✐s t♦ ❝❤❛♥❣❡ t♦ t❤❡ r❡s❝❛❧❡❞ ✜❡❧❞ ✈❛r✐❛❜❧❡s✱ ✇❤✐❝❤ r❡❛❞ ✐♥ ❋♦✉r✐❡r s♣❛❝❡ ❛s
 ˜<(}q) = b
  ˜ (}q/b) . ✭✸✳✼✵✮
❚❤❡ ❡①♣♦♥❡♥t  ✐s ❧✐♥❦❡❞ t♦ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✜❡❧❞ ❛♥❞ ✐s ❣❡♥❡r❛❧❧② ♥❡❝❡ss❛r② ❢♦r
t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ t♦ ❤❛✈❡ ❛ ✜①❡❞ ♣♦✐♥t✳ ❘❡s❝❛❧✐♥❣ t❤❡ ✇❛✈❡✲♥✉♠❜❡rs t♦ ❣❡t ❜❛❝❦
Λ ❛s ❯❱ ❝✉t♦✛✱ ♦♥❡ ♦❜t❛✐♥s ✜♥❛❧❧②
 [j] =
 
 [  ]ej    e   [  ] , ✭✸✳✼✶✮
✺✹
❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ❢♦r ♦✉t ♦❢
❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s
✇❤❡r❡
  [  ] =  ❡✛[ <]
j˜ (}q) = bd+ j˜(b}q) . ✭✸✳✼✷✮
■❢ t❤❡ ✐♥✐t✐❛❧ ❛❝t✐♦♥ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❝♦♥s❡❝✉t✐✈❡ ✐♥t❡❣r❛t✐♦♥ ♦♥ t❤❡ ❢❛st ❞❡❣r❡❡s
♦❢ ❢r❡❡❞♦♠ ❛♥❞ t❤❡ r❡s❝❛❧✐♥❣✱  [ ] =   [  ]✱ t❤❡♥
 [j] =  [j ] , ✭✸✳✼✸✮
❢r♦♠ ✇❤✐❝❤ ♦♥❡ ❞❡❞✉❝❡s t❤❛t t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❛r❡ s❝❛❧❡ ✐♥✈❛r✐✲
❛♥t✳ ❚❤✐s ♠❡t❤♦❞ ♣r❡s❡♥ts t❤❡ ❛❞✈❛♥t❛❣❡ t❤❛t ✐t ❝❛♥ ❜❡ ❞♦♥❡ ✐♥✜♥✐t❡s✐♠❛❧②✳ ❙❡tt✐♥❣
b = e s ❛♥❞ ❧❡tt✐♥❣ s ❣♦ t♦ ③❡r♦✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❘● tr❛♥s❢♦r♠❛t✐♦♥✳
✸✳✹✳✷ ❚❤❡ r❡❣✉❧❛t♦r ❛♥❞ t❤❡ ❲❡tt❡r✐❝❤ ❡q✉❛t✐♦♥
■t ✇❛s r❡❛❧✐③❡❞ t❤❛t ♦♥❡ ❝❛♥ ✇r✐t❡ ❞♦✇♥ ❛♥ ❡①❛❝t ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❡✛❡❝✲
t✐✈❡ ❛❝t✐♦♥  ❡✛Λb ✉♥❞❡r ❛ ❝❤❛♥❣❡ ♦❢ ♣❛r❛♠❡t❡r b ✭❲❡❣♥❡r ❛♥❞ ❍♦✉❣❤t♦♥ ✶✾✼✸✮✳ ❖♥❡
st❛rts ❢r♦♠ t❤❡ ♠❡❛♥ ✜❡❧❞ ❡✛❡❝t✐✈❡ ❛❝t✐♦♥  ❡✛Λ ❛t b = 1 ❛♥❞ ❡♥❞s ❛t t❤❡ ❡✛❡❝t✐✈❡
❛❝t✐♦♥  ❡✛0 ✇❤❡♥ ❛❧❧ ♠♦❞❡s ❤❛✈❡ ❜❡❡♥ ✐♥t❡❣r❛t❡❞✳ ▲❛t❡r ✐t ✇❛s ✉♥❞❡rst♦♦❞ t❤❛t t❤❡
s❤❛r♣ ❝✉t♦✛ ✐♥❞✉❝❡s s♣✉r✐♦✉s ❡✛❡❝ts ❛♥❞ ❛♥ ❡①❛❝t ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r ❛ s♠♦♦t❤❡r
❝✉t♦✛ ❜❡t✇❡❡♥ ❢❛st ❛♥❞ s❧♦✇ ♠♦❞❡s ✇❛s ♣r♦♣♦s❡❞ ✐♥ ✭P♦❧❝❤✐♥s❦✐ ✶✾✽✹✮✳ ❆ ♠♦❞❡r♥
❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤✐s ✐❞❡❛ ✐s t♦ ❛❞❞ ❛ ♥♦♥✲❧♦❝❛❧ q✉❛❞r❛t✐❝ t❡r♠✱ ❝❛❧❧❡❞ t❤❡ r❡❣✉❧❛t♦r
❛♥❞ ♥♦t❡❞ ❤❡r❡ ∆  t♦ t❤❡ ❛❝t✐♦♥ ✭♦r ❍❛♠✐❧t♦♥✐❛♥ ✐♥ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥t❡①t✮✳ ❚❤✐s
t❡r♠ ❞❡♣❡♥❞s ♦♥ ❛ ♥❡✇ s❝❛❧❡ t❤❛t ✐s ✐♥tr♦❞✉❝❡❞ ❜② t❤✐s ♣r♦❝❡❞✉r❡✿ t❤❡ r❡♥♦r♠❛❧✐③❛✲
t✐♦♥ s❝❛❧❡  ✳ ❚❤❡ r♦❧❡ ♦❢ t❤❡ r❡❣✉❧❛t♦r ✐s t♦ ❛❝t ❛s ❛ ♠❛ss ❢♦r t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠
♦❢ t❤❡ ✜❡❧❞ ✇✐t❤ ✇❛✈❡✲♥✉♠❜❡r ❜❡❧♦✇  ✳ ■♥ t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ r❡❣✉❧❛t♦r s❤♦✉❧❞ ❤❛✈❡
♥♦ ❡✛❡❝t ♦♥ t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✇✐t❤ ✇❛✈❡✲♥✉♠❜❡rs ❛❜♦✈❡  ✱ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧
r❡q✉✐r❡♠❡♥t t❤❛t t❤❡ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ r❡❣✐♠❡s ✐s s✉✣❝✐❡♥t❧② s♠♦♦t❤✳
❚♦ ✜① t❤❡ ✐❞❡❛✱ ❧❡t ✉s ✇r✐t❡ t❤❡ r❡❣✉❧❛t♦r ❛s
∆  = 1
2
 
x,y
    ij(x,y) (x) (y) = 12
 
q,q 
  ˜  ij(q,q ) ( q) ( q )
=
1
2
      . ✭✸✳✼✹✮
■♥ ♦r❞❡r ♥♦t t♦ ❜r❡❛❦ ❛rt✐✜❝✐❛❧❧② t❤❡ ✐♥✈❛r✐❛♥❝❡ ✉♥❞❡r s♣❛t✐♦✲t❡♠♣♦r❛❧ tr❛♥s❧❛t✐♦♥s
❛♥❞ s♣❛t✐❛❧ r♦t❛t✐♦♥s ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ♣r❡s❡♥t ✐♥ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❛❝t✐♦♥ ♦r ❛r❡ ❡①♣❡❝t❡❞
t♦ ❜❡ r❡❛❧✐③❡❞ ✐♥ t❤❡ ■❘✱ ✇❡ ✇✐❧❧ ❛❧✇❛②s ❝❤♦♦s❡ ❛ r❡❣✉❧❛t♦r ♦❢ t❤❡ ❢♦r♠  ˜  ij(q,q ) = (2 )d+1 ( +   ) d(}q + }q )  ¯  ij( , q2) . ✭✸✳✼✺✮
▲♦♦❦✐♥❣ ❛t t❤❡ r❡q✉✐r❡♠❡♥ts st❛t❡❞ ❛❜♦✈❡✱  ¯ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ q s❤♦✉❧❞ ❤❛✈❡ t❤❡
❜❡❤❛✈✐♦r s❦❡t❝❤❡❞ ✐♥ ❋✐❣✳ ✸✳✹✳✷ ✭❛♥❞ t❤❡ s❛♠❡ t②♣❡ ♦❢ ❜❡❤❛✈✐♦r ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢  ✮✳
❇② ✈❛r②✐♥❣ s♠♦♦t❤❧②  ❢r♦♠ t❤❡ ❯❱ ❝✉t♦✛ ♦❢ t❤❡ t❤❡♦r②✱ ✇❤❡r❡ t❤❡ r❡❣✉❧❛t♦r ❡♥s✉r❡s
t❤❛t t❤❡ s❛❞❞❧❡✲♣♦✐♥t ✐s ❡①❛❝t ✭s❡❡ ❜❡❧♦✇✮✱ t♦ ✐ts ■❘ ❝✉t♦✛✱ ♦♥❡ ✐♥t❡❣r❛t❡s s♠♦♦t❤❧②
✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ✜❡❧❞s✳
■♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ r❡❣✉❧❛t♦r ∆  ✱ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥❛❧ ❞❡✜♥❡❞ ✐♥ ✭✸✳✷✷✮
❜❡❝♦♠❡s s❝❛❧❡ ❞❡♣❡♥❞❡♥t✱ ❛♥❞ ✐s ❞❡♥♦t❡❞   ✳ ❆❝❝♦r❞✐♥❣❧②✱ ✇❡ ❞❡✜♥❡ ❛ s❝❛❧❡ ❞❡♣❡♥✲
❞❡♥t ✏❢r❡❡ ❡♥❡r❣②✑   = ln  ✳ ❚❤❡ ❛✈❡r❛❣❡ ✈❛❧✉❡ ♦❢ t❤❡ ✜❡❧❞s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡

✺✻
❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ❢♦r ♦✉t ♦❢
❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s
♣r❡s❡♥❝❡ ♦❢ t❤❡ r❡❣✉❧❛t♦r✱ ✇❤✐❝❤ ❡♥s✉r❡s t❤❛t   ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ❤❛s ❛ s✐♥❣❧❡
♥♦♥✲❞❡❣❡♥❡r❛t❡ s❛❞❞❧❡✲♣♦✐♥t✳ ❚❤❡ ❢♦r♠✉❧❛ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❢♦r t❤❡ ▲❡❣❡♥❞r❡
tr❛♥s❢♦r♠ ❛♣♣❧✐❡s ✇✐t❤ Γ r❡♣❧❛❝❡❞ ❜② Γ +∆  [Φ]✳ ◆♦t❛❜❧②✱
ji(x) =
 Γ 
 Φi(x)
+
    Φ i(x) . ✭✸✳✼✾✮
❛♥❞
G
(2)
ij [x,y; j] =
 
Γ(2) +  
  1
ij
[x,y; Φ] . ✭✸✳✽✵✮
▼♦r❡ ❣❡♥❡r❛❧❧②✱ t❤❡ ✭s❝❛❧❡ ❞❡♣❡♥❞❡♥t✮ ❣❡♥❡r❛❧✐③❡❞ ❝♦♥♥❡❝t❡❞ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s
❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡ ✭s❝❛❧❡ ❞❡♣❡♥❞❡♥t✮ ✈❡rt❡① ❢✉♥❝t✐♦♥s ♦❢ Γ +∆  [Φ]✳
❚❤❡ ✢♦✇ ♦❢ Γ ✉♥❞❡r ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❘● s❝❛❧❡  ✐s ❣✐✈❡♥ ❜② t❤❡ ❲❡tt❡r✐❝❤
❡q✉❛t✐♦♥ ✭❲❡tt❡r✐❝❤ ✶✾✾✸✮
  Γ =
1
2
 
x,y
 
    
 
ij
(x y)
 
Γ(2) +  
  1
ji
(y,x)
=
1
2
tr
 
    (Γ(2) +  ) 1
 
. ✭✸✳✽✶✮
❚❤❡ r❡❛❞❡r ❝❛♥ t✉r♥ t♦ ✭❉❡❧❛♠♦tt❡ ✷✵✵✼✮ ❢♦r ❛ ♣❡❞❛❣♦❣✐❝❛❧ ✐♥tr♦❞✉❝t✐♦♥ ❛♥❞ ❞❡r✐✈❛✲
t✐♦♥ ♦❢ t❤✐s ❡q✉❛t✐♦♥✳ ❆s ✇❡❧❧ ❛s ❊q✳ ✭✸✳✼✻✮✱ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ✭✸✳✽✶✮ ✐s ❡①❛❝t✳
■ts ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❵♠✐❝r♦s❝♦♣✐❝✬ ♠♦❞❡❧✱ ✇❤✐❝❤ ✐s t❤❡ ❛❝t✐♦♥  ✳
■♥❞❡❡❞✱ t❤❡ ✢♦✇ ✐s ✐♥✐t✐❛t❡❞ ❛t t❤❡ ❯❱ ❝✉t♦✛ Λ ✇❤✐❝❤ ✐s t❤❡ ✐♥✈❡rs❡ ❧❛tt✐❝❡ s♣❛❝✐♥❣ ♦r
t❤❡ s❝❛❧❡ ❛t ✇❤✐❝❤ t❤❡ ❝♦♥t✐♥✉♦✉s ❞❡s❝r✐♣t✐♦♥ ✐♥ t❡r♠s ♦❢ ❛ ❙P❉❊ st❛rts t♦ ❜❡ ✈❛❧✐❞✳
❆t t❤✐s s❝❛❧❡✱ ΓΛ ✐❞❡♥t✐✜❡s ✇✐t❤ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❛❝t✐♦♥ ΓΛ =  ✱ s✐♥❝❡ ♥♦ ✢✉❝t✉❛t✐♦♥
✐s ②❡t ✐♥❝♦r♣♦r❛t❡❞✳
❚♦ s❤♦✇ t❤✐s✱ ❧❡t ✉s t❛❦❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♦❢ t❤❡ ❊❆❆ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✸✳✼✼✮
e Γ [Φ] =
 
 [ ]e  [ ] ∆  [ ]+j  e j Φe∆  [Φ] . ✭✸✳✽✷✮
■♥s❡rt✐♥❣ t❤❡ ❡①♣❧✐❝✐t ❞❡✜♥✐t✐♦♥ ♦❢ j✱ ✭✸✳✼✾✮ ❛♥❞ ✉s✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡  = Φ+ ✱
✇❡ ❛rr✐✈❡ t♦ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❡①♣r❡ss✐♦♥ ❢♦r Γ ✿
e Γ [Φ] =
 
 [ ]e  [Φ+ ] ∆  [ ]+  Γ  Φ   . ✭✸✳✽✸✮
▲❡t ✉s ❛♣♣❧② t❤❡ s❛❞❞❧❡ ♣♦✐♥t ♠❡t❤♦❞ ❢♦r t❤❡ r❡❣✉❧❛t❡❞ ❛❝t✐♦♥✳ ❋♦r t❤✐s✱ ✇❡ ❡①♣❛♥❞
t❤❡ ❛r❣✉♠❡♥t ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡ ✐♥t❡❣r❛♥❞ t♦ s❡❝♦♥❞ ♦r❞❡r✿
  [Φ +  ] ∆  [ ] +  Γ 
 Φ
  =   [Φ] +
  Γ 
 Φ
   
 Φ
 
  
+
1
2
  
 
 (2) +  
 
  + o(   2) . ✭✸✳✽✹✮
❋♦r   Λ✱ t❤❡ r❡❣✉❧❛t♦r ❣✐✈❡s ❛ ❧❛r❣❡ ♠❛ss t♦ ❛❧❧ t❤❡ ♠♦❞❡s ♣r❡s❡♥t ✐♥ t❤❡ t❤❡✲
♦r②✱ t❤✉s ❡✈❡♥ ✐❢ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❛❝t✐♦♥ ✐s ❝r✐t✐❝❛❧✱ t❤❡ s❛❞❞❧❡✲♣♦✐♥t ♠❡t❤♦❞ ✐s ✇❡❧❧✲
❝♦♥tr♦❧❧❡❞ ❛♥❞ ❣✐✈❡s
ΓΛ[Φ] =  [Φ] . ✭✸✳✽✺✮
❋r♦♠ t❤❡ st❛rt✐♥❣ ♣♦✐♥t  = Λ✱ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ s❝❛❧❡ ✐s ❧♦✇❡r❡❞ ✉♥t✐❧ ✐t
r❡❛❝❤❡s 0 ♦r ❛ ♥❛t✉r❛❧ ■❘ s❝❛❧❡ L✲1 ♦❢ t❤❡ ♠♦❞❡❧✳ ❆t t❤✐s ♣♦✐♥t t❤❡ r❡❣✉❧❛t♦r ✐s
✸✳✹✳ ■♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ✺✼
  Γ
(2)
 (p) =  12
×q  q
 pp
+
p
p+ q
×q  q
 p
❋✐❣✉r❡ ✸✳✹✿ ❉✐❛❣r❛♠♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✢♦✇ ♦❢ Γ(2) 
❡✐t❤❡r ③❡r♦ ❢♦r ❛❧❧ ✇❛✈❡✲♥✉♠❜❡rs ♦r r❡❛❝❤❡s ✐ts ♦r✐❣✐♥❛❧ ♣❤②s✐❝❛❧ ✈❛❧✉❡✱ s✉❝❤ t❤❛t t❤❡
s❝❛❧❡ ❞❡♣❡♥❞❡♥t ❊❆❆ ❜❡❝♦♠❡s ❡q✉❛❧ t♦ t❤❡ ♦r✐❣✐♥❛❧ ❊❆❆✿ Γ0 = Γ✳ ❆t t❤❡ ❡♥❞ ♦❢
t❤❡ ✢♦✇✱ ♦♥❡ r❡❝♦✈❡rs t❤❡ ❛❝t✉❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠♦❞❡❧✱ ✇❤❡♥ ❛❧❧ ✢✉❝t✉❛t✐♦♥s ✉♣
t♦ t❤❡ ♣❤②s✐❝❛❧ ■❘ ❝✉t♦✛ ❤❛✈❡ ❜❡❡♥ ✐♥t❡❣r❛t❡❞ ♦✈❡r✳ ❚❤❡ ✐♥t❡r❡st ♦❢ ❊q✳ ✭✸✳✽✶✮ ✐s
t❤❛t ✐t ♣r♦✈✐❞❡s ❛♥ ❡①❛❝t s♠♦♦t❤ ✐♥t❡r♣♦❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ s❝❛❧❡s✳ ❉✉❡ t♦
t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ r❡❣✉❧❛t♦r ✐♥ t❤❡ ✐♥t❡❣r❛❧✱ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ❛t
t❤❡ s❝❛❧❡  ✐s ❞♦♠✐♥❛t❡❞ ❜② ✈❛❧✉❡s ♦❢ q   ✳ ❚❤✐s ♣r♦♣❡rt② ❛♥❞ t❤❡ s♠♦♦t❤♥❡ss
♦❢ t❤❡ ❊❆❆ ❢♦r   = 0 ❛❧❧♦✇s t♦ ❞❡✈✐s❡ ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡s ♦✉t ♦❢ t❤❡ ✉s✉❛❧
♣❡rt✉r❜❛t✐✈❡ ❝❛❧❝✉❧❛t✐♦♥s✳ ❲❤❡♥ t❤❡ ✐♥✐t✐❛❧ t❤❡♦r② ✐s ❛t ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t✱ ❜② ❧♦♦❦✐♥❣
❛t t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✢♦✇ ♦♥❡ ❝❛♥ t❤✉s ❤♦♣❡ t♦ ❝❛t❝❤ ❤♦✇ t❤❡ ✢✉❝t✉❛t✐♦♥s ❛t ❛❧❧
s❝❛❧❡s ❜✉✐❧❞ ✉♣ ♣r♦❣r❡ss✐✈❡❧② t❤❡ s✐♥❣✉❧❛r✐t✐❡s ♦❢ Γ ✇❤✐❝❤ ❧❡❛❞ t♦ ♣❤❡♥♦♠❡♥❛ s✉❝❤ ❛s
s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡✳
❆s ✇❡❧❧ ❛s ❢♦r t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ♦❢   ✱ ♦♥❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥
♦❢ Γ ✭✸✳✽✶✮ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❢♦r ❛ ❣❡♥❡r✐❝ n✲♣♦✐♥t ✈❡rt❡① ❢✉♥❝t✐♦♥ ❜② t❛❦✐♥❣ t❤❡
n ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s✳ ❚❤✐s ②✐❡❧❞s ❡q✉❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ❡①❛❝t✱ ❜✉t
✇❤✐❝❤ ✐♥✈♦❧✈❡ (n + 1) ❛♥❞ (n + 2) ✈❡rt❡① ❢✉♥❝t✐♦♥s✱ s✉❝❤ t❤❛t ✐❢ ♥♦ ❛♣♣r♦①✐♠❛t✐♦♥s
❛r❡ ♠❛❞❡✱ ♦♥❡ ❤❛s t♦ s♦❧✈❡ ❛♥ ✐♥✜♥✐t❡ ❤✐❡r❛r❝❤② ♦❢ ✢♦✇ ❡q✉❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱
❢♦r t❤❡ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥✱ ✇r✐t✐♥❣ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ✐♥ ❋♦✉r✐❡r s♣❛❝❡ ❛♥❞ ✉s✐♥❣ t❤❡
❝♦♥s❡r✈❛t✐♦♥ ♦❢ ✇❛✈❡✲✈❡❝t♦r ❛♥❞ ❢r❡q✉❡♥❝②✱ ✐t r❡❛❞s
 sΓ¯
(2)
mn(p) =
 
q
 
 s ¯
 
ij
(q)G¯
(2)
jk (q)
 
 1
2
Γ¯
(4)
klmn(q, q,p)
+ Γ¯
(3)
kms(q,p)G¯
(2)
st (q+ p)Γ¯
(3)
tnl(q+ p, p)
 
G¯
(2)
li (q) . ✭✸✳✽✻✮
❚❤❡ r✳❤✳s✳ ✐s r❡♣r❡s❡♥t❡❞ ❞✐❛❣r❛♠♠❛t✐❝❛❧❧② ✐♥ ❋✐❣✉r❡ ✸✳✹✿ t❤❡ ❞❛s❤❡❞ ❝✐r❝❧❡s ❛r❡ t❤❡
✈❡rt❡① ❢✉♥❝t✐♦♥s✱ t❤❡ t❤✐❝❦ ❧✐♥❡s ❛r❡ ♣r♦♣❛❣❛t♦rs ❛♥❞ t❤❡ ❝r♦ss ✐s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢
t❤❡ r❡❣✉❧❛t♦r✳ ◆♦t✐❝❡ t❤❡ s✐♠✐❧❛r✐t② ✇✐t❤ ❋✐❣✳ ✸✳✷✳ ❚❤❡ t❡r♠s ✐♥ t❤❡ r✳❤✳s✳ ❞❡♣❡♥❞ ♦♥
❛ ✇❛✈❡✲✈❡❝t♦r ❛♥❞ ❢r❡q✉❡♥❝② ♦❢ ✐♥t❡❣r❛t✐♦♥✱ q✱ ❝❛❧❧❡❞ ✐♥t❡r♥❛❧✱ ❜❡s✐❞❡s t♦ ❞❡♣❡♥❞ ♦♥
t❤❡ ❡①t❡r♥❛❧ ✇❛✈❡✲♥✉♠❜❡r ❛♥❞ ❢r❡q✉❡♥❝② p ❛t ✇❤✐❝❤ t❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥ ✐s ❡✈❛❧✉❛t❡❞✳
■♥ ♦r❞❡r t♦ ❣♦ ❢✉rt❤❡r ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ ✐♥✜♥✐t❡ ❤✐❡r❛r❝❤② ♦❢ ✢♦✇ ❡q✉❛t✐♦♥s✱ ✇❡ ❛r❡
❣✉✐❞❡❞ ❜② t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡❣✉❧❛t♦r ✇❤✐❝❤ ❡♥s✉r❡ t❤❛t t❤❡ ✐♥t❡❣r❛❧ ✐♥ t❤❡ r✳❤✳s✳
✐s ❞♦♠✐♥❛t❡❞ ❜② ✈❛❧✉❡s ♦❢ q   ✳
■♥ ♠♦st ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ ♣r♦♣❡rt② q   ✐s ✉s❡❞ t♦ ❛♣♣r♦①✐♠❛t❡❧② ❝❧♦s❡ t❤❡
❤✐❡r❛r❝❤② ❜② s✐♠♣❧② tr✉♥❝❛t✐♥❣ ❤✐❣❤❡r✲♦r❞❡r ✈❡rt✐❝❡s✱ ♦r ♣r♦♣♦s✐♥❣ ❛♥ ❛♥s❛t③ ❢♦r Γ 
✭❇❡r❣❡s✱ ❚❡tr❛❞✐s✱ ❛♥❞ ❲❡tt❡r✐❝❤ ✷✵✵✷✮✳ ■♥ t❤❡ ✇♦r❦ ♦♥ ❉❊P✱ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣✳ ✹✱
✇❡ ✐♥❞❡❡❞ ✉s❡ s✉❝❤ ❛♥ ❛♥s❛t③ ❢♦r t❤❡ ❊❆❆✱ ♥❛♠❡❞ t❤❡ ♠♦❞✐✜❡❞ ❧♦❝❛❧ ♣♦t❡♥t✐❛❧
❛♣♣r♦①✐♠❛t✐♦♥ ✭▲P❆✬✮✱ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❊❆❆ ❜② ✐ts ❜❡❤❛✈✐♦r
❛t s♠❛❧❧ ✇❛✈❡✲♥✉♠❜❡rs✳ ■♥ t❤❡ ✇♦r❦ ♦♥ ❙◆❙ ✭✐♥ ❈❤❛♣✳ ✺✮✱ ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡
✺✽
❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ❢♦r ♦✉t ♦❢
❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s
❜❡❤❛✈✐♦r ❛t ❧❛r❣❡ ❡①t❡r♥❛❧ ✇❛✈❡✲♥✉♠❜❡rs✳ ❲❡ ✇✐❧❧ s❡❡ t❤❛t ✐♥ t❤✐s ❧✐♠✐t✱ ✐t ✐s ♥♦t
♥❡❝❡ss❛r② t♦ ♠❛❦❡ ❛♥ ❛♥s❛t③ ❢♦r t❤❡ ❊❆❆ ❞✉❡ t♦ s♦♠❡ ♣r♦♣❡rt✐❡s t❤❛t ❛r❡ ♣❛rt✐❝✉❧❛r
t♦ t❤❡ ❙◆❙ ❛❝t✐♦♥✳
✸✳✹✳✸ ❋✐①❡❞ ♣♦✐♥t s♦❧✉t✐♦♥s ♦❢ t❤❡ ✢♦✇ ❛♥❞ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡
❍❛✈✐♥❣ ❡st❛❜❧✐s❤❡❞ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠❛❧✐s♠ ♦❢ ◆P❘●✱ ✇❡ ❝❛♥ ❡①♣❧❛✐♥ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥
s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ❛♥❞ ✜①❡❞✲♣♦✐♥t s♦❧✉t✐♦♥s ♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥✳ ❋♦r t❤✐s✱ ✇❡ ❢♦❧❧♦✇
t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ ✭❉❡❧❛♠♦tt❡✱ ❚✐ss✐❡r✱ ❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✻✮✳ ▲❡t ✉s ✜rst ❡①❛♠✐♥❡
t❤❡ ❝❛s❡ ♦❢ ❛ ❝r✐t✐❝❛❧ t❤❡♦r②✳ ❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ ❡①♣❡❝t❡❞ t♦
❡①❤✐❜✐t s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡② ❛r❡ ❡①♣❡❝t❡❞ t♦ ❜❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✿
 i(t, }x) bdi i(bzt, b}x) , ✭✸✳✽✼✮
✇✐t❤ di, z t❤❡ s❝❛❧✐♥❣ ❡①♣♦♥❡♥ts ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝r✐t✐❝❛❧ t❤❡♦r②✳ ▲❡t ✉s ♣❡r❢♦r♠
t❤✐s ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ✐♥s✐❞❡  [j]✱ ❛♥❞ t❛❦❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❧✐♠✐t b = e = 1 +  + o( )✳
 i(x)  i(x) +    i(x) + o( ) ,
✇✐t❤    i(x) =  (di + }x   }x + z t t) i(x)
   ❉    
i
(x) . ✭✸✳✽✽✮
❚❤❡ ❥❛❝♦❜✐❛♥ ♦❢ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ✐s ♥♦♥✲③❡r♦ ❜✉t ✐t ✐s ❝♦♥st❛♥t ✐♥ t❤❡ ✜❡❧❞s s♦
✐t ❞♦❡s ♥♦t ♣❧❛② ❛ r♦❧❡ ✐♥ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❛♥❞ ✐t ✐s ♦♠✐tt❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
❲r✐t✐♥❣ t❤❛t t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❛ ❝❤❛♥❣❡ ♦❢ ❞✉♠♠② ✈❛r✐❛❜❧❡s✱
✇❡ ♦❜t❛✐♥
     j +    ∆   j = j    Φ , ✭✸✳✽✾✮
✇❤❡r❡    ✐s t❤❡ ✜rst ♦r❞❡r ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧  [ ] ✉♥❞❡r t❤❡ ❝❤❛♥❣❡ ♦❢
✈❛r✐❛❜❧❡ ✭✸✳✽✽✮✳ ❚❤✐s ❞❡r✐✈❛t✐♦♥ ✇✐❧❧ ❜❡ ✇r✐tt❡♥ ✐♥ ♠♦r❡ ❞❡t❛✐❧s ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢
❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ❧✐♥❡❛r ✐♥ t❤❡ ✜❡❧❞s ✐♥ ❙❡❝✳ ✸✳✻✳ ❚❤❡ r❡❣✉❧❛t♦r t❡r♠ ∆  ❞❡♣❡♥❞s
❡①♣❧✐❝✐t❧② ♦♥ t❤❡ s❝❛❧❡  ✱ t❤✉s ✐ts ✈❛r✐❛t✐♦♥ ✐s ♥♦♥✲③❡r♦✳ ❍♦✇❡✈❡r✱ t❤❡  ✲❞❡♣❡♥❞❡♥❝②
♦❢ ∆  ✐s ❝❤♦s❡♥ ✐♥ ❛ st❛♥❞❛r❞ ✇❛② s✉❝❤ t❤❛t
  ∆  =    s∆  , ✭✸✳✾✵✮
✇❤❡r❡ s ✐s t❤❡ ✏❘●✲t✐♠❡✑ s  ln ( /Λ)✳ ■t ❛♠♦✉♥ts t♦ ❝❤♦♦s✐♥❣ ❛ ♣♦✇❡r✲❧❛✇ ❞❡♣❡♥✲
❞❡♥❝❡ ✐♥  ❢♦r t❤❡ r❡❣✉❧❛t♦r✳ ❊①♣❧✐❝✐t❧②✱    ij(x,y) = Rij rˆij xˆ, yˆ ,
✇✐t❤ xˆ = ( zt,  }x)
❛♥❞ Rij   2d+2z di dj . ✭✸✳✾✶✮
❚❤✐s ♠❡❛♥s t❤❛t✱ ❢♦r t❤✐s ❢♦r♠ ♦❢ r❡❣✉❧❛t♦r✱ t❤❡ ✈❛r✐❛t✐♦♥ ❞✉❡ t♦ ❞✐❧❛t❛t✐♦♥ ♦❢ s♣❛❝❡✲
t✐♠❡ ❛♥❞ ✜❡❧❞s ✐s ❡q✉❛❧ t♦ ✭♠✐♥✉s✮ t❤❡ ✈❛r✐❛t✐♦♥ ❞✉❡ t♦ ❛ ❞✐❧❛t❛t✐♦♥ ♦❢ t❤❡ r❡♥♦r♠❛❧✲
✐③❛t✐♦♥ s❝❛❧❡✳ ❚❛❦✐♥❣ ❛ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ s ♦❢ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ❛t ✜①❡❞
s♦✉r❝❡s✱ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ r❡❣✉❧❛t♦r ❝❛♥ t❤✉s ❜❡ r❡✇r✐tt❡♥ ❛s
   ∆   j =   s  [j] j . ✭✸✳✾✷✮
✸✳✹✳ ■♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ✺✾
❘❡♣❧❛❝✐♥❣ ✐♥ ✭✸✳✽✾✮✱ ✇❡ ♦❜t❛✐♥ ✜rst t❤❡ ❲❛r❞ ✐❞❡♥t✐t② ♦❢ ❞✐❧❛t❛t✐♦♥s ❢♦r   ✿
  s  +      j =  j  
 
❉   
 j
  
 
. ✭✸✳✾✸✮
❋✉rt❤❡r♠♦r❡✱ ✉s✐♥❣ t❤❡ ♠♦❞✐✜❡❞ ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠ ✭✸✳✼✼✮ ✐♥ ✭✸✳✾✷✮✱ ✇❡ ❤❛✈❡ ❛❧s♦
t❤❛t
   ∆   j =    s
 
Γ [Φ] + ∆  [Φ]
    
Φ
, ✭✸✳✾✹✮
✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ❲❛r❞ ✐❞❡♥t✐t② ♦❢ ❞✐❧❛t❛t✐♦♥s ❢♦r Γ ✿
 
 Γ 
 Φ
  ❉  Φ =      j    sΓ [Φ] . ✭✸✳✾✺✮
❚❤✐s ❡q✉❛t✐♦♥ st❛t❡s t❤❛t Γ ✐s s❝❛❧❡ ✐♥✈❛r✐❛♥t ✉♣ t♦ t❤❡ t✇♦ t❡r♠s ♦❢ t❤❡ r✳❤✳s✳✿
t❤❡ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡✲❜r❡❛❦✐♥❣ t❡r♠s ♦❢ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❛❝t✐♦♥✱ ❛♥❞ t❤❡ r❡❣✉❧❛t♦r✳
❊✈❡♥ ✐❢ t❤❡ t❤❡♦r② ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❞✐❧❛t❛t✐♦♥s ✭ ✐✳❡✳ ✐❢    = 0✮✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢
t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ s❝❛❧❡  ❜r❡❛❦s s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡✳ ❚❤✉s✱ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡
r❡❣✉❧❛t♦r✱ ♦♥❡ ❤❛s t♦ ❝❤♦♦s❡  ❛s t❤❡ ✉♥✐t ♦❢ s❝❛❧❡ ❢♦r s♣❛❝❡✲t✐♠❡ ❛♥❞ t❤❡ ✜❡❧❞s✱ ❛♥❞
t♦ ✐♥tr♦❞✉❝❡ ❞✐♠❡♥s✐♦♥❧❡ss q✉❛♥t✐t✐❡s ✐♥ ♦r❞❡r t♦ r❡❝♦✈❡r s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡✳ ❉❡✜♥✐♥❣
Γ [Φ] = Γˆ [Φˆ] , ✇✐t❤ Φˆi(xˆ) =  
 diΦi(xˆ/ , tˆ/ z) , ✭✸✳✾✻✮
❛♥❞ r❡♣❧❛❝✐♥❣ ✐♥ ✭✸✳✾✺✮✱ ♦♥❡ ♦❜t❛✐♥s t❤❛t
  sΓˆ [Φˆ] =      j . ✭✸✳✾✼✮
❲❡ s❛② ✐♥ t❤✐s ✇♦r❦ t❤❛t ❛ t❤❡♦r② ✐s ❝r✐t✐❝❛❧ ✐❢ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❛❝t✐♦♥ ✐s s❝❛❧❡ ✐♥✈❛r✐❛♥t✱
♦r ✐❢ t❤❡ r✳❤✳s✳ ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❣♦❡s t♦ ③❡r♦ ❢♦r   0✳ ■♥ s❤♦rt✱ ✭✸✳✾✼✮ st❛t❡s
t❤❛t ❝r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛✱ ✐♥ t❤❡ s❡♥s❡ ❛❜♦✈❡✱ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❤❛✈✐♥❣ ❛ ✜①❡❞ ♣♦✐♥ts
♦❢ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❘● ✢♦✇ ✐♥ t❤❡ ■❘✳ ❚❤✐s ✐s t❤❡ ♠♦t✐✈❛t✐♦♥ t♦ ❧♦♦❦ ❛t ✜①❡❞ ♣♦✐♥t
♦❢ Γˆ ✳ ❋r♦♠ ✭✸✳✽✶✮✱ ✇❡ ✜♥❛❧❧② ✇r✐t❡ ❞♦✇♥ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ❢♦r Γˆ ✿
 sΓˆ [Φˆ] =
 Γˆ 
 Φˆ
  ❉  Φˆ + 1
2
tr
 
❉Rrˆ  (Γˆ(2) + rˆ) 1
 
, ✭✸✳✾✽✮
✇✐t❤
❉Rrˆij(x,y) =
 
2d + 2z  di  dj + }ˆx   }ˆx + z tˆ tˆ + }ˆy   }ˆy + z uˆ uˆ
 
rˆij(x,y) . ✭✸✳✾✾✮
❋♦r ❛ ❣✐✈❡♥ s❡t ♦❢ s❝❛❧✐♥❣ ❞✐♠❡♥s✐♦♥s di ❛♥❞ z✱ ✉s✐♥❣ ✭✸✳✾✼✮✱ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❝❛♥
❜❡ r❡✐♥t❡r♣r❡t❡❞ ❛s ❛ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ■❘ ❊❆❆ ♦❢ t❤❡ ❝r✐t✐❝❛❧ t❤❡♦r②✳ ■♥❞❡❡❞✱ ❢♦r
❝r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❛❝❝♦r❞✐♥❣ t♦ ♦✉r ❞❡✜♥✐t✐♦♥✱ t❤❡ r✳❤✳s✳ ♦❢ ✭✸✳✾✽✮ ✐s ❡q✉❛❧ t♦ ③❡r♦
✐♥ t❤❡ ■❘✳ ❖❢ ❝♦✉rs❡✱ ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❛ s❝❛❧❡✲✐♥✈❛r✐❛♥t Γ ✱ t❤❡ ✜rst t❡r♠ ♦❢
t❤❡ r✳❤✳s✳ ✈❛♥✐s❤❡s ❜② ❞❡✜♥✐t✐♦♥✳
■♥ st❛♥❞❛r❞ ❝r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛✱ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ t❤❡ r✳❤✳s✳ ❝❛♥ ❜❡ s❤♦✇♥ t♦
❣♦ t♦ ③❡r♦ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✜rst ♦♥❡ ❢♦r ❡①t❡r♥❛❧ ✇❛✈❡✲♥✉♠❜❡rs pi   ✳ ■♥ t❤✐s ❝❛s❡✱
t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ❞❡❝♦✉♣❧❡s t❤❡ ❢❛st ✈❛r✐❛❜❧❡s ♦❢ t❤❡ s②st❡♠ ❢r♦♠ t❤❡ s❧♦✇ ♦♥❡s✳
❚❤✐s ❞❡❝♦✉♣❧✐♥❣ ♣r♦♣❡rt② ✐s s❛t✐s✜❡❞ ❜② t❤❡ ❘● ✢♦✇s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡q✉✐❧✐❜r✐✉♠
♣❤❛s❡ tr❛♥s✐t✐♦♥s ❢♦r ❡①❛♠♣❧❡ ✭❇❡r❣❡s✱ ❚❡tr❛❞✐s✱ ❛♥❞ ❲❡tt❡r✐❝❤ ✷✵✵✷✮✱ ❛♥❞ ❛❧s♦ t♦
♠❛♥② ❝r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ♦✉t✲♦❢✲❡q✉✐❧✐❜r✐✉♠ ✭❈❛♥❡t✱ ❈❤❛té✱ ❛♥❞ ❉❡❧❛♠♦tt❡ ✷✵✵✹❀
❈❛♥❡t ✷✵✵✺❀ ❈❛♥❡t ❡t ❛❧✳ ✷✵✶✵✮✳ ■❢ t❤❡ ❘● ✢♦✇ ❤❛s t❤✐s ❞❡❝♦✉♣❧✐♥❣ ♣r♦♣❡rt②✱ ♦♥❧②
t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ r✳❤✳s✳ r❡♠❛✐♥s ✇❤❡♥  ❣♦❡s t♦ ③❡r♦ ❛♥❞ ♦♥❡ ❞❡❞✉❝❡s t❤❛t t❤❡
❊❆❆ ♦❢ t❤❡ t❤❡♦r② ✐s s❝❛❧❡ ✐♥✈❛r✐❛♥t✱ ✐♥ t❤❡ ♣r❡❝✐s❡ s❡♥s❡ ♦❢ ✐♥✈❛r✐❛♥❝❡ ✉♥❞❡r ✭✸✳✽✽✮✳
❍♦✇❡✈❡r✱ ❛s ✐t ✇❛s ❤✐♥t❡❞ ❛t ✐♥ ❙❡❝✳ ✷✳✷✱ ✐t ♠❛② ❤❛♣♣❡♥ t❤❛t t❤❡ ❘● ✢♦✇ ❞♦❡s ♥♦t
❤❛✈❡ t❤❡ ❞❡❝♦✉♣❧✐♥❣ ♣r♦♣❡rt②✳ ■♥ t❤✐s ❝❛s❡✱ ❡✈❡♥ ✐❢ t❤❡ ◆P❘● ✢♦✇ ❡q✉❛t✐♦♥ ✭✸✳✾✽✮
r❡❛❝❤❡s ❛ ✜①❡❞ ♣♦✐♥t✱ ✐t ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ❡♥t❛✐❧s t❤❡ s❝❛❧❡✲✐♥✈❛r✐❛♥❝❡ ♦❢ Γˆ ✳
✻✵
❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ❢♦r ♦✉t ♦❢
❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s
✸✳✹✳✹ ❘✉♥♥✐♥❣ s❝❛❧✐♥❣ ❞✐♠❡♥s✐♦♥s ❛♥❞ ❞✐♠❡♥s✐♦♥❧❡ss
q✉❛♥t✐t✐❡s
■♥ ♠♦st s✐t✉❛t✐♦♥s✱ t❤❡ s❝❛❧✐♥❣ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ❝r✐t✐❝❛❧ t❤❡♦r② ❛r❡ ♥♦t ❡①❛❝t❧②
❦♥♦✇♥✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛ ❣✐✈❡♥ s❝❛❧❡  ✱ t❤❡ ❊❆❆ Γ ♠❛② ♥♦t ❜❡ s❝❛❧❡✲✐♥✈❛r✐❛♥t✳ ■♥
t❤✐s ❝❛s❡✱ t❤❡r❡ ❛r❡ ♥♦ ✇❡❧❧ ❞❡✜♥❡❞ s❝❛❧✐♥❣ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ✜❡❧❞s ❛♥❞ ♦❢ t✐♠❡✳
❖♥❡ ✐❞❡❛ ❛t t❤✐s ♣♦✐♥t ✐s t♦ ❞❡✜♥❡ s❝❛❧❡ ❞❡♣❡♥❞❡♥t s❝❛❧✐♥❣ ❞✐♠❡♥s✐♦♥s ✇❤✐❝❤ t❛❦❡ ❛
❝♦♥st❛♥t ✈❛❧✉❡ ✐❢ t❤❡ ❘● ✢♦✇ r❡❛❝❤❡s ❛ ✜①❡❞ ♣♦✐♥t✳
❋♦r ❛ s❝❛❧❡ ✐♥✈❛r✐❛♥t t❤❡♦r② ✇✐t❤ ❣✐✈❡♥ s❝❛❧✐♥❣ ❞✐♠❡♥s✐♦♥s di ❛♥❞ z✱ ♦♥❡ ❤❛s ❢♦r
t❤❡ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥s
Γ
(2)
ij [x,y; Φ] =  
 di dj Γˆ(2)ij [xˆ, yˆ; Φˆ] . ✭✸✳✶✵✵✮
❖♥❡ ✇♦✉❧❞ t❤✉s ❞❡✜♥❡ t❤❡ s❝❛❧❡✲❞❡♣❡♥❞❡♥t✱ ♦r r✉♥♥✐♥❣ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ✜❡❧❞s ❛s
di( ) + dj( )    s ln Γ(2)ij [x,y; Φ] . ✭✸✳✶✵✶✮
❍♦✇❡✈❡r✱ ✐❢ Γ ✐s ♥♦t s❝❛❧❡ ✐♥✈❛r✐❛♥t✱ t❤✐s ❞❡✜♥✐t✐♦♥ ✐s ❛♠❜✐❣✉♦✉s ❛s ✐♥ ❢❛❝t t❤❡ r✉♥✲
♥✐♥❣ ❞✐♠❡♥s✐♦♥s ♠❛② ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ✜❡❧❞ ❛♥❞ t❤❡ s♣❛❝❡t✐♠❡ ✈❛r✐❛❜❧❡s
❛t ✇❤✐❝❤ t❤❡ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥ ✐s ❡✈❛❧✉❛t❡❞✳ ❚❤✉s ♦♥❡ ❤❛s t♦ ❝❤♦♦s❡ ❛ ♣❛rt✐❝✉❧❛r
✈❛❧✉❡ ♦❢ t❤❡ ✜❡❧❞ ❛♥❞ ❛ ♣❛rt✐❝✉❧❛r ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ s♣❛❝❡✲t✐♠❡✳ ❚❤✐s st❡♣ ✐s ❛♥❛❧♦✲
❣♦✉s t♦ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ✐♥ ♣❡rt✉r❜❛t✐✈❡ ❘●✳ ■♥ ♠♦st s✐t✉❛t✐♦♥s✱ ✇❡ ❝❤♦♦s❡
Φ = Φ0 ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ st❛t✐♦♥❛r② ✭❣❡♥❡r❛❧❧②✱ Φ0 = 0✮✳ ❋✉rt❤❡r♠♦r❡✱ ❜❡❝❛✉s❡ ✇❡
❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ■❘ ❜❡❤❛✈✐♦r ♦❢ t❤❡ t❤❡♦r②✱ ✇❡ ❞❡✜♥❡ t❤❡ r✉♥♥✐♥❣ ❞✐♠❡♥s✐♦♥s✱
❛t ③❡r♦ ❢r❡q✉❡♥❝② ❛♥❞ ✇❛✈❡✲♥✉♠❜❡r ✐♥ ❋♦✉r✐❡r s♣❛❝❡✳ ❚❛❦✐♥❣ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠
♦❢ ✭✸✳✶✵✵✮ ❛♥❞ ❛ss✉♠✐♥❣ ✐♥✈❛r✐❛♥❝❡ ✉♥❞❡r s♣❛❝❡✲t✐♠❡ tr❛♥s❧❛t✐♦♥s✱ ♦♥❡ ❤❛s
Γ¯
(2)
ij (p,Φ0) =  
z+d di dj ˆ¯Γ(2)ij (pˆ,Φ0) . ✭✸✳✶✵✷✮
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ r✉♥♥✐♥❣ ✜❡❧❞ ❞✐♠❡♥s✐♦♥s ❛r❡ ❞❡✜♥❡❞ ❛s
di( ) + dj( ) d    s lnZij 
✇✐t❤ Zij =  i Γ¯
(2)
ij (p,Φ0) p=0 . ✭✸✳✶✵✸✮
■♥ t❤❡ s❛♠❡ s♣✐r✐t✱ t❤❡ r✉♥♥✐♥❣ s❝❛❧✐♥❣ ❞✐♠❡♥s✐♦♥ ♦❢ t✐♠❡ ✐s ❞❡✜♥❡❞ ❛s
z( ) 2   s lnDij 
✇✐t❤ Dij =
1
Zij 
 p2Γ¯
(2)
ij (p,Φ0) p=0 . ✭✸✳✶✵✹✮
❆❣❛✐♥✱ t❤✐s ❞❡✜♥✐t✐♦♥ ♠❛② ❞❡♣❡♥❞ ♦♥ i✱ j ❛♥❞ Φ0 ❜✉t t❤❡ ❧✐♠✐t   0 s❤♦✉❧❞ ❜❡
t❤❡ s❛♠❡ ❢♦r ❛❧❧ ✜❡❧❞s ✇✐t❤ ♥♦♥✲tr✐✈✐❛❧ ❞②♥❛♠✐❝s✳ ❚❤❡  ❞❡♣❡♥❞❡♥❝❡ ♦❢ di ❛♥❞ dj ✐s
✐♠♣❧✐❝✐t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ◆♦✇✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ ✏r✉♥♥✐♥❣ ❞✐♠❡♥s✐♦♥❧❡ss ❊❆❆✑ ❛s
Γ [Φ] = Γˆ [Φˆ] , ✇✐t❤ Φˆi(xˆ) = Z
i
 Φi
 xˆ
 
,
tˆ
 2Di 
 
, ✭✸✳✶✵✺✮
✇❤❡r❡ t❤❡ Zi ❛r❡ ❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡ Z
ij
 s✉❝❤ t❤❛t Z
i
    di ❛♥❞ t❤❡ Di ❛r❡
❝♦♥str✉❝t❡❞ ✐♥ t❤❡ s❛♠❡ ❢❛s❤✐♦♥ ❢r♦♠ t❤❡ Dij ✳ ❚❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ Γˆ r❡❛❞s
 sΓˆ [Φˆ] =
 Γˆ 
 Φˆ
  ❉  Φˆ + 1
2
tr
 
❉R rˆ  (Γˆ(2) + rˆ) 1
 
, ✭✸✳✶✵✻✮
✇❤✐❝❤ ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❡①❝❡♣t t❤❛t t❤❡ ❞✐❧❛t❛t✐♦♥ ♦♣❡r❛t♦rs ❛r❡
♥♦✇ r✉♥♥✐♥❣ ✇✐t❤ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ s❝❛❧❡✳ ❚❤✐s ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥✱ ❛s ✇❡❧❧ ❛s t❤❡
♣r❡s❝r✐♣t✐♦♥ ❢♦r t❤❡ s❝❛❧✐♥❣ ❞✐♠❡♥s✐♦♥s ✭✸✳✶✵✸✮ ❛♥❞ ✭✸✳✶✵✹✮✱ ✐s ♦✉r st❛rt✐♥❣ ♣♦✐♥t ❢♦r
t❤❡ st✉❞② ♦❢ ❉❊P ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳
✸✳✺✳ ❈❛✉s❛❧✐t② ❛♥❞ ■tô ♣r❡s❝r✐♣t✐♦♥ ✐♥ ◆P❘● ✻✶
✸✳✺ ❈❛✉s❛❧✐t② ❛♥❞ ■tô ♣r❡s❝r✐♣t✐♦♥ ✐♥ ◆P❘●
▲❡t ✉s ♣♦✐♥t ♦✉t ❛ ❣❡♥❡r❛❧ ♣r♦♣❡rt② ♦❢ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s✳ ❚❤✐s ✇✐❧❧
❜❡ ❞♦♥❡ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❢♦r✇❛r❞ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡ ❢♦r ❙P❉❊✱ s✉❝❤ ❛s ■tô
♣r❡s❝r✐♣t✐♦♥ ❢♦r ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥s✱ ✐♥ ❝♦♥t✐♥✉✉♠ ✜❡❧❞ t❤❡♦r✐❡s✳ ❚♦ ❞♦ t❤✐s✱ ❧❡t ✉s
✉s❡ t❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❛❝t✐♦♥ ♦❢ ❙❡❝✳ ✸✳✸✳✸
 [ ,  ¯] =
 
x
 
 ¯( t   2 +  )  ∆( ax ¯)2 +  ¯ U1( ) 
1
2
 ¯2 U2( )
 
. ✭✸✳✶✵✼✮
❚❤✐s ❛❝t✐♦♥ ✇❛s ❞❡r✐✈❡❞ ❢r♦♠ ❛♥ ■tô ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ ▼❙❘❏❉ r❡s♣♦♥s❡
✜❡❧❞ ❢♦r♠❛❧✐s♠✱ ❛♥❞ ❛s s✉❝❤ ✐t s❛t✐s✜❡s t❤❡ t✇♦ ♣r♦♣❡rt✐❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝❛✉s❛❧✐t②✳
❚❤❡ ✜rst ♣r♦♣❡rt② ✐s t❤❛t  [ , 0] = 0✳ ❚❤❡ s❡❝♦♥❞ ♣r♦♣❡rt②✱ ✇❤✐❝❤ ✐s ❤✐❞❞❡♥ ✐♥ t❤❡
t✐♠❡✲❝♦♥t✐♥✉♦✉s ❧✐♠✐t✱ ✐s t❤❛t t❤❡ r❡s♣♦♥s❡ ✜❡❧❞ ✐s ❛❧✇❛②s ❡✈❛❧✉❛t❡❞ ❛t ❛ ❧❛t❡r t✐♠❡
t❤❛♥ t❤❡ ♦❜s❡r✈❛❜❧❡ ✜❡❧❞ ✐♥ t❤❡ ❞✐s❝r❡t✐③❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥✳ ▲❡t ✉s ❡①♣♦✉♥❞ ♦♥
t❤❡ ❝♦♥s❡q✉❡♥❝❡s✳ ❋✐rst✱ ❧❡t ✉s ❝❛❧❝✉❧❛t❡ t❤❡ ♠❡❛♥ ✜❡❧❞ ♣r♦♣❛❣❛t♦r ♦❢ t❤❡ t❤❡♦r②✿ 
G
(2)
0
 
  ¯
(x,y) =   (x) ¯(y) c =
  (2)  1
  ¯
(x,y) , ✭✸✳✶✵✽✮
✇❤❡r❡  (2) ✐s t❤❡ ❍❡ss✐❛♥ ♦❢ t❤❡ ❛❝t✐♦♥ ❛❜♦✈❡ ❡✈❛❧✉❛t❡❞ ❛t t❤❡ ❝❧❛ss✐❝❛❧ st❛t✐♦♥❛r②
s♦❧✉t✐♦♥ ❢♦r t❤❡ s♦✉r❝❡s s❡t t♦ ③❡r♦✳ ❋r♦♠ t❤❡ ❛❝t✐♦♥✱ ✇❡ ♦❜t❛✐♥ ✐♥ ❋♦✉r✐❡r s♣❛❝❡ ✭❛❢t❡r
❤❛✈✐♥❣ ❡①tr❛❝t❡❞ t❤❡ ❞❡❧t❛ ❢✉♥❝t✐♦♥s ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ❢r❡q✉❡♥❝② ❛♥❞ ✇❛✈❡✲♥✉♠❜❡r✮
 ¯(2)
 ¯ 
(p) =  i + p2 +  . ✭✸✳✶✵✾✮
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
 
G
(2)
0
 
  ¯
(x,y) =
 
p
  ¯(2)
 ¯ 
(p)
  1
eip (x y) =
 
p
eip (x y)
 i + p2 +  . ✭✸✳✶✶✵✮
▲❡t ✉s r❡❝❛❧❧ t❤❛t ✇❡ ♥♦t❡ x = (t, }x) ❛♥❞ y = (u, }y)✳ ❋♦r t  = u✱ t❤❡ ❢r❡q✉❡♥❝②
✐♥t❡❣r❛t✐♦♥ ✐s ❞♦♥❡ ✉s✐♥❣ ❏♦r❞❛♥✬s ❧❡♠♠❛ ❛♥❞ t❤❡ r❡s✐❞✉❡ t❤❡♦r❡♠ ❛♥❞ ❣✐✈❡s
 
G
(2)
0
 
  ¯
(x,y) = Θ(t u)
 
}p
ei}p (}x }y) (p
2+ )(t u) . ✭✸✳✶✶✶✮
❚❤❡ ❍❡❛✈✐s✐❞❡ Θ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❛♣♣❡❛rs ✐♥ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ✐s t❤❡ ❝♦♥s❡q✉❡♥❝❡
♦❢ t❤❡ ❝❛✉s❛❧✐t② ♦❢ t❤❡ ✐♥✐t✐❛❧ st♦❝❤❛st✐❝ ♣r♦❝❡ss✱ ❛s t❤❡ ♣r♦♣❛❣❛t♦r✱ ♦r ●r❡❡♥ ❢✉♥❝t✐♦♥
♦❢ t❤❡ t❤❡♦r② ✈❛♥✐s❤❡s ✐❢ t❤❡ r❡s♣♦♥s❡ ♦❢ t❤❡ s②st❡♠ ✐s ♠❡❛s✉r❡❞ ❜❡❢♦r❡ t❤❡ ♣❡rt✉r❜❛✲
t✐♦♥ ❤❛s ❤❛♣♣❡♥❡❞✳ ❍♦✇❡✈❡r✱ ❢♦r t❤❡ ❝♦♥t✐♥✉♦✉s ❞❡s❝r✐♣t✐♦♥ t❤❡r❡ ✐s ❛♥ ❛♠❜✐❣✉✐t② ❛t
t = u✳ ❋♦r♠❛❧❧②✱ t❤❡ ♣r♦♣❛❣❛t♦r ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✐❧❧✲❞❡✜♥❡❞ ✈❛❧✉❡ Θ(0)✳ ❚❤✐s
❛♠❜✐❣✉✐t② ✐s ✐♥ ❢❛❝t ❛ ❣❡♥❡r❛❧ ❢❡❛t✉r❡ ♦❢ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s ❛♥❞ ✐t ✐s
❝✉r❡❞ ❜② ❣♦✐♥❣ ❜❛❝❦ t♦ t❤❡ t✐♠❡✲❞✐s❝r❡t✐③❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥✳ ■♥ ❛ ♣❡rt✉r❜❛t✐✈❡
s❡tt✐♥❣✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ■tô ♣r❡s❝r✐♣t✐♦♥ ❛♠♦✉♥ts t♦ t❛❦❡ Θ(0) = 0✳ ❆♥
❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤✐s ♣r❡s❝r✐♣t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❇✳✷✳
▲❡t ✉s s❡❡ ❤♦✇ t❤❡ ❝❛✉s❛❧✐t② ✐s tr❡❛t❡❞ ✐♥ t❤❡ ◆P❘● s❡tt✐♥❣✱ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥s
♦❢ ❛ ❣❡♥❡r❛❧ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r② ❛s ❞❡✜♥❡❞ ✐♥ ❙❡❝✳ ✸✳✹✳ ❋♦r ❛ ❣✐✈❡♥ t❤❡♦r②
 [j]✱ ❧❡t ✉s s❛② t❤❛t j s❛t✐s✜❡s t❤❡ ❝❛✉s❛❧✐t② ♣r♦♣❡rt② ✐❢ ❛♥② ❣❡♥❡r❛❧✐③❡❞ ❝♦rr❡❧❛t✐♦♥
❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t❡❞ ❛t j ✈❛♥✐s❤❡s ✇❤❡♥ ✐ts ❧❛r❣❡st t✐♠❡ ✐s t❤❡ ♦♥❡ ♦❢ ❛ r❡s♣♦♥s❡ ✜❡❧❞✳
■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r s✉❝❤ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ j✱ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ r❡s♣♦♥s❡ ✜❡❧❞s ❛r❡
③❡r♦✳ ❯s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ G(n) ❛s ❛ s✉♠ ♦❢ tr❡❡s ✇❤♦s❡ ✈❡rt✐❝❡s ❛r❡ t❤❡ Γ(k)✱
✻✷
❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ❢♦r ♦✉t ♦❢
❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s
✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ❝❛✉s❛❧✐t② ♣r♦♣❡rt② ♦❢ j tr❛♥s❧❛t❡s ❢♦r t❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥s
❛s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✐❢ t❤❡ ❧❛r❣❡st t✐♠❡ ✐s ♥♦t ❛ss♦❝✐❛t❡❞ t♦ ❛ r❡s♣♦♥s❡ ✜❡❧❞✱ t❤❡ ✈❡rt❡①
❢✉♥❝t✐♦♥ ✈❛♥✐s❤❡s✳
❚♦ ❜❡ ♠♦r❡ ❝♦♥❝r❡t✱ ❧❡t ✉s ❧♦♦❦ ❛t t❤❡ ❝❛s❡ ♦❢ t❤❡ ●❛✉ss✐❛♥ s❝❛❧❛r ✜❡❧❞✳ ■♥
t❤✐s ❝❛s❡✱ t❤❡ j ✇❤✐❝❤ s❛t✐s❢② t❤❡ ❝❛✉s❛❧✐t② ♣r♦♣❡rt② ♦♥ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡
j =  0,  ¯ ✱ ❢♦r ❛♥②  ¯✳ ❆❝❝♦r❞✐♥❣❧②✱ ❛♥② ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ✜❡❧❞s Φ =   , 0 s❛t✐s✜❡s
t❤❡ ❝❛✉s❛❧✐t② ♣r♦♣❡rt② ♦♥ t❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥s✳ ❋♦r ✐♥t❡r❛❝t✐♥❣ t❤❡♦r✐❡s✱ ✇❡ ❛s❦ t❤❛t
t❤❡ ❝❛✉s❛❧✐t② ♣r♦♣❡rt② ❢♦r ✈❡rt❡① ✐s ✈❡r✐✜❡❞ ❛❧♦♥❣ t❤❡ ❘● ✢♦✇ ✐♥ ❛♥② ❝♦♥✜❣✉r❛t✐♦♥
♦❢ t❤❡ ✜❡❧❞s ❢♦r ✇❤✐❝❤ t❤❡ r❡s♣♦♥s❡ ✜❡❧❞s ❛r❡ s❡t t♦ ③❡r♦✳ ■t ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ t❤❛t
✐t ✐s ✈❡r✐✜❡❞ ❛t t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ✢♦✇✳ ■t ❤❛s ❜❡❡♥ s❤♦✇♥ ✐♥ ❛ ◆P❘●
s❡tt✐♥❣ ✐♥ ✭❈❛♥❡t✱ ❈❤❛té✱ ❛♥❞ ❉❡❧❛♠♦tt❡ ✷✵✶✶❀ ❇❡♥✐t❡③ ❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✸✮ t❤❛t
t❤✐s ♣r♦♣❡rt② ✐s ❝♦♥s❡r✈❡❞ ❛❧♦♥❣ t❤❡ ❘● ✢♦✇ ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ r❡❣✉❧❛t♦r
✐ts❡❧❢ s❛t✐s✜❡s ✐t✳ ❊①♣❧✐❝✐t❧②✱ ✇❡ ♠✉st ❤❛✈❡
  ¯  ij(x,y) = 0 , ✐❢ ❜♦t❤ i ❛♥❞ j ❛r❡ ♦❜s❡r✈❛❜❧❡ ✜❡❧❞s  ¯  ij(x,y) = 0 , ✐❢ i ✐s ❛♥ ♦❜s❡r✈❛❜❧❡ ✜❡❧❞✱ j ❛ r❡s♣♦♥s❡ ✜❡❧❞s ❛♥❞ t  u . ✭✸✳✶✶✷✮
❆t t❤✐s ♣♦✐♥t✱ ❧❡t ✉s ❡❧❛❜♦r❛t❡ ♦♥ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ◆P❘●✳ ❆❧t❤♦✉❣❤ ✐t
✇♦✉❧❞ ❜❡ ❞❡s✐r❛❜❧❡ t♦ ❤❛✈❡ ❛ r❡❣✉❧❛t♦r ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❢r❡q✉❡♥❝✐❡s ❛s ✇❡❧❧ ❛s ♦♥
t❤❡ ✇❛✈❡✲♥✉♠❜❡rs✱ ✐♥ ♣r❛❝t✐❝❡ t❤✐s t✉r♥s ♦✉t t♦ ❜❡ ❛ ❞✐✣❝✉❧t t❛s❦ t♦ s❡t ✉♣✳ ◆♦t❛❜❧②✱
t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ❢r❡q✉❡♥❝② r❡❣✉❧❛t♦r ♠❛② ❜r❡❛❦s s②♠♠❡tr✐❡s r❡❧❛t❡❞ t♦ t✐♠❡ ✐♥
❝❡rt❛✐♥ ♠♦❞❡❧s✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ❢♦r ❡①❛♠♣❧❡ ❢♦r ❙◆❙✳ ■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦ ✇❡ ❝❤♦♦s❡
t♦ ❤❛✈❡ ❛ r❡❣✉❧❛t♦r ✐♥❞❡♣❡♥❞❡♥t ✭♦r ♠✐♥✐♠❛❧❧② ❞❡♣❡♥❞❡♥t✱ s❡❡ ❧❛t❡r✮ ♦❢ t❤❡ ❢r❡q✉❡♥❝②✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❢r❡q✉❡♥❝② ✐♥t❡❣r❛❧ ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ✐s ♥♦t ❝♦♥str❛✐♥❡❞ ❛
♣r✐♦r✐✳ ❙♦♠❡ ♣r♦❣r❡ss❡s ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ r❡❝❡♥t❧② t♦ ✐♥❝❧✉❞❡ ❛ ❢r❡q✉❡♥❝②✲❞❡♣❡♥❞❡♥t
r❡❣✉❧❛t♦r ❜② ✭❉✉❝❧✉t ❛♥❞ ❉❡❧❛♠♦tt❡ ✷✵✶✼✮✳
●♦✐♥❣ ❜❛❝❦ t♦ t❤❡ ❝❛✉s❛❧✐t② ❝♦♥❞✐t✐♦♥ ✭✸✳✶✶✷✮✱ t❤❡ ❧❛st ❝♦♥str❛✐♥t ♠❡❛♥s t❤❛t
t❤❡ ♦✛✲❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ♦❢ t❤❡ r❡❣✉❧❛t♦r ❝❛♥♥♦t ❜❡ ❡①❛❝t❧② ✐♥st❛♥t❛♥❡♦✉s✱ ❛s t❤❡②
✇♦✉❧❞ ❜❡ ✐❢ t❤❡ r❡❣✉❧❛t♦r ✇❛s ❢r❡q✉❡♥❝② ✐♥❞❡♣❡♥❞❡♥t✳ ❚❤❡ r❡s♣♦♥s❡ ✜❡❧❞ ❤❛s t♦ ❜❡
❡✈❛❧✉❛t❡❞ ❛t ❛ ❧❛t❡r t✐♠❡ t❤❛♥ t❤❡ ♦❜s❡r✈❛❜❧❡ ✜❡❧❞s ✐♥st❡❛❞ ♦❢ t❤❡♠ ❜❡✐♥❣ ❡✈❛❧✉❛t❡❞
✐♥ t❤❡ r❡❣✉❧❛t♦r ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❋♦r ❡①❛♠♣❧❡✱ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❛ ♦♥❡✲❝♦♠♣♦♥❡♥t
s❝❛❧❛r ✜❡❧❞ t❤❡♦r② ❛♥❞ ✐ts r❡s♣♦♥s❡ ✜❡❧❞✱ t❤❡ ❝❛✉s❛❧✐t② ❝♦♥❞✐t✐♦♥ ✭✸✳✶✶✷✮ r❡❛❞s
∆  [Φ, Φ¯] =
 
x,y
  (x,y)Φ(x)Φ¯(y)
=
 
x,y
  ( }x }y ) (t +   u)Φ(x)Φ¯(y)
=
 
}x,}y,t
  ( }x }y )Φ(x)Φ¯(}y, t +  )
=
 
q
 ¯ (q)ei  Φ(q)Φ¯( q) ✭✸✳✶✶✸✮
✇✐t❤  > 0✳ ◆♦t❡ t❤❛t ✇✐t❤✐♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ❡①♣❛♥s✐♦♥ ♦❢ ❈❤❛♣✳ ✹✱ t❤❡ ♣r❡s❝r✐♣t✐♦♥
❛❜♦✈❡ ✐s ❡q✉✐✈❛❧❡♥t❧② t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❜② s✐♠♣❧② s❤✐❢t✐♥❣ t❤❡ r❡s♣♦♥s❡ ✜❡❧❞ ✐♥ t❤❡
♣r♦♣❛❣❛t♦r ❛t ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❧❛t❡r t✐♠❡✿
 
G
(2)
0
 
  ¯
(x,y)
  
■tô
=   (x) ¯(y) c
  
■tô
=   (x) ¯(u +  , }y) c , ✇✐t❤  > 0 . ✭✸✳✶✶✹✮
✸✳✻✳ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❛♥❞ ❞✉❛❧✐t✐❡s ✐♥ ◆P❘● ✻✸
❍♦✇❡✈❡r✱ ♦♥❡ ❤❛s t♦ ❦❡❡♣ ✐♥ ♠✐♥❞ t❤❛t t♦ r❡♣❧❛❝❡ t❤❡ ♣r♦♣❛❣❛t♦rs ❜② t❤❡✐r s❤✐❢t❡❞
✈❡rs✐♦♥ ❛♠♦✉♥ts t♦ t❤❡ ■tô ♣r❡s❝r✐♣t✐♦♥ ♦♥❧② ✇❤❡♥ t❤❡② ❛r❡ ✐♥t❡❣r❛t❡❞ ❛❣❛✐♥st ✈❡r✲
t✐❝❡s ♦❢ t❤❡ t❤❡♦r②✳ ●♦✐♥❣ t♦ ❋♦✉r✐❡r s♣❛❝❡✱ t❤❡ ♣r❡s❝r✐♣t✐♦♥ r❡✇r✐t❡s ❛s 
G¯
(2)
0
 
  ¯
(p)
  
■tô
= ei  
 
G¯
(2)
0
 
  ¯
(p) . ✭✸✳✶✶✺✮
❆❢t❡r t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐♥ ❢r❡q✉❡♥❝②✱  ❝❛♥ s❛❢❡❧② ❜❡ s❡t t♦ 0✳
✸✳✻ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❛♥❞ ❞✉❛❧✐t✐❡s ✐♥ ◆P❘●
❇♦t❤ ✇♦r❦s ♦♥ ❉❊P ❛♥❞ ♦♥ ❙◆❙ r❡❧② ❤❡❛✈✐❧② ♦♥ t❤❡ t♦♦❧s ♦❢ ❲❛r❞ ✐❞❡♥t✐t✐❡s✱ ✇❤✐❝❤
r❡❧❛t❡ s②♠♠❡tr✐❡s ♦❢ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❛❝t✐♦♥  t♦ s②♠♠❡tr✐❡s ♦❢ Γ ✳ ▲❡t ✉s ❡①♣♦✉♥❞
❤❡r❡ ♦♥ t❤✐s ❢♦r♠❛❧✐s♠✳
❲✐t❤✐♥ t❤❡ ◆P❘● ❢r❛♠❡✇♦r❦✱ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ✐♥❢r❛r❡❞ r❡❣✉❧❛t♦r ∆  ✱
❲❛r❞ ✐❞❡♥t✐t✐❡s ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s     ✐♥   
✇❤✐❝❤ ✐s ❛t ♠♦st ❧✐♥❡❛r ✐♥ t❤❡ ✜❡❧❞s ❛♥❞ ❧❡❛✈❡s t❤❡ ❢✉♥❝t✐♦♥❛❧ ♠❡❛s✉r❡ ✐♥✈❛r✐❛♥t✳
❉❡♥♦t✐♥❣   [ ] =  [  ]  [ ]✱ ✇❡ ❤❛✈❡
  i(x) = [A   ]i(x) + Bi(x) , ✭✸✳✶✶✻✮
✇❤❡r❡ A ✐s ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r ❛❝t✐♥❣ ♦♥  ✳ ❲❡ ❤❛✈❡
  [j] =
 
 [  ]e  [  ] ∆  [  ]+j   
=
 
 [ ]e  [ +  ] ∆  [ +  ]+j  +j   
=
 
 [ ]e  [ ] ∆  [ ]+j  e  ( +∆  )[ ]+j   
=   [j] e  ( +∆  )[ ]+j    j , ✭✸✳✶✶✼✮
✇❤❡r❡    j ✐s t❤❡ ♠❡❛♥ ✈❛❧✉❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ s♦✉r❝❡s✳ ❚❤✉s✱
 e  ( +∆  )[ ]+j    j = 1 . ✭✸✳✶✶✽✮
■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢   [ ] =  ∆  [ ] = 0 ❛♥❞ ✐❢ t❤❡ ♦♣❡r❛t♦r S :     ❛❞♠✐ts
❛ ❞✉❛❧ ♦♣❡r❛t♦r ❢♦r t❤❡ s❝❛❧❛r ♣r♦❞✉❝t✱ s✉❝❤ t❤❛t j  S = (S j)   ✱ t❤❡ ✐❞❡♥t✐t② ❛❜♦✈❡
r❡❛❞s
  [j] =   [S j] . ✭✸✳✶✶✾✮
❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❊❆❆ ✭✸✳✼✼✮ ❛s t❤❡ ♠♦❞✐✜❡❞ ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠ ♦❢
  = ln  ❛♥❞ t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ r❡❣✉❧❛t♦r✱ ♦♥❡ ♦❜t❛✐♥s r❡❛❞✐❧② t❤❛t
Γ [SΦ] = Γ [Φ] ✭✸✳✶✷✵✮
✐✳❡✳ t❤❡ s②♠♠❡tr✐❡s ♦❢  ❛r❡ s②♠♠❡tr✐❡s ♦❢ Γ ✳
❍♦✇❡✈❡r✱ ✐❢ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ✐s ♥♦t ❛♥ ❡①❛❝t s②♠♠❡tr② ♦❢ t❤❡ ❛❝t✐♦♥ ❛♥❞
♦❢ t❤❡ r❡❣✉❧❛t♦r✱ ♥♦t ♠✉❝❤ ♠♦r❡ ❝❛♥ ❜❡ s❛✐❞ ❛t t❤✐s ♣♦✐♥t ✐♥ ❣❡♥❡r❛❧✳ ❍❡♥❝❡ ❧❡t ✉s
s♣❡❝✐❢② t❤❛t t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ✐s ❝♦♥tr♦❧❧❡❞ ❜② ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♣❛r❛♠❡t❡r  ✿
  =    = O( )✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❧✐♥❡❛r✐t②✱      j =   Φ✳ ❆t ❧✐♥❡❛r ♦r❞❡r ✐♥
 ✱ ♦♥❡ ♦❜t❛✐♥s ❢r♦♠ ❊q✳ ✭✸✳✶✶✽✮
     j +    ∆   j = j    Φ . ✭✸✳✶✷✶✮
✻✹
❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ❢♦r ♦✉t ♦❢
❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s
✇❤❡r❡    ✐s t❤❡ ♣❛rt ♦❢   ❧✐♥❡❛r ✐♥  ✳ ❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✸✳✼✹✮ ♦❢ t❤❡ r❡❣✉❧❛t♦r
t❡r♠✱ ✐ts ✈❛r✐❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
  ∆  =         , ✭✸✳✶✷✷✮
■♥s❡rt✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ✐♥ ✭✸✳✶✷✶✮✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ j ✭✸✳✼✾✮ ❛♥❞ ✉s✐♥❣
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ✭✸✳✶✶✻✮✱ ✐t ❢♦❧❧♦✇s t❤❛t
  Γ [Φ] =      j +  tr
 
   A  G(2)[Φ]
 
. ✭✸✳✶✷✸✮
❚❤✉s✱ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❊❆❆ Γ ✐s ❡q✉❛❧ t♦ t❤❡ ♠❡❛♥ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢  ♣❧✉s
t❤❡ t❡r♠ ❝♦♠✐♥❣ ❢r♦♠ ❛ ♣♦ss✐❜❧❡ s②♠♠❡tr② ❜r❡❛❦✐♥❣ r❡❣✉❧❛t♦r✳ ■♥t❡r❡st✐♥❣❧②✱ ❞✉❡ t♦
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Γ ✱ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ r❡❣✉❧❛t♦r ✉♥❞❡r t❤❡ s❤✐❢t ♣❛rt ♦❢ t❤❡ ❝❤❛♥❣❡
♦❢ ✈❛r✐❛❜❧❡s ✭✸✳✶✶✻✮ ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥ t❤❡ ✜♥❛❧ r❡s✉❧t✳
❋♦r ❝❤❛♥❣❡s ♦❢ ✈❛r✐❛❜❧❡s ✇❤✐❝❤ ❛r❡ ❡①❛❝t s②♠♠❡tr✐❡s ♦❢ t❤❡ ❛❝t✐♦♥ ❛♥❞ ♦❢ t❤❡
r❡❣✉❧❛t♦r✱ ❊q✳ ✭✸✳✶✷✸✮ s✐♠♣❧② tr❛♥s❧❛t❡s ✐♥t♦   Γ [Φ] = 0✱ ✇❤✐❝❤ ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧
✈❡rs✐♦♥ ♦❢ ✭✸✳✶✷✵✮✳ ❲❤❡♥ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ ✐s ♥♦♥✲③❡r♦ ❜✉t ❧✐♥❡❛r ✐♥ t❤❡
✜❡❧❞s✱ ✇❡ ❝❛❧❧ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ❛♥ ❡①t❡♥❞❡❞ s②♠♠❡tr②✱ ❢♦❧❧♦✇✐♥❣ ✭❚❡♦❞♦r♦✈✐❝❤
✶✾✽✾✮✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♠❡❛♥ ❛♥❞ t❤❡ ✈❛r✐❛t✐♦♥ ❝♦♠♠✉t❡ ❛♥❞ t❤❡ ✐❞❡♥t✐t② r❡❛❞s
  Γ [Φ] =    [Φ] . ✭✸✳✶✷✹✮
❚❤✐s ♣r♦✈✐❞❡s ♥♦♥✲r❡♥♦r♠❛❧✐③❛t✐♦♥ t❤❡♦r❡♠s ✇❤✐❝❤ ✜① ❛ s❡❝t♦r ♦❢ Γ t♦ ✐ts ✐♥✐t✐❛❧
✈❛❧✉❡ ❛♥❞ s❤♦✇s t❤❡ ✉s❡❢✉❧♥❡ss ♦❢ ❡①t❡♥❞❡❞ s②♠♠❡tr✐❡s✳
▲❡t ✉s ♣r❡s❡♥t ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ✭✸✳✶✷✶✮ ♦❢ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st✱ ✇❤✐❝❤ ✐s ♥♦t str✐❝t❧②
s♣❡❛❦✐♥❣ ❛ ❲❛r❞ ✐❞❡♥t✐t② ❜✉t ❛ ❞✉❛❧✐t②✳ ■♥ ❝❡rt❛✐♥ s✐t✉❛t✐♦♥s✱ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡
❛❝t✐♦♥    ❝❛♥ ❜❡ r❡✲r❡①♣r❡ss❡❞ ❛s ❛ ✈❛r✐❛t✐♦♥ ✉♥❞❡r ❛ ❝❤❛♥❣❡ ♦❢ ♦♥❡ ♦❢ ✐ts ❝♦✉♣❧✐♥❣s✳
◆♦t✐♥❣ ❡①♣❧✐❝✐t❧② t❤❡ ❞❡♣❡♥❞❡♥❝❡ ✐♥ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❝♦✉♣❧✐♥❣✱ s❛②  ✱ ❛s  [ ;  ] ✇❡
❤❛✈❡ ✐♥ t❤✐s ❝❛s❡
   [ ;  ] =     [ ;  ] . ✭✸✳✶✷✺✮
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
     j =     [j;  ]
  
j
, ✭✸✳✶✷✻✮
✇❤✐❝❤ ✐s ❡❛s✐❧② ✈❡r✐✜❡❞ ❜② t❛❦✐♥❣ ❛  ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ❛t ✜①❡❞
s♦✉r❝❡s j✳ ❯s✐♥❣ t❤❡ r❡❧❛t✐♦♥
   Φ =    j +   j   
 j
✭✸✳✶✷✼✮
❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❊❆❆✱ ✇❡ ♦❜t❛✐♥ t❤❛t
   [j;  ]
  
j
=    Γ[Φ;  ]
  
Φ
. ✭✸✳✶✷✽✮
❋✐♥❛❧❧②✱ t❤❡ ❞✉❛❧✐t② ✐❞❡♥t✐t② r❡❛❞s ✐♥ t❤✐s ❝❛s❡
  Γ [Φ;  ] =    Γ[Φ;  ] +  tr
 
   A  G(2)[Φ]
 
. ✭✸✳✶✷✾✮
■♥ ❝♦♥❝❧✉s✐♦♥✱ ✐♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❤❛✈❡ ♠♦t✐✈❛t❡❞ ❛♥❞ ✐♥tr♦❞✉❝❡❞ t❤❡ ❢r❛♠❡✇♦r❦
♦❢ t❤❡ ◆P❘● ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s✳ ❲❡ ❤❛✈❡ tr✐❡❞ t♦
s❤♦✇ ❤♦✇ t❤❡ ❊❆❆ ✐s t❤❡ ♥❛t✉r❛❧ ♦❜❥❡❝t t♦ ❧♦♦❦ ❛t ✐♥ ♠♦st s✐t✉❛t✐♦♥s✳ ❚❤✐s ❤❛s
✸✳✻✳ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❛♥❞ ❞✉❛❧✐t✐❡s ✐♥ ◆P❘● ✻✺
❧❡❞ t♦ ❞✐s❝✉ss t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ✜①❡❞ ♣♦✐♥t ♦❢ t❤❡ ◆P❘● ❡q✉❛t✐♦♥ ❛♥❞ s❝❛❧❡✲
✐♥✈❛r✐❛♥❝❡✱ ❛s ✇❡❧❧ ❛s ♦✉r ❣❡♥❡r❛❧ str❛t❡❣② t♦ ✜♥❞ s✉❝❤ ✜①❡❞ ♣♦✐♥t✳ ❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡
❞✐s❝✉ss❡❞ t✇♦ t♦♣✐❝s ✇❤✐❝❤ ❛r❡ ♥❡❝❡ss❛r② ❢♦r ♦✉r st✉❞✐❡s✿ t❤❡ ✐ss✉❡ ♦❢ ❝❛✉s❛❧✐t② ✐♥
♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s ❛♥❞ ✐ts tr❡❛t♠❡♥t ❜② t❤❡ ◆P❘●✱ ❛♥❞ t❤❡ ❞❡r✐✈❛t✐♦♥
♦❢ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❛♥❞ ❞✉❛❧✐t② ✐❞❡♥t✐t✐❡s ✇✐t❤✐♥ t❤❡ ◆P❘● ❢r❛♠❡✇♦r❦✳ ◆♦✇✱ ❧❡t ✉s
❛♣♣❧② t❤❡s❡ t♦♦❧s t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ ❉❊P✳
✸✳✻✳✵✳✶ ❱❡rs✐♦♥ ❢r❛♥☛❝❛✐s❡
❊♥ ❝♦♥❝❧✉s✐♦♥✱ ❞❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❛✈♦♥s ♠♦t✐✈é ❡t ♣rés❡♥té ❧❡ ❢♦r♠❛❧✐s♠❡ ❞✉
◆P❘● ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡s t❤é♦r✐❡s ❞❡ ❝❤❛♠♣ ❤♦rs éq✉✐❧✐❜r❡✳ ◆♦✉s ❛✈♦♥s ❡ss❛②é ❞❡
♠♦♥tr❡r ❝♦♠♠❡♥t ❧✬❊❆❆ ❡st ❧✬♦❜❥❡t ♥❛t✉r❡❧ à ❝♦♥s✐❞ér❡r ❞❛♥s ❧❛ ♣❧✉♣❛rt ❞❡s s✐t✉❛✲
t✐♦♥s✳ ❈❡❧❛ ❛ ❝♦♥❞✉✐t à ❞✐s❝✉t❡r ❞❡ ❧❛ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡ ♣♦✐♥t ✜①❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✉
◆P❘● ❡t ❧✬✐♥✈❛r✐❛♥❝❡ ❞✬é❝❤❡❧❧❡✱ ❛✐♥s✐ q✉❡ ❞❡ ♥♦tr❡ str❛té❣✐❡ ❣é♥ér❛❧❡ ♣♦✉r tr♦✉✈❡r ❝❡
♣♦✐♥t ✜①❡✳ ❊♥✜♥✱ ♥♦✉s ❛✈♦♥s ❛❜♦r❞é ❞❡✉① s✉❥❡ts q✉✐ s♦♥t ♥é❝❡ss❛✐r❡s à ♥♦s ét✉❞❡s
✿ ❧❛ q✉❡st✐♦♥ ❞❡ ❧❛ ❝❛✉s❛❧✐té ❞❛♥s ❧❡s t❤é♦r✐❡s ❞❡ ❝❤❛♠♣ ❤♦rs éq✉✐❧✐❜r❡ ❡t s♦♥ tr❛✐t❡✲
♠❡♥t ♣❛r ❧❡ ◆P❘●✱ ❛✐♥s✐ q✉❡ ❧❛ ❞ér✐✈❛t✐♦♥ ❞❡s ✐❞❡♥t✐tés ❞❡ ❲❛r❞ ❡t ❞❡s ✐❞❡♥t✐tés ❞❡
❞✉❛❧✐té ❞❛♥s ❧❡ ❝❛❞r❡ ❞✉ ◆P❘●✳ ▼❛✐♥t❡♥❛♥t✱ ❛♣♣❧✐q✉♦♥s ❝❡s ♦✉t✐❧s ❛✉ ♣r♦❜❧è♠❡ ❞❡
❧❛ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❛❜s♦r❜❛♥t❡ ❞❛♥s ❉❊P✳

❈❤❛♣t❡r ✹
❙t✉❞② ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡
tr❛♥s✐t✐♦♥ ✐♥ ❉❊P
■♥ ❙❡❝✳ ✷✳✶ ✇❡ ♠♦t✐✈❛t❡❞ ❛ st✉❞② ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ♦❝❝✉r✐♥❣ ✐♥ t❤❡
❉❊P ♠♦❞❡❧ ✇✐t❤ t❤❡ t♦♦❧s ♦❢ t❤❡ ◆P❘●✳ ◆♦t❛❜❧② ✇❡ ✐♥s✐st❡❞ ♦♥ t❤❡ ✉♥❝❡rt❛✐♥t②
❛s t♦ ✇❤❡t❤❡r ❉❊P ❛♥❞ ❉P✲❈✱ ✐ts ♥❛✐✈❡ ❝♦❛rs❡✲❣r❛✐♥❡❞ ❝♦✉♥t❡r♣❛rt✱ ✇❡r❡ ❜❡❧♦♥❣✐♥❣
t♦ t❤❡ s❛♠❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss✳ ❚❤✐s ❝❤❛♣t❡r ✐s ❛♥ ❛❝❝♦✉♥t ♦♥ t❤❡ ♣r❡❧✐♠✐♥❛r r❡s✉❧ts
❢♦r t❤❡ st✉❞② ♦❢ ❉❊P ✇❤✐❝❤ ✇❡r❡ ♣✉❜❧✐s❤❡❞ ✐♥ ✭❚❛r♣✐♥ ❡t ❛❧✳ ✷✵✶✼✮✳ ❲❤✐❧❡ t❤❡ ✜❡❧❞
t❤❡♦r② ♦❢ ❉P✲❈ ❤❛s ❛❧r❡❛❞② r❡❝❡✐✈❡❞ ❝♦♥s✐❞❡r❛❜❧❡ ✐♥t❡r❡st✱ ✐t ✐s t❤❡ ✜rst t✐♠❡ t❤❛t
t❤❡ ❉❊P ✜❡❧❞ t❤❡♦r② ✐s st✉❞✐❡❞ ❞✐r❡❝t❧②✳ ■♥❞❡❡❞✱ ✇✐t❤✐♥ t❤❡ ♣❡rt✉r❜❛t✐✈❡ ❛♣♣r♦❛❝❤
♦❢ ❛❧❧ t❤❡ ♣r❡❝❡❞❡♥t ✇♦r❦s✱ ❜♦t❤ ♠♦❞❡❧s ❛r❡ ✐♥ t❤❡ s❛♠❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss✳ ❆❧t❤♦✉❣❤
✇❡ ✇❡r❡ ♥♦t ❛❜❧❡ t♦ ❣✐✈❡ ❛ ❞❡✜♥✐t✐✈❡ ❛♥s✇❡r✱ ✇❡ ❤♦♣❡ t❤❛t ❛t ❧❡❛st ♦✉r st✉❞② r❡♥❡✇❡❞
✐♥t❡r❡st ✐♥ t❤✐s ♣r♦❜❧❡♠ ❛♥❞ ♣❛✈❡❞ t❤❡ ✇❛② ❢♦r ❢✉t✉r❡ ✇♦r❦s ♦♥ t❤❡ s✉❜❥❡❝t✳
■♥ ❙❡❝✳ ✹✳✶✱ ✇❡ ♣r❡s❡♥t t❤❡ ❞✐✛❡r❡♥t ✜❡❧❞ t❤❡♦r✐❡s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ st✉❞② ♦❢
❉❊P ❛♥❞ ❉P✲❈✳ ❲❡ st✉❞② t❤❡ s②♠♠❡tr✐❡s ♦❢ t❤❡s❡ ❛❝t✐♦♥s ✐♥ ❙❡❝✳ ✹✳✷ ❛♥❞ ✉s❡
t❤❡♠ t♦ ♦❜t❛✐♥ ❡①❛❝t r❡s✉❧ts ❢♦r ❉❊P ❛♥❞ ❉P✲❈ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ◆P❘●✳ ❚❤✐s
✐s t❤❡ ♦❝❝❛s✐♦♥ t♦ ❞✐s❝✉ss ❤♦✇ ❜♦t❤ t❤❡♦r✐❡s ♠❛② ❞✐✛❡r ✐♥ t❤❡✐r ♣❤❛s❡ tr❛♥s✐t✐♦♥✳
❯s✐♥❣ t❤❡ ❝♦♥str❛✐♥ts ❝♦♠✐♥❣ ❢r♦♠ t❤❡ s②♠♠❡tr✐❡s✱ ✇❡ ❝♦♥str✉❝t ❛♥ ❛♥s❛t③ ❢♦r ❜♦t❤
t❤❡♦r✐❡s ✐♥ ❙❡❝✳ ✹✳✸✳ ❚❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ◆P❘● ❢♦r t❤❡ ❉P✲❈ ❛♥s❛t③ ❛r❡
❣❛t❤❡r❡❞ ✐♥ ❙❡❝✳ ✹✳✹✳ ❲❡ ✜♥✐s❤ ✐♥ ❙❡❝✳ ✹✳✺ ❜② st✉❞②✐♥❣ t❤❡ ❘● ✢♦✇ ♦❢ t❤❡ ❉❊P
❛♥s❛t③✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤✐s ❛♥s❛t③ t✉r♥s ♦✉t ♥♦t t♦ ❜❡ s✉✣❝✐❡♥t❧② ✢❡①✐❜❧❡ t♦ ❝❧❛r✐❢②
❝♦♠♣❧❡t❡❧② t❤❡ s✐t✉❛t✐♦♥✳ ❲❡ ❡♥❞ t❤✐s s❡❝t✐♦♥ ❜② s❤♦✇✐♥❣ ✇❤② ✐t ✐s t❤❡ ❝❛s❡✳
❱❡rs✐♦♥ ❢r❛♥☛❝❛✐s❡
❉❛♥s ❙❡❝✳ ✷✳✶ ♥♦✉s ❛✈♦♥s ♠♦t✐✈é ✉♥❡ ét✉❞❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❛❜s♦r❜❛♥t❡
❞❡ ❉❊P ❛✈❡❝ ❧❡s ♦✉t✐❧s ❞✉ ◆P❘●✳ ◆♦t❛♠♠❡♥t✱ ♥♦✉s ❛✈♦♥s ✐♥s✐sté s✉r ❧✬✐♥❝❡rt✐t✉❞❡
q✉❛♥t à s❛✈♦✐r s✐ ❉❊P ❡t ❉P✲❈✱ s❛ ❢♦r♠✉❧❛t✐♦♥ ♠és♦s❝♦♣✐q✉❡ ♥❛ï✈❡✱ ❛♣♣❛rt❡♥❛✐❡♥t à
❧❛ ♠ê♠❡ ❝❧❛ss❡ ❞✬✉♥✐✈❡rs❛❧✐té✳ ❈❡ ❝❤❛♣✐tr❡ ❡st ✉♥ ❝♦♠♣t❡✲r❡♥❞✉ ❞❡s rés✉❧t❛ts ♣ré❧✐♠✲
✐♥❛✐r❡s ❞❡ ❧✬ét✉❞❡ ❞❡ ❉❊P q✉✐ ♦♥t été ♣✉❜❧✐és ❞❛♥s ✭❚❛r♣✐♥ ❡t ❛❧✳ ✷✵✶✼✮✳ ❆❧♦rs q✉❡
❧❛ t❤é♦r✐❡ ❞❡s ❝❤❛♠♣s ❞❡ ❉P✲❈ ❛ ❞é❥à r❡☛❝✉ ✉♥ ✐♥térêt ❝♦♥s✐❞ér❛❜❧❡✱ ❝✬❡st ❧❛ ♣r❡✲
♠✐èr❡ ❢♦✐s q✉❡ ❧❛ t❤é♦r✐❡ ❞❡s ❝❤❛♠♣s ❞❡ ❉❊P ❡st ét✉❞✐é❡ ❞✐r❡❝t❡♠❡♥t✳ ❊♥ ❡✛❡t✱ ❞❛♥s
❧✬❛♣♣r♦❝❤❡ ♣❡rt✉r❜❛t✐✈❡ ❝♦♥t❡♥✉❡s ❞❛♥s ❧❡s tr❛✈❛✉① ♣ré❝é❞❡♥ts✱ ❧❡s ❞❡✉① ♠♦❞è❧❡s s♦♥t
❞❛♥s ❧❛ ♠ê♠❡ ❝❧❛ss❡ ❞✬✉♥✐✈❡rs❛❧✐té✳ ❇✐❡♥ q✉❡ ♥♦✉s ♥✬❛②♦♥s ♣❛s été ❡♥ ♠❡s✉r❡ ❞❡
❞♦♥♥❡r ✉♥❡ ré♣♦♥s❡ ❞é✜♥✐t✐✈❡✱ ♥♦✉s ❡s♣ér♦♥s q✉✬❛✉ ♠♦✐♥s ♥♦tr❡ ét✉❞❡ ❛ s✉s❝✐té ✉♥
r❡❣❛✐♥ ❞✬✐♥térêt ♣♦✉r ❝❡ ♣r♦❜❧è♠❡ ❡t ♦✉✈❡rt ❧❛ ✈♦✐❡ à ❞❡ ❢✉t✉rs tr❛✈❛✉① s✉r ❧❡ s✉❥❡t✳
✻✼
✻✽ ❈❤❛♣t❡r ✹✳ ❙t✉❞② ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ ❉❊P
❉❛♥s ❧❛ ❙❡❝✳ ✹✳✶✱ ♥♦✉s ♣rés❡♥t♦♥s ❧❡s ❞✐✛ér❡♥t❡s t❤é♦r✐❡s ❞❡ ❝❤❛♠♣ ❛♣♣❛r❛✐ss❛♥t
❞❛♥s ❧✬ét✉❞❡ ❞❡ ❉❊P ❡t ❉P✲❈✳ ◆♦✉s ét✉❞✐♦♥s ❧❡s s②♠étr✐❡s ❞❡ ❝❡s ❛❝t✐♦♥s ❞❛♥s ❧❛
❙❡❝✳ ✹✳✷ ❡t ❧❡s ✉t✐❧✐s♦♥s ♣♦✉r ♦❜t❡♥✐r ❞❡s rés✉❧t❛ts ❡①❛❝ts ♣♦✉r ❉❊P ❡t ❉P✲❈ ❞❛♥s
❧❡ ❝❛❞r❡ ❞✉ ◆P❘●✳ ❈✬❡st ❧✬♦❝❝❛s✐♦♥ ❞❡ ❞✐s❝✉t❡r ❞❡ ❧❛ ❢❛☛❝♦♥ ❞♦♥t ❧❡s ❞❡✉① t❤é♦r✐❡s
♣❡✉✈❡♥t ❞✐✛ér❡r ❞❛♥s ❧❡✉r tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡✳ ❊♥ ✉t✐❧✐s❛♥t ❧❡s ❝♦♥tr❛✐♥t❡s ♣r♦✈❡♥❛♥t
❞❡s s②♠étr✐❡s✱ ♥♦✉s ❝♦♥str✉✐s♦♥s ✉♥ ❛♥s❛t③ ♣♦✉r ❧❡s ❞❡✉① t❤é♦r✐❡s ❞❛♥s ❧❛ ❙❡❝✳ ✹✳✸✳
▲❡s rés✉❧t❛ts ♦❜t❡♥✉s ❛✈❡❝ ❧❡ ◆P❘● ♣♦✉r ❧✬❛♥s❛t③ ♣♦✉r ❉P✲❈ s♦♥t r❛ss❡♠❜❧és ❞❛♥s
❧❛ ❙❡❝✳ ✹✳✹✳ ◆♦✉s t❡r♠✐♥♦♥s ❞❛♥s ❧❛ ❙❡❝✳ ✹✳✺ ❡♥ ét✉❞✐❛♥t ❧❡ ✢♦t ❘● ❞❡ ❧✬❛♥s❛t③ ♣♦✉r
❉❊P✳ ▼❛❧❤❡✉r❡✉s❡♠❡♥t✱ ❝❡t ❛♥s❛t③ ♥❡ s✬❛✈èr❡ ♣❛s s✉✣s❛♠♠❡♥t ✢❡①✐❜❧❡ ♣♦✉r ❝❧❛r✐✜❡r
❝♦♠♣❧èt❡♠❡♥t ❧❛ s✐t✉❛t✐♦♥✳ ◆♦✉s t❡r♠✐♥♦♥s ❝❡tt❡ s❡❝t✐♦♥ ❡♥ ♠♦♥tr❛♥t ♣♦✉rq✉♦✐ ❝✬❡st
❧❡ ❝❛s✳
✹✳✶ ❚❤❡ ✜❡❧❞ t❤❡♦r✐❡s ♦❢ ❉❊P ❛♥❞ ❉P✲❈
✹✳✶✳✶ ❘❡s♣♦♥s❡ ✜❡❧❞ ❛❝t✐♦♥ ❢♦r ❉P✲❈
❋✐rst✱ ❧❡t ✉s ✉s❡ t❤❡ ❣❡♥❡r❛❧ ▼❙❘❏❉ ❢♦r♠❛❧✐s♠✱ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣✳ ✸ ❛♥❞ ❆♣✲
♣❡♥❞✐① ❇✳✶✱ t♦ ✇r✐t❡ ❞♦✇♥ t❤❡ ❛❝t✐♦♥ ♦❢ ❉P✲❈ ❢r♦♠ ✐ts ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥✱ t❤❛t ✇❡
r❡❝❛❧❧ ❤❡r❡✿
 t = k(c +  )  k 2 + DB  2 +   ,
 tc = DA  
2(c   ) +  c , ✭✹✳✶✮
✇✐t❤
   (x)  (x ) = 2 k  (x) (t t ) d(}x }x ) ,
  c(x) c(x ) = 2  DA(  2) (t t ) d(}x }x ) , ✭✹✳✷✮
❛♥❞   ❛♥❞  c ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❡❛❝❤ ♦t❤❡r✳ ❯s✐♥❣ t❤❡ ❢♦r♠✉❧❛ ♦❢ ❆♣♣❡♥❞✐① ❇✳✶✱ t❤❡
♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ ❉P✲❈ r❡❛❞s
 [j, h,  ¯, h¯] =
 
 [ , c,  ¯, c¯]e
 
x
 j +hc+ ¯ ¯+h¯c¯ e  ❉P✲❈ ✭✹✳✸✮
✇✐t❤ t❤❡ ❛❝t✐♦♥
 ❉P✲❈ =
 
x
 
 ¯
 
 t  DB  2  k(c +  ) + k 2
  k   ¯2
+ c¯
 
 tc DA  2(c   )
    DA( xc¯)2
 
. ✭✹✳✹✮
■t ❤❛s t♦ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ t✐♠❡✲❜♦✉♥❞❛r② t❡r♠s ♦❢ t❤❡ ❛❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❞r♦♣♣❡❞✳ ❚❤✐s ✐s ❥✉st✐✜❡❞ ❜❡❝❛✉s❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞
♦♥❧② ✐♥ st✉❞②✐♥❣ st❛t✐♦♥❛r② st❛t❡s ♦❢ t❤❡ ♣r♦❝❡ss✳
❇❡❝❛✉s❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ♦♥❧② ✐♥ DA  = 0 ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ r❡s❝❛❧❡ t❤❡ t✐♠❡
t D 1A t✳ ❚❤✐s ❤✐st♦r✐❝❛❧ ❝❤♦✐❝❡ ✐♥ t❤❡ st✉❞② ♦❢ ❉❊P ✐s ♥♦t ✇✐t❤♦✉t ❝♦♥s❡q✉❡♥❝❡s✳
■♥❞❡❡❞✱ ❛s ✇❡ ❛r❡ ❧✐♠✐t❡❞ t♦ t❤❡ st✉❞② ♦❢ st❛t✐♦♥♥❛r② r❡❣✐♠❡✱ ✐t ❢♦r❜✐❞s t♦ st✉❞② t❤❡
❝❛s❡ ♦❢ DA = 0✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ✭❲✐❥❧❛♥❞✱ ❖❡r❞✐♥❣✱ ❛♥❞ ❍✐❧❤♦rst ✶✾✾✽✮✱
✹✳✶✳ ❚❤❡ ✜❡❧❞ t❤❡♦r✐❡s ♦❢ ❉❊P ❛♥❞ ❉P✲❈ ✻✾
✇❡ ✇r✐t❡   DB/DA✳ ❘❡s❝❛❧✐♥❣ t❤❡ ✜❡❧❞s ❛s ✐♥ ❉P ✭s❡❡ ❙❡❝✳ ✷✳✶✮✱ ✇❡ ❛rr✐✈❡ t♦ t❤❡
❛❝t✐♦♥ ♣r♦♣♦s❡❞ ❜② ✭❑r❡❡✱ ❙❝❤❛✉❜✱ ❛♥❞ ❙❝❤♠✐tt♠❛♥♥ ✶✾✽✾❀ ❏❛♥ss❡♥ ✷✵✵✶✮✿
 ❉P✲❈ =
 
x
 
s¯( t    2   )s + g ss¯(s s¯ f c) + c¯( t   2)c +  c¯  2 s ( xc¯)2
 
✭✹✳✺✮
✇✐t❤
k
DA
   , g =
 
kk 
DA
, f =
 
  
k
k 
. ✭✹✳✻✮
✹✳✶✳✷ ❈♦❤❡r❡♥t ✜❡❧❞ ❛❝t✐♦♥ ❢♦r ❉❊P
◆♦✇✱ ❧❡t ✉s ❝♦♥❝❡♥tr❛t❡ ♦♥ ❉❊P✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❛❝t✐♦♥s
■♥❢❡❝t✐♦♥ A + B
k B + B
❘❡❝♦✈❡r② B
1/   A
❉✐✛✉s✐♦♥ ♦❢ ❆ A +  DA   + A
❉✐✛✉s✐♦♥ ♦❢ ❇ B +  DB   + B .
✭✹✳✼✮
❚❤❡ ✜❡❧❞ t❤❡♦r② ❢♦r t❤❡ ♣r♦❝❡ss ❝❛♥ ❜❡ ❝❛st❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ❝♦❤❡r❡♥t ✜❡❧❞ ❛❝t✐♦♥
✉s✐♥❣ t❤❡ ❉♦✐✲P❡❧✐t✐ ❝♦♥str✉❝t✐♦♥✳ ❆ ♣❡❞❛❣♦❣✐❝❛❧ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤✐s ❢♦r♠❛❧✐s♠ ✐s
♣r❡s❡♥t❡❞ ✐♥ ❆♣♣❡♥❞✐① ❈✳✶✳ ❲❡ ♥♦✇ ❛♣♣❧② t❤✐s ♣r♦❝❡❞✉r❡ t♦ ❖♥❡ ♦❜t❛✐♥s ✭t❤❡ ✐♥❞❡①
i ✐♥❞✐❝❛t❡s t❤❡ s✐t❡ ♦♥ t❤❡ ❧❛tt✐❝❡ L  Zd ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❤❛s ❜❡❡♥ ❝❤♦s❡♥
t♦ ❜❡ P♦✐ss♦♥✐❛♥ ♦♥ ❡❛❝❤ s✐t❡✮
 DEP[ a, a¯, b, b¯ ] =
 T
0
dt
 
i L
 
a¯i(t) tai(t) + b¯i(t) tbi(t)  i[ a¯, b¯, a, b ](t)
 
+
 
i L
 
a¯i(0)(ai(0)  Ai,0) + b¯i(0)(bi(0)  Bi,0)
 
+ o( T ) . ✭✹✳✽✮
❚❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ❉♦✐✲s❤✐❢t❡❞ t✐♠❡✲❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r✱  ✱ ✐s ❣✐✈❡♥ ❜②
 i[ a¯, b¯, a, b ] =
 
j/<i,j>
 
DA(a¯i  a¯j)aj + DB(b¯i  b¯j)bj
 
+ k (b¯i  a¯i)(b¯i + 1)aibi +   1(a¯i  b¯i)bi . ✭✹✳✾✮
❚❤❡ ♦r✐❣✐♥❛❧ ❝♦❤❡r❡♥t ✜❡❧❞s a ✭r❡s♣✳ b✮ ❛♥❞ a ✭r❡s♣✳ b ✮ ♦❢ t❤❡ ❉♦✐✲P❡❧✐t✐ ❝♦♥str✉❝t✐♦♥
❛r❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ ♦❢ ❡❛❝❤ ♦t❤❡r✳ ❍♦✇❡✈❡r ✐♥ ❆♣♣❡♥❞✐① ❈✳✶ ✇❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞
t❤❡ s♦✲❝❛❧❧❡❞ ❉♦✐ s❤✐❢t
a = a¯ + 1 , b = b¯ + 1 , ✭✹✳✶✵✮
✐♥ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥❛❧✳ ❚❤✐s ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ t❤❛t t❤❡ ❛❝t✐♦♥
♥♦✇ ✈❛♥✐s❤❡s ❢♦r a¯ = b¯ = 0✳ ❚❤✐s ♣r♦♣❡rt②✱ ❝♦✉♣❧❡❞ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ a¯ ✭r❡s♣✳
b¯✮ ✜❡❧❞ ✐s ❛❧✇❛②s ❡✈❛❧✉❛t❡❞ ❛t ❛ ❧❛t❡r t✐♠❡ t❤❛t t❤❡ a ✭r❡s♣✳ b✮ ♦♥❡ ✐♥ t❤❡ ❛❝t✐♦♥
❛❧❧♦✇s ♦♥❡ t♦ ✐♥t❡r♣r❡t t❤❡ s❤✐❢t❡❞ ❛❝t✐♦♥ ❛s ❛ r❡s♣♦♥s❡ ✜❡❧❞ ❛❝t✐♦♥✱ ❧❡❛✈✐♥❣ ❛s✐❞❡
t❤❡ ❢❛❝t t❤❛t a ❛♥❞ a¯ ✭r❡s♣✳ b ❛♥❞ b¯✮ ❛r❡ ♥♦t ✐♥❞❡♣❡♥❞❡♥t✳ ❚❤✐s s❡❡♠✐♥❣❧② ❛❞✲❤♦❝
✼✵ ❈❤❛♣t❡r ✹✳ ❙t✉❞② ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ ❉❊P
❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❜② ✉s✐♥❣ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❢♦r♠❛❧✐s♠ t♦ ❝♦♥str✉❝t
t❤❡ ❛❜♦✈❡ ❛❝t✐♦♥✳ ❚❤✐s ❢♦r♠❛❧✐s♠ ✇❛s ♣r♦♣♦s❡❞ ❜② ●❛r❞✐♥❡r ❛♥❞ ✉s❡s t❤❡ ✧♣♦s✐t✐✈❡
P♦✐ss♦♥ r❡♣r❡s❡♥t❛t✐♦♥✧ t♦ ✇r✐t❡ ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss ❢♦r ❛ ❝♦♠♣❧❡① ✜❡❧❞✱ ❛♥❞ r❡s✉❧ts
✐♥ t❤❡ ❝♦❤❡r❡♥t ✜❡❧❞ ❛❝t✐♦♥ ❛❜♦✈❡ ✇r✐tt❡♥ ❞✐r❡❝t❧② ✐♥ t❡r♠s ♦❢ t❤❡ ❉♦✐✲s❤✐❢t❡❞ ✜❡❧❞s✳
❚❤✐s ♠❛♣♣✐♥❣ ✐s ❜r✐❡✢② ♣r❡s❡♥t❡❞ ✐♥ ❆♣♣❡♥❞✐① ❈✳✷✳
❲❡ ♥♦✇ t❛❦❡ t❤❡ ❢♦r♠❛❧ ❝♦♥t✐♥✉♦✉s ❧✐♠✐t ✐♥ s♣❛❝❡ ♦❢ ✭✹✳✽✮✳ ❙♣❡❝✐❢②✐♥❣ t♦ ❛
❤②♣❡r❝✉❜✐❝ ❧❛tt✐❝❡ ♦❢ ❧❛tt✐❝❡ s♣❛❝✐♥❣ h✱ ✉s✐♥❣ ✐♥t❡r♣♦❧❛t✐♥❣ ✜❡❧❞s ❛s ❢♦r t❤❡ t✐♠❡
❝♦♥t✐♥✉♦✉s ❧✐♠✐t ✐♥ ❆♣♣❡♥❞✐① ❈✳✶ ❛♥❞ ❛ss✉♠✐♥❣ t❤❛t t❤❡② ❛r❡ s✉✣❝✐❡♥t❧② s♠♦♦t❤✱
❜♦t❤ ❞✐✛✉s✐♦♥ t❡r♠s r❡✇r✐t❡ ❛s 
j/<i,j>
DΦ( ¯i   ¯j) j = h2DΦ  2 ¯ + o(h2DX) ✭✹✳✶✶✮
✇✐t❤  =  a, b ✳ ❙❡tt✐♥❣ t❤❡ ❛♣♣r♦♣r✐❛t❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ✜❡❧❞s ❛♥❞ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣
❝♦♥st❛♥ts ✇✐t❤ h ❛♥❞ t❛❦✐♥❣ t❤❡ ❧✐♠✐t h 0✱ ✇❡ ✜♥❛❧❧② ❛rr✐✈❡ t♦ t❤❡ ❉❊P ❝♦♥t✐♥✉♦✉s
❝♦❤❡r❡♥t ✜❡❧❞ ❛❝t✐♦♥
 DEP[a, a¯, b, b¯] =
 
①,t
a¯( t DA  2)a+ b¯( t DB  2)b k ab(b¯ a¯)(b¯+1) 1
 
b(a¯ b¯) ,
✭✹✳✶✷✮
✇❤❡r❡ ✇❡ ❤❛✈❡ ❞r♦♣♣❡❞ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❜❡❝❛✉s❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ♦♥❧② ✐♥ t❤❡
st❛t✐♦♥❛r② st❛t❡✳ ❚❤❡ ❛❜♦✈❡ ❛❝t✐♦♥ ✇❛s ❞❡r✐✈❡❞ ✐♥ t❤❡ ✜rst ✇♦r❦ ♦♥ ❉❊P ✭❲✐❥❧❛♥❞✱
❖❡r❞✐♥❣✱ ❛♥❞ ❍✐❧❤♦rst ✶✾✾✽✮✳ ❲❡ ♥♦✇ ❢♦❧❧♦✇ ✐ts ❛✉t❤♦rs ❜② r❡s❝❛❧✐♥❣ t❤❡ t✐♠❡ t  
D 1A t ❛♥❞ ♠❛❦✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✿
 =  
 1
2
0 (a + b  0),  =   
1
2
0 b,
 ¯ =  
1
2
0 a¯,  ¯ =  
1
2
0 (b¯ a¯) , ✭✹✳✶✸✮
✇❤❡r❡  0 ✐s t❤❡ ✐♥✐t✐❛❧ t♦t❛❧ ❞❡♥s✐t②✳ ❖♥❡ ❛rr✐✈❡s ❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❝t✐♦♥✿
 WOH❉❊P =
 
x
 
 ¯( t   2) +  ¯( t    2   ) +   ¯  2 
+   ¯
 
g(   ¯     ¯) + v(  ¯ +   ¯  ¯    ¯)
  
, ✭✹✳✶✹✮
✇✐t❤ ♣❛r❛♠❡t❡rs
g =
k
 
 0
DA
, v =
k
DA
,  = k( 0  (k ) 1)/DA . ✭✹✳✶✺✮
❚❤✐s ❛❝t✐♦♥ ✇✐❧❧ ❜❡ ♦✉r st❛rt✐♥❣ ♣♦✐♥t ✐♥ ♦✉r ◆P❘● st✉❞② ♦❢ ❉❊P✳
■♥ ✭❲✐❥❧❛♥❞✱ ❖❡r❞✐♥❣✱ ❛♥❞ ❍✐❧❤♦rst ✶✾✾✽✮✱ t❤❡ q✉❛rt✐❝ t❡r♠s ♦❢ t❤❡ ❛❜♦✈❡ ❛❝t✐♦♥
❛r❡ ❞r♦♣♣❡❞✳ ❚❤✐s s✐♠♣❧✐✜❝❛t✐♦♥ ✐s ❥✉st✐✜❡❞ ❜② t❤❡ ❛✉t❤♦rs✱ ✉s✐♥❣ ❛r❣✉♠❡♥ts ❢r♦♠
♣❡rt✉r❜❛t✐✈❡ ❘●✳ ■❢ ♦♥❡ ♠❛❦❡s t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s      ¯ ✐♥ t❤❡ ❛❝t✐♦♥
✭✹✳✶✹✮ ✇✐t❤ t❤❡ q✉❛rt✐❝ t❡r♠s tr✉♥❝❛t❡❞✿
 WOH❉P✲❈ =
 
x
 
 ¯( t  2) + ¯( t   2  ) +  ¯  2 +g   ¯(   ¯    ¯)
 
, ✭✹✳✶✻✮
♦♥❡ r❡❝♦❣♥✐③❡s t❤❡ ❉P✲❈ ❛❝t✐♦♥ ✭✹✳✺✮ ✇✐t❤ f = 1✳ ❆❧t❤♦✉❣❤ ✐t ✇❛s ♦❜t❛✐♥❡❞ ❢r♦♠
t❤❡ ❉♦✐✲P❡❧✐t✐ ❢♦r♠❛❧✐s♠✱ ❛t t❤✐s ♣♦✐♥t ✐t ✐s ♦♥❧② ✇❤❡♥ ✐♥t❡r♣r❡t❡❞ ❛s ❛ r❡s♣♦♥s❡ ✜❡❧❞
✹✳✷✳ ❙②♠♠❡tr✐❡s✱ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❛♥❞ ❡①❛❝t r❡s✉❧ts ❢♦r ❉❊P ❛♥❞ ❉P✲❈ ✼✶
❛❝t✐♦♥ t❤❛t ✐t ❝❛♥ ♠❛❦❡ s❡♥s❡✳ ■♥❞❡❡❞✱ ✇❡ ✇✐❧❧ s❡❡ t❤❛t ❛s ❛ ❝♦❤❡r❡♥t ✜❡❧❞ ❛❝t✐♦♥✱
✐t ❞♦❡s ♥♦t ❝♦♥s❡r✈❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✳ ❍♦✇❡✈❡r✱ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ❢♦r♠❛❧
♠❛♥✐♣✉❧❛t✐♦♥s✱ ✭✹✳✺✮ ❛♥❞ ✭✹✳✶✻✮ ❛r❡ ❝♦♠♣❧❡t❡❧② ❡q✉✐✈❛❧❡♥t✳ ❚❤✉s ✐t s❤♦✉❧❞ ❜❡ ❝❧❡❛r
♥♦✇ t❤❛t t❤❡ s②st❡♠ st✉❞✐❡❞ ✐♥ ✭❲✐❥❧❛♥❞✱ ❖❡r❞✐♥❣✱ ❛♥❞ ❍✐❧❤♦rst ✶✾✾✽✮ ✐s ❉P✲❈✳ ■♥
♦r❞❡r t♦ st✐❝❦ ✇✐t❤ t❤✐s ♣❛♣❡r✱ ✇❤❡♥ st✉❞②✐♥❣ ❉P✲❈ t❤❡ ❛❝t✐♦♥ ✭✹✳✶✻✮ ✇✐❧❧ ❜❡ ✉s❡❞✱
❛❧t❤♦✉❣❤ t❤❡ ♣❤②s✐❝❛❧ ❝♦♥t❡♥t ✐s ❝❧❡❛r❡r ✐♥ ✭✹✳✺✮✳
✹✳✶✳✸ ❘❡s♣♦♥s❡ ✜❡❧❞ ❛❝t✐♦♥ ❢♦r ❉❊P
❚❤❡ ❉♦✐✲P❡❧✐t✐ ❝♦❤❡r❡♥t ✜❡❧❞ ❛❝t✐♦♥ ❤❛s t❤❡ ❞✐s❛❞✈❛♥t❛❣❡ t❤❛t ✐ts ✜❡❧❞s ❞♦ ♥♦t r❡♣r❡✲
s❡♥t t❤❡ ♣❤②s✐❝❛❧ ♦❜s❡r✈❛❜❧❡s ♦❢ t❤❡ s②st❡♠✳ ■♥ ❢❛❝t✱ t❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥
♦❢ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ ✜❡❧❞ ✇✐t❤ t❤❡ ❉♦✐✲P❡❧✐t✐ ❢♦r♠❛❧✐s♠ ✐♥ ❆♣♣❡♥❞✐① ❈✳✶ ✐s
t❤❡ ♦♥❧② ❝❛s❡ ✇❤❡r❡ t❤❡ ❝♦❤❡r❡♥t ✜❡❧❞ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ♦❜s❡r✈❛❜❧❡✳ ❚♦
♦✈❡r❝♦♠❡ t❤✐s✱ ❛ ❝❤❛♥❣❡ t♦ s♦✲❝❛❧❧❡❞ ●r❛ss❜❡r❣❡r ✈❛r✐❛❜❧❡s ✇❛s ✉s❡❞ ✐♥ t❤✐s ❝♦♥t❡①t
✐♥ ✭❏❛♥ss❡♥ ❛♥❞ ❙t❡♥✉❧❧ ✷✵✶✻✮ t♦ ♦❜t❛✐♥ ❛ r❡s♣♦♥s❡ ✜❡❧❞ ❛❝t✐♦♥ ❢r♦♠ t❤❡ ❝♦❤❡r❡♥t
✜❡❧❞ ♦♥❡✳ ●♦✐♥❣ ❜❛❝❦ t♦ t❤❡ ♦r✐❣✐♥❛❧ ❝♦❤❡r❡♥t ✜❡❧❞ ❛❝t✐♦♥ ✭✹✳✶✷✮✱ t❤❡ ●r❛ss❜❡r❣❡r
✈❛r✐❛❜❧❡s r❡❛❞ ❛s ❢♦❧❧♦✇s
  =  ¯ 
  =
1
i
ln  ¯ ✭✹✳✶✼✮
✇❤❡r❡  =  a, b ✳ ■t ✇❛s s❤♦✇♥ ✐♥ ✭❆♥❞r❡❛♥♦✈ ❡t ❛❧✳ ✷✵✵✻✮ t❤❛t t❤✐s ♠❛♣♣✐♥❣ ❝❛♥ ❜❡
❥✉st✐✜❡❞ ❜② ✇r✐t✐♥❣ ❞♦✇♥ ❞✐r❡❝t❧② ❛ r❡s♣♦♥s❡ ✜❡❧❞ ❛❝t✐♦♥ ❢♦r t❤❡ ❝♦✉♥t✐♥❣ ♣r♦❝❡ss❡s
à ❧❛ ▼❙❘❏❉✳ ❆ ✇♦r❦ ♦♥ t❤❡ s✉❜❥❡❝t ❤❛s ❜❡❡♥ ✉♥❞❡rt❛❦❡♥✱ ♥♦t❛❜❧② t♦ s❤♦✇ ❤♦✇
t❤❡ ❉♦✐✲P❡❧✐t✐ ❝♦❤❡r❡♥t ✜❡❧❞ ❛❝t✐♦♥ ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ❢r♦♠ t❤✐s ❢♦r♠❛❧✐s♠ ✭●✉✐♦t❤✱
▲❡❝♦♠t❡✱ ❛♥❞ ❚❛r♣✐♥ ✐♥ ♣r❡♣✳✮✳ ❯s✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ❛❜♦✈❡✱ t❤❡ r❡s♣♦♥s❡
✜❡❧❞ ❛❝t✐♦♥ ♦❢ ❉❊P r❡❛❞s ✭t❤❡ i✬s ❤❛✈❡ ❜❡❡♥ ❤✐❞❞❡♥ ✐♥ ❛ r❡❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✜❡❧❞s
i   ✮
 [ha, hb, sa, sb] =
 
 [ a,  b,  a,  b]e
 
x
 ha a+hb b+sa b+sb b e  
●
❉❊P ✭✹✳✶✽✮
✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❝t✐♦♥ ✐♥ t❤❡ s♣❛❝❡✲t✐♠❡ ❝♦♥t✐♥✉✉♠ ❧✐♠✐t
 ●❉❊P =
 
x
 
 a( t  DA  2) a  DA  a(}  a)2 +  b( t  DB  2) b  DB  b(}  b)2
 k  a b
 
e b  a  1  1
 
 b
 
e a  b  1  , ✭✹✳✶✾✮
❛♥❞ ✇❤❡r❡ ♥❡✇ s♦✉r❝❡s  h ,    ❝♦✉♣❧❡ ❞✐r❡❝t❧② t♦ t❤❡ ♥❡✇ ✜❡❧❞s✳ ❚❤✐s ❛❝t✐♦♥ ✇❛s
✉s❡❞ ✐♥ ✭❏❛♥ss❡♥ ❛♥❞ ❙t❡♥✉❧❧ ✷✵✶✻✮ ❛s ❛ st❛rt✐♥❣ ♣♦✐♥t t♦ s❤♦✇ ♣❡rt✉r❜❛t✐✈❡❧② t❤❛t
❉P✲❈ ❛♥❞ ❉❊P ❜❡❧♦♥❣❡❞ t♦ t❤❡ s❛♠❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss✳ ❚❤✐s ❛r❣✉♠❡♥t ✇✐❧❧ ❜❡
♣r❡s❡♥t❡❞ ✐♥ ❙❡❝✳ ✹✳✷✳✸✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ st✉❞② ♦❢ t❤❡ s②♠♠❡tr✐❡s ♦❢ t❤❡ ❛❝t✐♦♥ ✭✹✳✶✾✮✳
✹✳✷ ❙②♠♠❡tr✐❡s✱ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❛♥❞ ❡①❛❝t r❡s✉❧ts
❢♦r ❉❊P ❛♥❞ ❉P✲❈
✹✳✷✳✶ ❙②♠♠❡tr✐❡s ♦❢ t❤❡ ❉P✲❈ ❛❝t✐♦♥
▲❡t ✉s ✜rst st✉❞② t❤❡ s②♠♠❡tr✐❡s ♦❢ t❤❡ ❉P✲❈ ❛❝t✐♦♥ ❣✐✈❡♥ ✐♥ ✭✹✳✶✻✮✱ ❢♦❧❧♦✇✐♥❣ ✭❲✐✲
❥❧❛♥❞✱ ❖❡r❞✐♥❣✱ ❛♥❞ ❍✐❧❤♦rst ✶✾✾✽❀ ❏❛♥ss❡♥ ❛♥❞ ❙t❡♥✉❧❧ ✷✵✶✻✮✳ ❲❡ ❤❛✈❡ s❡❡♥ ✐♥
✼✷ ❈❤❛♣t❡r ✹✳ ❙t✉❞② ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ ❉❊P
❙❡❝✳ ✸✳✻ t❤❛t ✐♥ ❢❛❝t✱ ✇❡ ❛r❡ ♥♦t ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ ❡①❛❝t s②♠♠❡tr✐❡s ❜✉t ❛❧s♦ ✐♥
❝❤❛♥❣❡s ♦❢ ✈❛r✐❛❜❧❡s ❢♦r ✇❤✐❝❤ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ ✐s ♥♦t ③❡r♦ ❜✉t ❧✐♥❡❛r ✐♥
t❤❡ ✜❡❧❞s✳ ❆s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤❡s❡ ❝❤❛♥❣❡s ♦❢ ✈❛r✐❛❜❧❡s ❝❛♥ ❜❡
❡①♣❧♦✐t❡❞ ❛s ✇❡❧❧ ❛♥❞ ❧❡❛❞ t♦ ♣♦✇❡r❢✉❧ ♥♦♥✲r❡♥♦r♠❛❧✐③❛t✐♦♥ t❤❡♦r❡♠s✳ ❲❡ ✇✐❧❧ ✉s❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ❢♦r t❤❡ ♠❡❛♥ ✈❛❧✉❡s ♦❢ t❤❡ ❞✐✛❡r❡♥t ✜❡❧❞s ✐♥ ♣r❡s❡♥❝❡✿
 =    j ,  ¯ =   ¯ j , Ψ =    j , Ψ¯ =   ¯ j , ✭✹✳✷✵✮
✇✐t❤ t❤❡ s✉❜s❝r✐♣t j ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡ ♠❡❛♥ ✈❛❧✉❡ ✐s t❛❦❡♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡
✈❛r✐♦✉s s♦✉r❝❡s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ✇r✐t❡ Φ =   ,  ¯,Ψ, Ψ¯ ❢♦r t❤❡ ✇❤♦❧❡ ✜❡❧❞ ❝♦♥t❡♥t
♦❢ t❤❡ t❤❡♦r②✳
❚♦ ❜❡❣✐♥ ✇✐t❤✱ t❤❡ ❢❛❝t t❤❛t  +  ¯ = c ✐s ❛ ❝♦♥s❡r✈❡❞ ✜❡❧❞ tr❛♥s❧❛t❡s ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❡①t❡♥❞❡❞ s②♠♠❡tr② ♦❢ t❤❡ ❉P✲❈ ❛❝t✐♦♥✳
 (x)  (x)  (t) ,  ¯(x)  ¯(x) +  (t) . ✭✹✳✷✶✮
■♥❞❡❡❞✱ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤✐s ❛❝t✐♦♥ ✉♥❞❡r t❤✐s ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s r❡❞✉❝❡s t♦
 ( WOH❉P✲❈ ) =
 
x
 (t) t
 
 (x) +  ¯(x)
 
. ✭✹✳✷✷✮
❘❡❝❛❧❧✐♥❣ t❤❛t  +  ¯ ✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ t❤❡ ❉P✲❈ ✐♥t❡r♣r❡t❛t✐♦♥✱
t❤✐s ❡①t❡♥❞❡❞ ✐♥✈❛r✐❛♥❝❡ ✉♥❞❡r t❤❡ t✐♠❡✲❣❛✉❣❡❞ s❤✐❢t ♠❡❛♥s t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ♦❢
t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐s ♦♥❧② ❞✉❡ t♦ t❤❡ ❡①t❡r♥❛❧ s♦✉r❝❡s ✭❏❛♥ss❡♥ ✷✵✵✶✮✳ ■♥
❢❛❝t✱ ♥♦t✐❝✐♥❣ t❤❛t t❤❡ ❝♦♠❜✐♥❛t✐♦♥    ¯ ❛♣♣❡❛rs ♦♥❧② ✐♥ q✉❛❞r❛t✐❝ t❡r♠s✱ ✇❡ ❝❛♥
♣r♦♠♦t❡ t❤❡ t✐♠❡✲❣❛✉❣❡❞ s❤✐❢t ❛❜♦✈❡ t♦ ❛ s❤✐❢t ❣❛✉❣❡❞ ✐♥ s♣❛❝❡✲t✐♠❡✿
 (x)  (x)  (x) ,  ¯(x)  ¯(x) +  (x) . ✭✹✳✷✸✮
❚❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ r❡❛❞s
 ( ❲❖❍❉P✲❈ ) =
 
x
 
 
( t   2) + ( t +  2) ¯ +   2 
 
, ✭✹✳✷✹✮
✇❤✐❝❤ ❢♦❧❧♦✇✐♥❣ ❙❡❝✳ ✸✳✻✱ ❣✐✈❡s t❤❡ ❲❛r❞ ✐❞❡♥t✐t②
 
( t   2) (x) + ( t +  2) ¯(x) +   2Ψ(x)
 
=
 Γ 
  ¯(x)
  Γ 
  (x)
. ✭✹✳✷✺✮
❚❤✐s ✐❞❡♥t✐t② ❝❛♥ ❜❡ ✐♥t❡❣r❛t❡❞ ✐♥t♦
Γ [Φ] =
 
x
 
 ¯( t   2) +   ¯  2Ψ
 
+ Γ  [ +  ¯,Ψ, Ψ¯] , ✭✹✳✷✻✮
✇❤❡r❡ Γ  [ +  ¯,Ψ, Ψ¯] ✐s ❛♥ ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥❛❧✳ ❚❤❡ ✐❞❡♥t✐t② ✭✹✳✷✺✮ ✐s ❡①tr❡♠❡❧②
♣♦✇❡r❢✉❧ ❛s ✐t ✜①❡s ♠❛♥② ♦❢ t❤❡ ❡①♣♦♥❡♥ts ♦❢ ❉P✲❈✳ ■♥❞❡❡❞✱ ✐t ✐♠♣❧✐❡s
Γ¯
(2)
  ¯[p; Φ] = i + p
2 ,
Γ¯
(2)
 ¯ ¯[p; Φ] = 0 ,
Γ¯
(2)
  ¯[p; Φ] =   p2 ,
Γ¯
(n+1)
 i1...in
[ p  ; Φ] = Γ¯(n+1) ¯i1...in [ p  ; Φ] , ❢♦r n  2 . ✭✹✳✷✼✮
✹✳✷✳ ❙②♠♠❡tr✐❡s✱ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❛♥❞ ❡①❛❝t r❡s✉❧ts ❢♦r ❉❊P ❛♥❞ ❉P✲❈ ✼✸
❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ r✉♥♥✐♥❣ s❝❛❧✐♥❣ ❞✐♠❡♥s✐♦♥s ❞❡✜♥❡❞ ✐♥ ❙❡❝✳ ✸✳✹✳✹✱ t❤❡
❛❜♦✈❡ ✐❞❡♥t✐t✐❡s r❡s♣❡❝t✐✈❡❧② ❣✐✈❡
d + d ¯ = d ❛♥❞ z = 2 ,
d = d ¯
✐❢   = 0 d ¯ + d = d , ✭✹✳✷✽✮
t❤❛t ✐s
d = d ¯ =
d
2
,
z = 2 ,
✐❢   = 0 d = d
2
. ✭✹✳✷✾✮
❋♦r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡  = 0✱ t❤❡ ❛❝t✐♦♥ ♣♦ss❡ss❡s ❛ t✐♠❡✲r❡✈❡rs❛❧ s②♠♠❡tr②✳
❚❤✐s s②♠♠❡tr② ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ t✐♠❡✲r❡✈❡rs❛❧ s②♠♠❡tr② ♣r❡s❡♥t ✐♥ t❤❡ ❉P
❛❝t✐♦♥ ✐♥❝❧✉❞✐♥❣ t❤❡ ✜❡❧❞s  ,  ¯✳ ❋♦r ❛ ❣✐✈❡♥ s♣❛❝❡✲t✐♠❡ ✜❡❧❞  ✱ ✇❡ ♥♦t❡ T : x  
 ( t, }x)✳ ❚❤❡ s②♠♠❡tr② r❡❛❞s✿
   T ¯,  ¯   T ,
  T ¯,  ¯ T . ✭✹✳✸✵✮
❚❤✐s s②♠♠❡tr② ✇♦✉❧❞ ❜❡ ❜r♦❦❡♥ ❜② t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳ ❍♦✇❡✈❡r✱ ❛s ✇❡ ❛r❡ ♦♥❧②
✐♥t❡r❡st❡❞ ✐♥ t❤❡ st❛t✐♦♥❛r② st❛t❡ ❛♥❞ ❤❛✈❡ ❞r♦♣♣❡❞ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❢r♦♠ t❤❡
❛❝t✐♦♥✱ ✐t ❤❛s ♥♦ ✐♠♣❧✐❝❛t✐♦♥ ❤❡r❡✳ ❋♦r  = 0✱ t❤❡ t❤✐r❞ ❧✐♥❡ ♦❢ ✭✹✳✷✾✮ ❞♦❡s ♥♦t ❤♦❧❞✳
❍♦✇❡✈❡r✱ ✐♥ t❤✐s ❝❛s❡ t❤❡ t✐♠❡✲r❡✈❡rs❛❧ ✭✹✳✻✼✮ s②♠♠❡tr② tr❛♥s❧❛t❡s ✐♥t♦
✐❢  = 0 , Γ [ ,  ¯,Ψ, Ψ¯] = Γ [T ¯,T , TΨ¯, TΨ] . ✭✹✳✸✶✮
■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐♠♣❧✐❡s
✐❢  = 0 , d = d ¯ , d = d ¯ . ✭✹✳✸✷✮
❲✐t❤ ✭✹✳✷✾✮ ❛♥❞ ✭✹✳✸✷✮ ✐♥ ♠✐♥❞✱ ❧❡t ✉s ❞❡✜♥❡ t❤❡ ❛♥♦♠❛❧♦✉s ❞✐♠❡♥s✐♦♥s
d =
d +  
2
❛♥❞ d ¯ =
d +  ¯
2
, ✭✹✳✸✸✮
s✉❝❤ t❤❛t  =  ¯ = 0 ❛t t❤❡ ✜①❡❞ ♣♦✐♥t✱ ✐❢ t❤❡ tr❛♥s✐t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ ●❛✉ss✐❛♥
t❤❡♦r②✳ ❯s✐♥❣ t❤✐s ❞❡✜♥✐t✐♦♥✱ ✭✹✳✷✾✮ ❛♥❞ ✭✹✳✸✷✮ ✐♠♣❧② t❤❛t
✐❢  = 0  =  ¯ ,
❡❧s❡  = 0 . ✭✹✳✸✹✮
▲❡t ✉s ♥♦✇ ❣✐✈❡ ❛ s❤♦rt ♣r♦♦❢ ♦❢ t❤❡ ❤②♣❡rs❝❛❧✐♥❣ r❡❧❛t✐♦♥  =  (d +  )/2✳ ❚❤✐s
r❡❧❛t✐♦♥ ✐s ✇❡❧❧ ❦♥♦✇♥ ❛♥❞ ✐s q✉✐t❡ ❣❡♥❡r✐❝ ❢♦r ♣❤❛s❡ tr❛♥s✐t✐♦♥s ✐♥ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥
s②st❡♠s✱ ❜✉t ✐ts ❞❡♠♦♥str❛t✐♦♥ ✐s ♦❢ ♣❡❞❛❣♦❣✐❝❛❧ ✐♥t❡r❡st ❢♦r ❧❛t❡r ♣✉r♣♦s❡✳ ❚❤❡
❡①♣♦♥❡♥t  ✐s ❞❡✜♥❡❞ ❜②
 nB  (   c) . ✭✹✳✸✺✮
✼✹ ❈❤❛♣t❡r ✹✳ ❙t✉❞② ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ ❉❊P
■t ❝❛♥ ❜❡ s❤♦✇♥ ✭s❡❡ ❆♣♣❡♥❞✐① ❈✳✶✮ t❤❛t ✇✐t❤✐♥ t❤❡ ❉♦✐✲P❡❧✐t✐ ❢♦r♠❛❧✐s♠
 nB =   ¯  =    = Ψ . ✭✹✳✸✻✮
❋✉rt❤❡r♠♦r❡✱ ✐❢ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ✐s ❛ ✈❛❧✉❡  c s✉❝❤ t❤❛t t❤❡ ❛❝t✐♦♥ ✐s s❝❛❧❡
✐♥✈❛r✐❛♥t ✐♥ t❤❡ ✐♥❢r❛r❡❞✱ ✇❡ ❤❛✈❡ s❤♦✇♥ ✐♥ ❈❤❛♣✳ ✸ t❤❛t✱ ❛t t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t  =  c✱
t❤❡ ✜❡❧❞s s❝❛❧❡ ✇✐t❤ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ s❝❛❧❡  ❛s Ψ   d ✳ ■❢ ✇❡ ❞❡t✉♥❡ t❤❡ ❛❝t✐♦♥
❢r♦♠ ✐ts ❝r✐t✐❝❛❧ ♣♦✐♥t✱ ✐♥ ♦t❤❡r ✇♦r❞s ✐❢    c ✐s s♠❛❧❧ ❜✉t ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦✱ t❤❡
s②st❡♠ ✇✐❧❧ ❤❛✈❡ ❛ ✜♥✐t❡ ❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤ ❜❡❤❛✈✐♥❣ ❛s
  (   c)  . ✭✹✳✸✼✮
❋♦r     1✱ t❤❡ ❘● ❞♦❡s ♥♦t ❢❡❡❧ ②❡t t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❞❡t✉♥✐♥❣ ♦✛ ❝r✐t✐❝❛❧✐t② ❛♥❞
♦♥❡ ❤❛s Ψ   d ✳ ❍♦✇❡✈❡r✱ ❢♦r ❘● s❝❛❧❡s     1✱ t❤❡ ❝♦rr❡❧❛t✐♦♥s ❛r❡ ♥❡❣❧✐❣✐❜❧❡
❛♥❞ t❤❡ ❘● ✢♦✇ ❢r❡❡③❡s✳ ❚❤✉s ✇❡ ❛r❡ ❧❡❢t ✐♥ t❤❡ ✐♥❢r❛r❡❞ ✇✐t❤
 nB  Ψ  
 
  1
 d  (   c) d , ✭✹✳✸✽✮
✐♥ ♦t❤❡r ✇♦r❞s✱  =  d =  (d +  )/2✳ ❲❡ r❡❛❞✐❧② s❡❡ t❤❛t ❢♦r   = 0✱ ✐t s✐♠♣❧✐✜❡s
t♦  =  d/2✳
❋✐♥❛❧❧②✱ t❤❡ ❛❝t✐♦♥ ✭✹✳✶✻✮ ♣♦ss❡ss❡s ❛♥♦t❤❡r ♣r♦♣❡rt②✱ ✇❤✐❝❤ ✐s ♥♦t ❛ s②♠♠❡tr② ✐♥
t❤❡ tr❛❞✐t✐♦♥❛❧ s❡♥s❡✱ ❜✉t r❛t❤❡r ❛ ❞✉❛❧✐t② ❜❡t✇❡❡♥ ❛ ✜❡❧❞ ❛♥❞ ❛ ❝♦✉♣❧✐♥❣✳ ■♥❞❡❡❞✱
t❤❡ ❛❝t✐♦♥ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠✉❧t❛♥❡♦✉s s❤✐❢t ♦❢ t❤❡ ✜❡❧❞  ❛♥❞ ♦❢
t❤❡ ♠❛ss ♦❢ t❤❡ ❜❛r❡ ❛❝t✐♦♥  ✳
   +  ,     g . ✭✹✳✸✾✮
■♥ ❡ss❡♥❝❡✱ t❤✐s ❞✉❛❧✐t② ❛❝❝♦✉♥ts ❢♦r t❤❡ ❢❛❝t t❤❛t t❤❡ ♠❛ss ♦❢ t❤❡ ✜❡❧❞  ❝♦♠❡s ❢r♦♠
t❤❡ ♥♦♥✲③❡r♦ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✳ ◆♦t❡ t❤❛t ✇❡ ❝♦✉❧❞ ❤❛✈❡ r❡♣❧❛❝❡❞  ❜②  ¯ ✐♥
t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ s②♠♠❡tr② ♦❢ Γ  ✱ t❤✐s ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡
r❡s✉❧t✳ ❯s✐♥❣ t❤❡ ❢♦r♠✉❧❛ ♦❢ ❙❡❝✳ ✸✳✻✱ ✐t ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✉❛❧✐t② ✐❞❡♥t✐t②
g   Γ =
 
x
 Γ 
  (x)
. ✭✹✳✹✵✮
■❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ s②st❡♠ ✉♥❞❡r❣♦❡s ❛ ❝♦♥t✐♥✉♦✉s ♣❤❛s❡ tr❛♥s✐t✐♦♥ ❢♦r  =  c✱
t❤❛t ✐s ✐❢ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ r❡♣✉❧s✐✈❡ ♣❡rt✉r❜❛t✐♦♥ ❢r♦♠ t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t ✇❤✐❝❤
❞♦❡s ♥♦t ❜r❡❛❦ t❤❡ s②♠♠❡tr✐❡s✱ t❤❡ ✐❞❡♥t✐t② ❛❜♦✈❡ ❣✐✈❡s ✉s ❡①❛❝t❧② t❤✐s r❡❧❡✈❛♥t
❡✐❣❡♥♣❡rt✉r❜❛t✐♦♥✳ ❲❡ ✇✐❧❧ t❤✉s ❜❡ ❛❜❧❡ t♦ ♣❛r❛♠❡tr✐③❡ Γ s✉❝❤ ❛s t♦ ♣❧❛❝❡ ♦✉rs❡❧✈❡s
✇✐t❤✐♥ t❤❡ ❝r✐t✐❝❛❧ s✉r❢❛❝❡✱ ✇❤❡r❡ t❤❡ ❘● ✢♦✇ ✐s ♣✉r❡❧② ❛ttr❛❝t✐✈❡✳ ❋✉rt❤❡r♠♦r❡✱ ✐t
✜①❡s ❡①❛❝t❧② t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡①♣♦♥❡♥t  ✳ ▲❡t ✉s ❣✐✈❡ ❤❡r❡ ❛ ❤❛♥❞✇❛✈✐♥❣ ❛r❣✉♠❡♥t✳
❋♦r t❤❡ ❛❝t✐♦♥ ❞❡t✉♥❡❞ ❢r♦♠ ❝r✐t✐❝❛❧✐t② ❜②    c✱ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s
✐♥ t❤❡ ❛❜♦✈❡ ♣❛r❛❣r❛♣❤✱ ❢♦r     1 t❤❡ r✳❤✳s✳ ♦❢ ✭✹✳✹✵✮ s❝❛❧❡s ❛s 
x
 Γ 
  (x)
   d  (   c)  d , ✭✹✳✹✶✮
✐❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❧✳❤✳s✳ ❣♦❡s ❧✐❦❡
g   Γ  (   c) 1 , ✭✹✳✹✷✮
❜② ❡q✉❛❧✐③✐♥❣ ❜♦t❤ s❝❛❧✐♥❣s✱ ✇❡ ✜♥❞ ❞✐r❡❝t❧② t❤❛t
 d = 1 . ✭✹✳✹✸✮
✹✳✷✳ ❙②♠♠❡tr✐❡s✱ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❛♥❞ ❡①❛❝t r❡s✉❧ts ❢♦r ❉❊P ❛♥❞ ❉P✲❈ ✼✺
❚❤✐s r❡❧❛t✐♦♥✱ ✐♥ ❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ❡①❛❝t r❡❧❛t✐♦♥s ✭✹✳✷✾✮ ❢r♦♠ t❤❡ s❤✐❢t s②♠♠❡tr②
✜①❡s t❤❡ ❡①♣♦♥❡♥t  t♦
 =
2
d
. ✭✹✳✹✹✮
❆s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❤❛✈❡ t❤❛t  = 1 +  /d✱ ✇❤✐❝❤ s✐♠♣❧✐✜❡s t♦  = 1
❢♦r   = 0✳ ❆ ♠♦r❡ r✐❣♦✉r♦✉s ❞❡♠♦♥str❛t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❉ ✉♥❞❡r t❡❝❤♥✐❝❛❧
❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ♠✐♥✐♠✉♠ ♦❢  ✳
❚❤✐s ✜♥✐s❤❡s t♦ ❧✐st t❤❡ ❡①❛❝t r❡❧❛t✐♦♥s ❢♦r t❤❡ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥ts ♦❢ ❉P✲❈✳ ❚❤❡s❡
❡①❛❝t r❡❧❛t✐♦♥s ✇❡r❡ ❛❧r❡❛❞② ❦♥♦✇♥ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣❡rt✉r❜❛t✐✈❡ ❘●✳ ❍♦✇❡✈❡r✱ ✇❡
❤❛✈❡ s❡❡♥ ✐♥ ❙❡❝✳ ✷✳✶✳✷ t❤❛t t❤❡② ❞♦ ♥♦t ❞❡s❝r✐❜❡ s❛t✐s❢❛❝t♦r✐❧② t❤❡ ❡①✐st✐♥❣ s✐♠✉❧❛✲
t✐♦♥s ♦❢ ❉❊P✳
✹✳✷✳✷ ❙②♠♠❡tr✐❡s ♦❢ t❤❡ r❡s♣♦♥s❡ ✜❡❧❞ ❛❝t✐♦♥ ♦❢ ❉❊P ❛♥❞
❡q✉✐✈❛❧❡♥❝❡ ✇✐t❤ ❉P✲❈
◆♦✇✱ ❧❡t ✉s ❝♦♠❡ ❜❛❝❦ t♦ ♦✉r ♠❛✐♥ ✐♥t❡r❡st✱ t❤❡ ❛❝t✐♦♥ ♦❢ ❉❊P✳ ❋✐rst✱ ❧❡t ✉s st✉❞②
t❤❡ ❛❝t✐♦♥ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ r❡s♣♦♥s❡ ✜❡❧❞ ❢♦r♠❛❧✐s♠ ✭♦r t❤❡ ●r❛ss❜❡r❣❡r ❝❤❛♥❣❡
♦❢ ✈❛r✐❛❜❧❡s✮✳ ❚❤❡ r❡s♣♦♥s❡ ✜❡❧❞ ❛❝t✐♦♥ r❡❛❞s
 ●❉❊P =
 
x
 
 a( t  DA  2) a  DA  a(}  a)2 +  b( t  DB  2) b  DB  b(}  b)2
 k  a b
 
e b  a  1  1
 
 b
 
e a  b  1  . ✭✹✳✹✺✮
❆s ❉P✲❈✱ ❉❊P ❝♦♥s❡r✈❡s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✳ ❚❤✐s tr❛♥s❧❛t❡s ✐♥t♦ t❤❡
❢♦❧❧♦✇✐♥❣ ❡①t❡♥❞❡❞ s②♠♠❡tr②✿
 a   a +  (t) ,  b   b +  (t) . ✭✹✳✹✻✮
❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ ✐s
 ( ●DEP) =
 
x
 (t)
 
 t a(x) +  t b(x)
 
=
 
t
 (t) t
 
}x
 
 a(x) +  b(x)
 
. ✭✹✳✹✼✮
❍♦✇❡✈❡r✱ ❛♥❞ ❝♦♥tr❛r② t♦ ❉P✲❈✱ t❤❡ s♣❛❝❡✲t✐♠❡ ❣❛✉❣❡❞ s❤✐❢t
 a   a +  (x) ,  b   b +  (x) . ✭✹✳✹✽✮
✐s ♥♦t ❛♥ ❡①t❡♥❞❡❞ s②♠♠❡tr② ♦❢ t❤❡ ❛❝t✐♦♥✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ❝♦♥t✐♥✲
✉✉♠ ❛❝t✐♦♥ ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ✐♥ t❤❡ r❡s♣♦♥s❡ ✜❡❧❞ ❢♦r♠❛❧✐s♠ ❝♦♥t❛✐♥s
❝♦♥s❡r✈❛t✐✈❡ ♥♦✐s❡ t❡r♠s✱ ✇❤✐❝❤ ❛r❡ ❝✉❜✐❝ ✐♥ t❤❡ ✜❡❧❞s✳
◆♦✇✱ ❧❡t ✉s ❣✐✈❡ ❛♥ ❛❝❝♦✉♥t ♦❢ t❤❡ ❛r❣✉♠❡♥t t❤❛t ❉❊P ✐s ✐♥ t❤❡ ❉P✲❈ ✉♥✐✈❡rs❛❧✐t②
❝❧❛ss ✉s✐♥❣ ✭✹✳✹✺✮✳ ❋✐rst✱ ❧❡t ✉s ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✿
 c =  a +  b   0 ,  c =  a ,
 s =  b ,  s =  b   a . ✭✹✳✹✾✮
❚❤✐s ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ✐s t❤❡ ❡①❛❝t tr❛♥s❧❛t✐♦♥ ♦❢ t❤❡ st❡♣s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝✳ ✷✳✶✳✷ t♦
♦❜t❛✐♥ t❤❡ ♠❡❛♥✲✜❡❧❞ ❡q✉❛t✐♦♥s ♦❢ ❉P✲❈ ✐♥ t❡r♠s ♦❢ t❤❡ ✜❡❧❞s c ❛♥❞ s✳ ❚❤❡ r❡s✉❧t✐♥❣
✼✻ ❈❤❛♣t❡r ✹✳ ❙t✉❞② ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ ❉❊P
❛❝t✐♦♥ r❡❛❞s
 ●❉❊P =
 
x
 
 c( t  DA  2) c  DA( c +  0   s)(}  c)2
+  s( t  DB  2) s  DB  s(}  c + }  s)2 + (DA  DB)  c  2 s
 k ( c +  0   s) s
 
e s  1  1
 
 s
 
e s  1  . ✭✹✳✺✵✮
❯♥❞❡r r❡♥♦r♠❛❧✐③❛t✐♦♥✱ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ ✜❡❧❞s ❛♥❞ t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥❝② ♠❛②
❛❝q✉✐r❡ ❛ ♥♦♥✲tr✐✈✐❛❧ s❝❛❧✐♥❣ ✇✐t❤  ✱ t❤✉s ✇❡ ✇r✐t❡
 c(x) =  
dc ˆc( }x,  
zt) =  dc ˆc(xˆ) , ✭✹✳✺✶✮
❛♥❞ ❛❝❝♦r❞✐♥❣❧② ❢♦r t❤❡ ♦t❤❡r ✜❡❧❞s✳ ■❢ t❤❡ tr❛♥s✐t✐♦♥ ✐s ✇❡❧❧ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ♠❡❛♥✲
✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡ r❡♥♦r♠❛❧✐③❡❞ ♣r♦♣❛❣❛t♦r ❦❡❡♣s ✐ts ❜❛r❡ ❢♦r♠✱ t❤✉s t❤❡ ✢✉❝✲
t✉❛t✐♦♥s ♦❢ t❤❡ ✜❡❧❞s ❛r❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ q✉❛❞r❛t✐❝ ♣❛rt ♦❢ t❤❡ ❛❝t✐♦♥✳ ■t r❡❛❞s✱
♠❛❦✐♥❣ ❡①♣❧✐❝✐t t❤❡  ❞❡♣❡♥❞❡♥❝❡✱
 ●❛✉ss✐❛♥❉❊P =
 
xˆ
  d z
 
 dc+dc˜  ˆc( 
z tˆ  DA  2 ˆ2) ˆc +  ds+ds˜  ˆs( z tˆ  DB  2 ˆ2) ˆs
+  2+dc˜+ds(DA  DB)  ˆc  ˆ2 ˆs   ds+ds˜k  ˆs ˆs
 
 0  (k ) 1
 
. ✭✹✳✺✷✮
❆s❦✐♥❣ ❢♦r t❤❡ ❦✐♥❡t✐❝ t❡r♠s t♦ ❜❡ s❝❛❧❡ ✐♥✈❛r✐❛♥t ❛♥❞ ✉s✐♥❣ t❤❡ s②♠♠❡tr② ❜❡t✇❡❡♥
t❤❡ ✜❡❧❞s ❛♥❞ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ r❡s♣♦♥s❡ ✜❡❧❞s✱ ♦♥❡ r❡❛❞✐❧② ♦❜t❛✐♥s
z = 2 , dc = ds = dc˜ = ds˜ = d/2 . ✭✹✳✺✸✮
◆♦✇✱ ❧❡t ✉s ❡①♣❛♥❞ t❤❡ t❤✐r❞ ❧✐♥❡ ♦❢ t❤❡ ❢✉❧❧ ❛❝t✐♦♥ ♦❢ ❉❊P ✭✹✳✺✵✮ ✐♥ ♣♦✇❡rs ♦❢  s✿
 k ( c +  0   s) s
 
e s  1  1
 
 s
 
e  s  1 
=   s
 
k ( c +  0   s) s  1
 
 s
  1
2
 2s
 
k ( c +  0   s) s + 1
 
 s
 
+ o( 2s s)
=  k  s s
 
 0  (k ) 1
 
+ k  s s
 
 s   ˆc   0 + (k )
 1
2
 s
  k
2
 2s s( c   s) + o( 2s s) .
✭✹✳✺✹✮
■♥s❡rt✐♥❣ t❤❡ ●❛✉ss✐❛♥ s❝❛❧✐♥❣ ✭✹✳✺✸✮ ✐♥ t❤❡ ❡①♣❛♥❞❡❞ ❛❝t✐♦♥ ❧❡❛❞s t♦
 ♠❡❛♥✲✜❡❧❞❉❊P =
 
xˆ
 
 ˆc( tˆ  DA  ˆ2) ˆc  DA( d/2 ˆc +  0   d/2 ˆs)(}ˆ  ˆc)2
+  ˆs( tˆ  DB  ˆ2) ˆs  DB  d/2 ˆs(}ˆ  ˆc + }ˆ  ˆs)2 + (DA  DB)  ˆc  ˆ2 ˆs
   2k  ˆs ˆs
 
 0  (k ) 1
 
+  d/2 2k  ˆs ˆs
 
 ˆs   c   0 + (k )
 1
2
 ˆs
 
+ O( d 2)
 
. ✭✹✳✺✺✮
▲♦♦❦✐♥❣ ❛t t❤❡ ■❘ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ✜❡❧❞ t❤❡♦r② ♠❡❛♥s t♦ t❛❦❡ t❤❡ ❧✐♠✐t   0✳ ❖♥❡
s❡❡s t❤❛t t❤❡ q✉❛❞r❛t✐❝ ✏♠❛ss t❡r♠✑ ✐♥  s s ❜❧♦✇s ✉♣ ✇✐t❤ ❛♥ ❡①♣♦♥❡♥t  2 ✭❣✐✈✐♥❣
❢♦r t❤❡ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t  t❤❡ ✈❛❧✉❡  = 1/2 ✐♥ t❤❡ ♠❡❛♥✲✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥✮✳
❋✉rt❤❡r♠♦r❡ t❤❡ ❞❡r✐✈❛t✐✈❡ t❡r♠s ❝✉❜✐❝ ✐♥ t❤❡ ✜❡❧❞s✱ ✇❤✐❝❤ ✇❡r❡ ❝♦♠✐♥❣ ❢r♦♠ t❤❡
✹✳✷✳ ❙②♠♠❡tr✐❡s✱ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❛♥❞ ❡①❛❝t r❡s✉❧ts ❢♦r ❉❊P ❛♥❞ ❉P✲❈ ✼✼
❞✐✛✉s✐♦♥ ♥♦✐s❡✱ ❤❛✈❡ ❛ ♣♦s✐t✐✈❡ s❝❛❧✐♥❣ ✇✐t❤  ✐♥ ❛❧❧ ❞✐♠❡♥s✐♦♥s ❛♥❞ t❤✉s ✈❛♥✐s❤ ✇❤❡♥
  0✳ ❍♦✇❡✈❡r✱ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ r❡❛❝t✐♦♥ t❡r♠s ❞❡♣❡♥❞ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥✳ ❋♦r
d > 4✱ ❛❧❧ t❤❡ t❡r♠s ❤❛✈❡ ❛ ♣♦s✐t✐✈❡ s❝❛❧✐♥❣ ✇✐t❤  ✱ ✇❤✐❧❡ ❢♦r d  4✱ t❤❡ ❝✉❜✐❝ t❡r♠s
❜❡❣✐♥ t♦ ❤❛✈❡ ♥❡❣❛t✐✈❡ s❝❛❧✐♥❣s✳ ❚❤✉s✱ t❤❡ ✉♣♣❡r ❝r✐t✐❝❛❧ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ✐s
dc = 4✳ ❲❤❡♥ st✉❞②✐♥❣ t❤❡ t❤❡♦r② ❢♦r d ❧♦✇❡r ❜✉t ♥❡❛r dc✱ ♦♥❡ ❝❛♥ t❤✉s ❞r♦♣ t❤❡
❝✉❜✐❝ ❞❡r✐✈❛t✐✈❡ t❡r♠s ❛♥❞ t❤❡ q✉❛rt✐❝ t❡r♠s✱ ✇❤✐❝❤ ❛r❡ ✐rr❡❧❡✈❛♥t ✐♥ t❤❡ ■❘ ❧✐♠✐t✳ ❆s
❛ ❝♦♥s❡q✉❡♥❝❡✱ t♦ st✉❞② t❤❡ ❉❊P ♣❤❛s❡ tr❛♥s✐t✐♦♥ ❛s ❛ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ●❛✉ss✐❛♥
✜❡❧❞ t❤❡♦r②✱ ♦♥❡ ❝❛♥ st❛rt ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ tr✉♥❝❛t❡❞ ❛❝t✐♦♥✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡
s❛♠❡ tr❛♥s✐t✐♦♥✱ ❛t ❧❡❛st ♥❡❛r d = 4✿
 tr✉♥❝✳❉❊P =
 
x
 
 c( t  DA  2) c  DA  0(}  c)2 +  s( t  DB  2) s + (DA  DB)  c  2 s
 k  s s
 
 0  (k ) 1
 
+ k  s s
 
 s   c   0 + (k )
 1
2
 s
  
. ✭✹✳✺✻✮
❯♣ t♦ ❛ r❡s❝❛❧✐♥❣ ♦❢ t✐♠❡ ❛♥❞ ♦❢ t❤❡ ✜❡❧❞s✱ ✇❡ ❤❛✈❡ r❡❝♦✈❡r❡❞ t❤❡ ❉P✲❈ ✜❡❧❞ t❤❡♦r②✳
❚❤✐s ❛r❣✉♠❡♥t ✐s ✈❛❧✐❞ ❛s ❧♦♥❣ ❛s ❉❊P ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❛ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡
●❛✉ss✐❛♥ ✜❡❧❞ t❤❡♦r②✱ t❤❛t ✐s ✇✐t❤✐♥ t❤❡ ♣❡rt✉r❜❛t✐✈❡ ❘● ❢r❛♠❡✇♦r❦✳ ❚❤✐s ✐s ❝❡r✲
t❛✐♥❧② tr✉❡ ❢♦r d ❝❧♦s❡ ❡♥♦✉❣❤ t♦ dc = 4✳ ❍♦✇❡✈❡r✱ t❤❡ ❡①✐st✐♥❣ s✐♠✉❧❛t✐♦♥s ♦❢ ❉❊P
❛r❡ ❞♦♥❡ ✐♥ d = 1 ❛♥❞ 2✳ ❚❤✐s ♣r♦♠♣ts t❤❡ q✉❡st✐♦♥ ❛s t♦ ✇❤❡t❤❡r t❤❡ ❛r❣✉♠❡♥t st✐❧❧
❤♦❧❞s ✐♥ t❤❡s❡ ❞✐♠❡♥s✐♦♥s ❛♥❞ ♠♦t✐✈❛t❡s ❛ ♥♦♥✲♣❡rt✉r❜❛t✐✈❡ st✉❞② ♦❢ t❤✐s ♣r♦❜❧❡♠✳
■♥ ❢❛❝t✱ ❛❧t❤♦✉❣❤ t❤❡ ❛❝t✐♦♥ ✭✹✳✹✺✮ ✐s t❤❡ st❛rt✐♥❣ ♣♦✐♥t t♦ ❞❡r✐✈❡ t❤❡ ❝♦❛rs❡✲
❣r❛✐♥❡❞ ❛❝t✐♦♥ ♦❢ ❉P✲❈✱ ✐t ✐s ♥♦t ❝❧❡❛r ❛t ❛❧❧ ✇❤❛t ❛r❡ t❤❡ ♣r❡❝✉rs♦rs ♦❢ t❤❡ ❞✉❛❧✐t②
❛♥❞ ♦❢ t❤❡ t✐♠❡✲r❡✈❡rs❛❧ s②♠♠❡tr② ♣r❡s❡♥t ✐♥ ❉P✲❈✳ ▲❡t ✉s ♥♦♥❡t❤❡❧❡ss s✐❣♥❛❧ ❛
s②♠♠❡tr② ♦❢ ✭✹✳✹✺✮ ✇❤✐❝❤ ❡①✐sts ❢♦r  = 0✳ ❋♦r ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♣❛r❛♠❡t❡r }v✱
 a   x v 
2
+ t v    a ,  a   a + t v    a
 b   x v 
2
+ t v    b ,  b   b + t v    b . ✭✹✳✺✼✮
❚❤✐s s②♠♠❡tr② ✐s r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ ✇❡❧❧✲❦♥♦✇♥ t✐❧t ✭♦r ●❛❧✐❧❡❛♥✮ s②♠♠❡tr② ♣r❡s❡♥t
✐♥ t❤❡ ❑❛r❞❛r✲P❛r✐s✐✲❩❤❛♥❣ ✭❑P❩✮ ❡q✉❛t✐♦♥ ✭❑❛r❞❛r✱ P❛r✐s✐✱ ❛♥❞ ❩❤❛♥❣ ✶✾✽✻✮✳ ◆♦t❡
t❤❛t t❤❡ ❣❛✉❣❡❞✲✐♥✲t✐♠❡ ✈❡rs✐♦♥ ♦❢ ✭✹✳✺✼✮ ❛❧s♦ ②✐❡❧❞s ❛ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ ❧✐♥❡❛r
✐♥ t❤❡ ✜❡❧❞s✱ ❛♥❞ t❤✉s ❧❡❛❞s t♦ ♥❡✇ ❲❛r❞ ✐❞❡♥t✐t✐❡s✱ ❛s ❞❡r✐✈❡❞ ✐♥ ✭❈❛♥❡t ❡t ❛❧✳
✷✵✶✶✮ ❢♦r ❑P❩✳ ❚❤✐s s②♠♠❡tr② ♠❛② ♣r♦✈❡ ✈❡r② ✉s❡❢✉❧ ❢♦r ❢✉t✉r❡ st✉❞✐❡s ♦❢ t❤❡ ❉❊P
tr❛♥s✐t✐♦♥ st❛rt✐♥❣ ❢r♦♠ t❤❡ r❡s♣♦♥s❡ ✜❡❧❞ ❛❝t✐♦♥ ✭✹✳✹✺✮✳
✹✳✷✳✸ ❙②♠♠❡tr✐❡s ♦❢ t❤❡ ❝♦❤❡r❡♥t ✜❡❧❞ ❛❝t✐♦♥ ♦❢ ❉❊P
❋✐♥❛❧❧②✱ ❧❡t ✉s ❣♦ ❜❛❝❦ t♦ t❤❡ ❝♦♠♣❧❡t❡ ❝♦❤❡r❡♥t✲✜❡❧❞ ❛❝t✐♦♥ ♦❢ ❉❊P ♦❜t❛✐♥❡❞ ✐♥
❙❡❝✳ ✹✳✶✳✷ ❛♥❞ st✉❞② ✐ts s②♠♠❡tr✐❡s✳ ❚❤❡ ❛❝t✐♦♥ r❡❛❞s
 WOH❉❊P =
 
x
 
 ¯( t   2) +  ¯( t    2   ) +   ¯  2 
+   ¯
 
g(   ¯     ¯) + v(  ¯ +   ¯  ¯    ¯)
  
. ✭✹✳✺✽✮
❋✐rst✱ ✇❡ ❝❛♥ ❧♦♦❦ ❢♦r t❤❡ s②♠♠❡tr② ❡♥❝♦❞✐♥❣ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢
♣❛rt✐❝❧❡s✳ ❲❡ r❡♠❡♠❜❡r t❤❛t ❛t t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ❉♦✐✲P❡❧✐t✐ ♦♣❡r❛t♦r ❢♦r♠❛❧✐s♠ ♦❢
✼✽ ❈❤❛♣t❡r ✹✳ ❙t✉❞② ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ ❉❊P
❆♣♣❡♥❞✐① ❈✳✶✱ t❤✐s tr❛♥s❧❛t❡❞ ✐♥t♦ t❤❡ ♣r♦♣❡rt② t❤❛t ✐♥ ❡❛❝❤ ♠♦♥♦♠❡ ♦❢ t❤❡ t✐♠❡✲
❡✈♦❧✉t✐♦♥ ❣❡♥❡r❛t♦r✱ t❤❡r❡ ✇❛s ❛♥ ❡q✉❛❧ ♥✉♠❜❡r ♦❢ ❝r❡❛t✐♦♥ ❛♥❞ ❛♥♥✐❤✐❧❛t✐♦♥ ♦♣❡r✲
❛t♦rs✱ s♦ ✇❡ ❡①♣❡❝t t❤❡ ❛❝t✐♦♥ t♦ ❜❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s❝❛❧✐♥❣ ♦❢ t❤❡
✜❡❧❞s✿
 ¯ Λ ¯   Λ 1 
 ¯  Λ ¯,   Λ 1 . ✭✹✳✺✾✮
❍♦✇❡✈❡r✱ t❤✐s s②♠♠❡tr② ✐s ❜r♦❦❡♥ ❜② t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳ ❚❤✐s ❜r❡❛❦✐♥❣ ♦❢ t❤❡
r❡s❝❛❧✐♥❣ s②♠♠❡tr② s✉r✈✐✈❡s ✐♥ t❤❡ st❛t✐♦♥❛r② st❛t❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡
♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✳ ❋♦❧❧♦✇✐♥❣ ✭❲✐❥❧❛♥❞✱ ❖❡r❞✐♥❣✱ ❛♥❞ ❍✐❧❤♦rst ✶✾✾✽✮✱ ✐♥ ❙❡❝✳ ✹✳✶✳✷
✇❡ ❡①♣❧✐❝✐t❧② t♦♦❦ ✐t ✐♥t♦ ❛❝❝♦✉♥t ❜② s❤✐❢t✐♥❣ t❤❡ ✐♥✐t✐❛❧ ✜❡❧❞s ✉s✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❞❡♥s✐t②
 0✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ s②♠♠❡tr② ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐s ❛
❜✐t ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✱ ❜✉t ✐t ❡①✐sts ❛♥❞ r❡❛❞s✱ ❢♦r ❛ ❣✐✈❡♥ Λ✿
 ¯ Λ ¯ + (Λ 1)  0   Λ 1 + (Λ 1  1)  0
 ¯  Λ ¯,   Λ 1 . ✭✹✳✻✵✮
❚❤✐s ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ✐s ❛♥ ❡①❛❝t s②♠♠❡tr② ♦❢ t❤❡ ❛❝t✐♦♥✳ ▼♦r❡♦✈❡r✱ ✐❢ ✇❡ t✐♠❡✲
❣❛✉❣❡ ✐ts ✐♥✜♥✐t❡s✐♠❛❧ ✈❡rs✐♦♥✿
 ¯  ¯ +  (t)  ¯ +  0      (t)  ¯ +  0 
 ¯   ¯ +  (t) ¯,      (t) , ✭✹✳✻✶✮
✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥✿
 ( ❉❊P) =
 
x
  t
 
 ¯ +  ¯ 
 
. ✭✹✳✻✷✮
❲❡ s❡❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐s ❝♦♥s❡r✈❡❞ ❛s ✇❡❧❧✳ ❍♦✇❡✈❡r ✐♥ t❤❡ ❉♦✐✲
P❡❧✐t✐ ❢♦r♠❛❧✐s♠✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐s ♥♦t ❛♥ ♦❜s❡r✈❛❜❧❡ ❧✐♥❡❛r ✐♥ t❤❡ ✜❡❧❞s✱
t❤✉s ✐♥ t❤✐s ❢♦r♠❛❧✐s♠ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ❞♦ ♥♦t tr❛♥s❧❛t❡
❞✐r❡❝t❧② ✐♥t♦ ❛ ♥♦♥✲r❡♥♦r♠❛❧✐③❛t✐♦♥ t❤❡♦r❡♠ ❛s ❜❡❢♦r❡✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ s❡❡ ♥♦✇
t❤❛t ❛ tr✉♥❝❛t✐♦♥ t♦ ❝✉❜✐❝ ♦r❞❡r✱ ❛s t❤❡ ♦♥❡ ❞♦♥❡ ✐♥ ✭❲✐❥❧❛♥❞✱ ❖❡r❞✐♥❣✱ ❛♥❞ ❍✐❧❤♦rst
✶✾✾✽✮✱ ❜r❡❛❦s t❤❡ s②♠♠❡tr② ❜② r❡s❝❛❧✐♥❣✱ t❤✉s ❜r❡❛❦s t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r
♦❢ ♣❛rt✐❝❧❡s✱ ✐❢ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❝♦❤❡r❡♥t ✜❡❧❞ ❛❝t✐♦♥✳
❆❧t❤♦✉❣❤ ✇❡ ❝❛♥♥♦t ❣❛✉❣❡ ✭✹✳✻✵✮ ✐♥ t✐♠❡ ✇✐t❤♦✉t ❧♦s✐♥❣ t❤❡ ❧✐♥❡❛r✐t②✱ ✇❡ ❝❛♥
st✐❧❧ ✇r✐t❡ t❤❡ ❲❛r❞ ✐❞❡♥t✐t② ❢♦r t❤❡ ✉♥❣❛✉❣❡❞ s②♠♠❡tr②✳ ■t ❣✐✈❡s 
x
   
 0 +  
  Γ 
  
    0 +  ¯  Γ 
  ¯
+Ψ
 Γ 
 Ψ
 Ψ¯ Γ 
 Ψ¯
 
= 0 . ✭✹✳✻✸✮
▲❡t ✉s ✇r✐t❡ ❡①♣❧✐❝✐t❧② t❤❡ s❝❛❧✐♥❣ ✐♥  ✿ 
xˆ
  
  d 
 
 0 +  ˆ
  Γ 
  ˆ
    d ¯  0 + ˆ¯   Γ 
 ˆ¯ 
+ Ψˆ
 Γ 
 Ψˆ
 ˆ¯Ψ Γ 
 ˆ¯Ψ
 
= 0 . ✭✹✳✻✹✮
❇❡❝❛✉s❡ ♦❢ t❤❡ ❡①♣❧✐❝✐t ❞❡♣❡♥❞❡♥❝❡ ✐♥  ✱ t❤✐s ✐❞❡♥t✐t② ❝❛♥♥♦t ❞❡s❝r✐❜❡ ❛ s❝❛❧❡ ✐♥✈❛r✐✲
❛♥t ❊❆❆✳ P❤②s✐❝❛❧❧②✱ ✐t st❡♠s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✇❡ ♣❧❛❝❡❞ ♦✉rs❡❧✈❡s ❛t ❛ ✜♥✐t❡ t♦t❛❧
❞❡♥s✐t② ♦❢ ♣❛rt✐❝❧❡s  0✱ ❢♦❧❧♦✇✐♥❣ ✭❲✐❥❧❛♥❞✱ ❖❡r❞✐♥❣✱ ❛♥❞ ❍✐❧❤♦rst ✶✾✾✽✮✳ ❚❤❡ s❝❛❧❡
✐♥✈❛r✐❛♥❝❡ ❝❛♥ ♦♥❧② ❜❡ ❡①❛❝t ❛t t❤❡ ❞❡❣❡♥❡r❛t❡ ♣♦✐♥t  0 = 0✳ ❍♦✇❡✈❡r✱ ❧♦♦❦✐♥❣ ❛t
✹✳✷✳ ❙②♠♠❡tr✐❡s✱ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❛♥❞ ❡①❛❝t r❡s✉❧ts ❢♦r ❉❊P ❛♥❞ ❉P✲❈ ✼✾
t❤❡ s❝❛❧✐♥❣ ♦❢ ❡❛❝❤ t❡r♠s ✇❡ s❡❡ t❤❛t ✐♥ t❤❡ ■❘ ❧✐♠✐t   0✱ t❤❡   0✲t❡r♠s ❞♦♠✐♥❛t❡
❛♥❞ ♦♥❡ ✐s ❧❡❢t ✇✐t❤  
xˆ
  Γ 
  ˆ
  Γ 
 ˆ¯ 
 
= 0 . ✭✹✳✻✺✮
■♥ ♦t❤❡r ✇♦r❞s✱ ♦♥❡ ♦❜t❛✐♥s ✐♥ t❤❡ ■❘ ❛♥ ❛❝t✐♦♥ ✇✐t❤ t❤❡ s②♠♠❡tr②
     ,  ¯  ¯ +  . ✭✹✳✻✻✮
❚❤✐s s②♠♠❡tr② ✐s t❤❡ s❤✐❢t s②♠♠❡tr② ✭✹✳✷✸✮ ♦❢ ❉P✲❈ ❢♦r ❛ ❝♦♥st❛♥t  ✱ t❤✉s ✐t s❡❡♠s
t♦ s✉♣♣♦rt t❤❡ ✐❞❡❛ t❤❛t ✐♥ t❤❡ ■❘ t❤❡ ❛❝t✐♦♥ ♦❢ ❉❊P ❛❝q✉✐r❡s t❤❡ s②♠♠❡tr② ♦❢ ❉P✲
❈✳ ❍♦✇❡✈❡r✱ ❝♦♥tr❛r② t♦ ✇❤❛t ❤❛♣♣❡♥s ✇❤❡♥ st❛rt✐♥❣ ❢r♦♠ t❤❡ ❉P✲❈ ❛❝t✐♦♥✱ ✇❡ ❞♦
♥♦t ♦❜t❛✐♥ t❤❡ ❢✉❧❧ s♣❛❝❡✲t✐♠❡ ❣❛✉❣❡❞ ✈❡rs✐♦♥ ✭✹✳✷✸✮✱ ❛s ✐t ❝♦♠❡s ❢r♦♠ t❤❡ r❡s❝❛❧✐♥❣
s②♠♠❡tr② ✭✹✳✻✵✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛❧t❤♦✉❣❤ t❤❡ ♥♦♥✲❣❛✉❣❡❞ s❤✐❢t s②♠♠❡tr② ✐s
r❡❝♦✈❡r❡❞ ✐♥ t❤❡ ■❘✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❢♦r ❉❊P ♥♦♥✲r❡♥♦r♠❛❧✐③❛t✐♦♥ t❤❡♦r❡♠s ✇❤✐❝❤
✇♦✉❧❞ ✜① t❤❡ ❛♥♦♠❛❧♦✉s ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡  ,  ¯ ✜❡❧❞s ❛♥❞ t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ t✐♠❡ t♦
t❤❡✐r ●❛✉ss✐❛♥ ✈❛❧✉❡s✳ ◆❡❛r t❤❡ ❝r✐t✐❝❛❧ ❞✐♠❡♥s✐♦♥ dc = 4✱ t❤❡ ♣❡rt✉r❜❛t✐✈❡ r❡s✉❧ts
❛r❡ ✇❡❧❧ ❝♦♥tr♦❧❧❡❞ ❛♥❞ ✇❡ ❡①♣❡❝t ❉❊P t♦ ❜❡ ✐♥ t❤❡ s❛♠❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss ❛s ❉P✲❈
❜❡❝❛✉s❡ t❤❡ t❡r♠s ♦❢ t❤❡ ❉❊P ❛❝t✐♦♥ ✇❤✐❝❤ ❜r❡❛❦ t❤❡ s❤✐❢t s②♠♠❡tr② ❛r❡ ✐rr❡❧❡✈❛♥t✱
✉s✐♥❣ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ✐♥ ❙❡❝✳ ✹✳✷✳✷✳ ❍♦✇❡✈❡r ❢♦r d = 1 ♦r 2 ✭t❤❡ ❞✐♠❡♥s✐♦♥s ❛t
✇❤✐❝❤ t❤❡ s②st❡♠ ❤❛s ❜❡❡♥ s✐♠✉❧❛t❡❞✮✱ ❉❊P ❛♥❞ ❉P✲❈ ❝♦✉❧❞ ❜❡❧♦♥❣ t♦ t✇♦ ❞✐✛❡r❡♥t
✉♥✐✈❡rs❛❧✐t② ❝❧❛ss❡s✳ ❆ s✉✣❝✐❡♥t❧② s✐♠♣❧❡ ✇❛② t♦ ❛❞r❡ss t❤✐s ✉♥❝❡rt❛✐♥t② ✐s t♦ s✐♠✉❧❛t❡
❞✐r❡❝t❧② t❤❡ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❉P✲❈✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤✐s ❤❛s
♥❡✈❡r ❜❡❡♥ ❞♦♥❡ ❛♥❞ ✇❡ ❤❛✈❡ r❡❝❡♥t❧② ✉♥❞❡rt❛❦❡♥ ❛ ♣r♦❥❡❝t ✐♥ t❤✐s ❞✐r❡❝t✐♦♥✳ ❋♦r
t❤❡ t✐♠❡ ❜❡✐♥❣✱ ✐t s❡❡♠s ✇♦rt❤✇❤✐❧❡ t♦ st✉❞② t❤❡ ✜❡❧❞ t❤❡♦r② ♦❢ ❉❊P ♦♥ ✐ts ♦✇♥✳
▲❡t ✉s ❝♦♥t✐♥✉❡ ✇✐t❤ ✐ts ❲❛r❞ ✐❞❡♥t✐t✐❡s✳
❈♦♥tr❛r② t♦ t❤❡ r❡s♣♦♥s❡ ✜❡❧❞ ❛❝t✐♦♥ ♦❢ ❉❊P ✭✹✳✹✺✮✱ t❤❡ ❝♦❤❡r❡♥t ✜❡❧❞ ❛❝t✐♦♥
✭✹✳✺✽✮ ♣♦ss❡ss❡s t❤❡ t✐♠❡✲r❡✈❡rs❛❧ s②♠♠❡tr② ❢♦r  = 0 ❛♥❞ ❛ ❞✉❛❧✐t② r❡♠✐♥✐s❝❡♥t ♦❢
❉P✲❈✳ ❚❤❡ t✐♠❡✲r❡✈❡rs❛❧ s②♠♠❡tr② r❡❛❞s
   T ¯,  ¯   T ,
  T ¯,  ¯ T . ✭✹✳✻✼✮
❚❤✐s t✐♠❡✲r❡✈❡rs❛❧ s②♠♠❡tr② ✐s t❤❡ s❛♠❡ s②♠♠❡tr② ❛s ❢♦r ❉P✲❈ ✐♥ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥ ❛♥❞ ❤❛s t❤❡ s❛♠❡ ❝♦♥s❡q✉❡♥❝❡
✐❢  = 0 , Γ [ ,  ¯,Ψ, Ψ¯] = Γ [T ¯,T , TΨ¯, TΨ] . ✭✹✳✻✽✮
❚❤❡ ❞✉❛❧✐t② ♦❢ ❉❊P ✐s t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❛❝t✐♦♥ ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❤✐❢t ♦❢
t❤❡ ✜❡❧❞s ❛♥❞ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs
   +  ,  ¯  ¯ +  ,
    2 g , g  g   v . ✭✹✳✻✾✮
❯s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs  ❛♥❞ g✱ ♦♥❡ ❝❛♥ ❣❡♥❡r❛t❡ t❤❡ s❤✐❢t ♦❢ t❤❡
♣❛r❛♠❡t❡rs  ❛♥❞ g ❜② s❤✐❢t✐♥❣  0 ❛s  0   0  2 ✳ ❚❤✉s ✇❡ s❡❡ ❛❣❛✐♥ t❤❛t t❤❡
❞✉❛❧✐t② ❝♦♠❡s ❢r♦♠ t❤❡ ♥♦♥✲③❡r♦ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢ t❤❡ t♦t❛❧ ❞❡♥s✐t②✱ ✇❤✐❝❤ ✐s ❝♦♥s❡r✈❡❞
❜② t❤❡ ❞②♥❛♠✐❝s✳ ❚❤❡ ❞✉❛❧✐t② ✭✹✳✻✾✮ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t②✿ 
x
  Γ 
  
+
 Γ 
  ¯
 
= 2
 
 0   0Γ . ✭✹✳✼✵✮
✽✵ ❈❤❛♣t❡r ✹✳ ❙t✉❞② ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ ❉❊P
❚❤❡ s❤✐❢t s②♠♠❡tr② ♣r❡s❡♥t ✐♥ t❤❡ ■❘ ❣✐✈❡s ✉s t❤❛t d = d ¯✳ ❆ss✉♠✐♥❣ t❤❛t ✐♥
❉❊P✱ t❤❡ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐s t❤❡ t♦t❛❧ ❞❡♥s✐t②✱
t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ❆♣♣❡♥❞✐① ❉ ❝❛♥ ❜❡ ✉s❡❞ t♦ s❤♦✇ t❤❛t
 d = 1 , ✭✹✳✼✶✮
✇❤✐❝❤ ✐s t❤❡ s❛♠❡ r❡❧❛t✐♦♥ ❛s ✐♥ ❉P✲❈✳ ❍♦✇❡✈❡r✱ ❛s d ♠❛② ❜❡ ❞✐✛❡r❡♥t ❢r♦♠ d/2✱  
❝❛♥ ❞❡♣❛rt ❢r♦♠ ✐ts ❉P✲❈ ✈❛❧✉❡✳ ❚❤✐s ❣✐✈❡s ❛ ♣♦ss✐❜❧❡ s❝❡♥❛r✐♦ t♦ r❡❝♦♥❝✐❧❡ s✐♠✉❧❛✲
t✐♦♥s ♦❢ ❉❊P ✇✐t❤ t❤❡ t❤❡♦r②✳
✹✳✸ ▼♦❞✐✜❡❞ ▲♦❝❛❧ ♣♦t❡♥t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r
❉❊P ❛♥❞ ❉P✲❈
●✐✈❡♥ t❤❛t ❛ ❉P✲❈ ✜①❡❞ ♣♦✐♥t ✇♦✉❧❞ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ❧❛r❣❡r s②♠♠❡tr② ❣r♦✉♣
t❤❛♥ t❤❡ ❉❊P ♦♥❡✱ ✐t ✐s ✉♥❝❧❡❛r ✐❢ ♦♥❡ s❤♦✉❧❞ ❡①♣❡❝t t❤❡ ✐♥❢r❛r❡❞ ❉❊P ✜①❡❞ ♣♦✐♥t t♦
❜❡ t❤❡ s❛♠❡ ❛s t❤❡ ❉P✲❈ ♦♥❡ ❢♦r ❞✐♠❡♥s✐♦♥s ❢❛r ❢r♦♠ t❤❡ ✉♣♣❡r ❝r✐t✐❝❛❧ ❞✐♠❡♥s✐♦♥
dc✳ ❖♥ t♦♣ ♦❢ t❤✐s✱ ❛s r❡✈✐❡✇❡❞ ✐♥ ❙❡❝✳ ✷✳✶✱ s♦♠❡ ❉P✲❈ ♣r❡❞✐❝t✐♦♥s ❢♦r ❝r✐t✐❝❛❧
❡①♣♦♥❡♥ts ✭s✉❝❤ ❛s  = 1 ❢♦r   = 0✮ s❡❡♠ t♦ ❜❡ ✐♥❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ r❡s✉❧ts ♦❢ ❧❛tt✐❝❡
s✐♠✉❧❛t✐♦♥s✳ ■♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤✐s ❧❛st ♣♦✐♥t✱ ✐t ✐s ✉♥s❛t✐s❢❛❝t♦r② ❢r♦♠ ❛ ◆P❘● ♣♦✐♥t
♦❢ ✈✐❡✇ t♦ r❡❧② ♦♥ t❤❡ ♣❡rt✉r❜❛t✐✈❡ ❛r❣✉♠❡♥t ❣✐✈❡♥ ✐♥ ❙❡❝✳ ✹✳✷✳✷ t♦ ❡①♣❧❛✐♥ ❤♦✇ t❤❡
❉P✲❈ s②♠♠❡tr✐❡s ❝❛♥ ❡♠❡r❣❡ ❛❧♦♥❣ t❤❡ ✢♦✇ ❢r♦♠ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❛❝t✐♦♥ ♦❢ ❉❊P
❧❛❝❦✐♥❣ t❤❡s❡ s②♠♠❡tr✐❡s✳ ❚❤✐s ♠♦t✐✈❛t❡❞ ❛ st✉❞② ♦❢ ❜♦t❤ ✜❡❧❞ t❤❡♦r✐❡s ✉s✐♥❣ t❤❡
t♦♦❧s ♦❢ t❤❡ ◆P❘●✳ ❲❡ ❝❤♦♦s❡ t♦ ✇♦r❦ ✇✐t❤ t❤❡ s✐♠♣❧❡st ❛♥s❛t③ ❞❡✈❡❧♦♣❡❞ ✐♥ ◆P❘●
✇❤✐❝❤ t✉r♥s ♦✉t t♦ ❜❡ s✉✣❝✐❡♥t ✐♥ ♠♦st ❝❛s❡s t♦ ❣❡t ❛♥ ❛❝❝✉r❛t❡ ♣✐❝t✉r❡ ♦❢ t❤❡ ♣❤❛s❡
❞✐❛❣r❛♠ ❛s ✇❡❧❧ ❛s ❛ r❡❛s♦♥❛❜❧❡ ❡st✐♠❛t❡ ♦❢ t❤❡ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥ts ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s
♣❤❛s❡ tr❛♥s✐t✐♦♥s✳ ❚❤✐s ❛♥s❛t③ ♥❛♠❡❞ t❤❡ ♠♦❞✐✜❡❞ ❧♦❝❛❧ ♣♦t❡♥t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥
r❡❧✐❡s ♦♥ t❤❡ ❢❛❝t t❤❛t t❤❡ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐s ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ❧♦✇ ✇❛✈❡✲♥✉♠❜❡r ❛♥❞
❧♦✇ ❢r❡q✉❡♥❝② ❝♦♥t❡♥t ♦❢ t❤❡ ❊❆❆✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♠♦t✐✈❛t❡ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥
❛♥❞ ✇r✐t❡ ❞♦✇♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛♥sät③❡ ❢♦r ❉P✲❈ ❛♥❞ ❉❊P✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦
❞❡r✐✈❡ s♦♠❡ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ✇✐t❤✐♥ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥✳ ❋✐♥❛❧❧②✱ ✇❡ ❡①♣♦✉♥❞ ♦♥
♦✉r ❝❤♦✐❝❡ ♦❢ r❡❣✉❧❛t♦r ❛♥❞ ♦♥ ❛ ❢✉rt❤❡r ❛♣♣r♦①✐♠❛t✐♦♥ ✇❤✐❝❤ ❛❧❧♦✇❡❞ ✉s t♦ ✐♥t❡❣r❛t❡
♥✉♠❡r✐❝❛❧❧② t❤❡ ✢♦✇ ❡q✉❛t✐♦♥✳
✹✳✸✳✶ ❚❤❡ ③❡r♦t❤ ♦r❞❡r ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ❡①♣❛♥s✐♦♥
▲❡t ✉s r❡✇r✐t❡ t❤❡ ◆P❘● ✢♦✇ ❡q✉❛t✐♦♥ ❢♦r Γ ✭✸✳✽✶✮ ✐♥ ❋♦✉r✐❡r s♣❛❝❡✱ ♠❛❦✐♥❣
❡①♣❧✐❝✐t t❤❡ ✐♥✈❛r✐❛♥❝❡ ✉♥❞❡r s♣❛❝❡ r♦t❛t✐♦♥s ❛♥❞ tr❛♥s❧❛t✐♦♥s✱ ❛♥❞ t❤❡ ❢r❡q✉❡♥❝②
✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡❣✉❧❛t♦r✿
 sΓ [Φ] =
1
2
 
q
 
 s ¯ 
 
ij
(q) G˜
(2)
ji [q, q; Φ] , ✭✹✳✼✷✮
✇❤❡r❡ G¯(2)ji ✐s ♦❜t❛✐♥❡❞ ❜② ✐♥✈❡rt✐♥❣ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ ❍❡ss✐❛♥ ♦❢ Γ +∆  ✳
❲❡ ❤❛✈❡ s❡❡♥ ✐♥ ❈❤❛♣✳ ✸ t❤❛t t❤❡ ✇❛✈❡✲♥✉♠❜❡r ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ r✳❤✳s✳ ✐s ❧✐♠✐t❡❞ t♦
✈❛❧✉❡s q   ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ r❡❣✉❧❛t♦r✳ ❇❡❝❛✉s❡ ♦❢ t❤✐s
♣r♦♣❡rt② ✇❡ ❝❛♥ ❡①♣❛♥❞ t❤❡ ✐♥t❡❣r❛♥❞ ♦❢ Γ ✐♥ ♣♦✇❡rs ♦❢ t❤❡ ✇❛✈❡✲♥✉♠❜❡rs ❛♥❞ ♦❢
t❤❡ ❢r❡q✉❡♥❝✐❡s✳ ❚❤❡ ❡①♣❛♥s✐♦♥ r❡❛❞s ❛t t❤❡ ✜rst ♥♦♥✲tr✐✈✐❛❧ ♦r❞❡r
Γ [Φ] =
 
x
 
U (Φ) +
 
ij
Zij (Φ)Φi
 
 t  Dij (Φ) 2
 
Φj + o( 
2)
 
. ✭✹✳✼✸✮
✹✳✸✳ ▼♦❞✐✜❡❞ ▲♦❝❛❧ ♣♦t❡♥t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❉❊P ❛♥❞ ❉P✲❈ ✽✶
❙♦♠❡ r❡♠❛r❦s ❛r❡ ✐♥ ♦r❞❡r ❤❡r❡✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❛t ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t t❤❡
r❡♥♦r♠❛❧✐③❡❞ ♣r♦♣❛❣❛t♦rs ♦❢ t❤❡ t❤❡♦r② G¯(2)ij (p) ❛t ✇❛✈❡✲♥✉♠❜❡r p   ❤❛✈❡ t❤❡✐r
❞♦♠✐♥❛♥t ❝♦♥tr✐❜✉t✐♦♥ ❢♦r ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ ♦r❞❡r    2✳ ❲✐t❤♦✉t t❤✐s ❛ss✉♠♣✲
t✐♦♥✱ ✇❡ ❝❛♥♥♦t ❥✉st✐❢② t♦ ❦❡❡♣ ♦♥❧② t❤❡ ✜rst ♦r❞❡r ✐♥ t✐♠❡✳ ■♥❞❡❡❞✱ t❤❡ r❡❣✉❧❛t♦r
❝❤♦s❡♥ ✐♥ t❤✐s ✇♦r❦ ❛❝ts ♦♥❧② ♦♥ t❤❡ ✇❛✈❡✲♥✉♠❜❡rs ❛♥❞ ❧❡❛✈❡s t❤❡ ❢r❡q✉❡♥❝② s❡❝t♦r
✉♥❝♦♥tr♦❧❧❡❞✳ ❚❤✉s✱ ❛ ♣r✐♦r✐✱ t❤❡ ❤✐❣❤ ❢r❡q✉❡♥❝② s❡❝t♦r ❝♦✉❧❞ ❝♦✉♣❧❡ ✐♥ t❤❡ ❘● ✢♦✇
t♦ t❤❡ ❧♦✇ ❢r❡q✉❡♥❝② ♦♥❡✳ ❲❡ ❡①♣❡❝t t❤❡ ❘● ✢♦✇ t♦ r❡❛❝❤ ❛ ❞❡❝♦✉♣❧✐♥❣ ✜①❡❞ ♣♦✐♥t✱
s✉❝❤ t❤❛t ❢♦r p  t❤❡ ♣r♦♣❛❣❛t♦rs t❛❦❡s ❛ s❝❛❧❡ ✐♥✈❛r✐❛♥t ❢♦r♠
G¯
(2)
ij (p)  p 2 d+di+djg
 
 /pz
 
, ✭✹✳✼✹✮
✇✐t❤ t❤❡ ❞♦♠✐♥❛♥t ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ g ❣✐✈❡♥ ❜② ✈❛❧✉❡s ♦❢ ♦r❞❡r
✉♥✐t②✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ✐♥t❡❣r❛❧ ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ✈❛❧✉❡s    z   2 ❛♥❞ t❤❡
❛ss✉♠♣t✐♦♥ ✐s ❥✉st✐✜❡❞✳
❚❤❡ s❡❝♦♥❞ r❡♠❛r❦ ✐s t❤❛t t❤❡ s②♠♠❡tr✐❡s ❝❛♥ ❣r❡❛t❧② ❤❡❧♣ t♦ ❝♦♥str❛✐♥ t❤❡
❛♥s❛t③✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❝❛✉s❛❧✐t② ❡♥s✉r❡s t❤❛t t❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥ ✇✐t❤♦✉t r❡s♣♦♥s❡
✜❡❧❞ ❧❡❣s ❛r❡ ③❡r♦✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥st❡❛❞ ♦❢ ❤❛✈✐♥❣ ❛ ❣❡♥❡r✐❝ ♣❛r❛♠❡tr✐③❛t✐♦♥ ✐♥ t❡r♠s
♦❢ t❤❡ ✜❡❧❞s  Φi ✱ ♦♥❡ ❝❛♥ ❣❡♥❡r❛❧❧② ✉s❡ t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ t❤❡ t❤❡♦r②✳ ❋♦r ❡①❛♠♣❧❡
❢♦r ❉P✲❈ ❛t  = 0✱ t❤❡ ❢✉♥❝t✐♦♥s U , Z ❛♥❞ D ✇♦✉❧❞ ♦♥❧② ❞❡♣❡♥❞ ♦♥  +  ¯✱ ΨΨ¯
❛♥❞ Ψ Ψ¯✳
❚❤❡ ❛❜♦✈❡ ❛♥s❛t③ ✐s ❝❛❧❧❡❞ O( 2) ❛♥❞ ❣✐✈❡s ❣❡♥❡r❛❧❧② ✈❡r② ❛❝❝✉r❛t❡ r❡s✉❧ts✳ ❍♦✇✲
❡✈❡r✱ ✐t st✐❧❧ r❡q✉✐r❡s ❤❡❛✈② ❝❛❧❝✉❧❛t✐♦♥s✱ ❛s t❤❡ U , Z ❛♥❞ D ❛r❡ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥s
♦❢ ♠❛♥② ✈❛r✐❛❜❧❡s✳ ❆ ❢✉rt❤❡r ❛♣♣r♦①✐♠❛t✐♦♥ ✐s t♦ ❛ss✉♠❡ t❤❛t t❤❡ ❦✐♥❡t✐❝ ♣❛rt ♦❢ t❤❡
t❤❡♦r② ❦❡❡♣s ✐♥ ❢❛❝t ✐ts ❜❛r❡ ❢♦r♠✳ ❚❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❝❛❧❧❡❞ t❤❡ ❧♦❝❛❧ ♣♦t❡♥t✐❛❧
❛♣♣r♦①✐♠❛t✐♦♥ ✭▲P❆✮ ❛♥❞ s♦♠❡t✐♠❡s ❞❡♥♦t❡❞ O( 0)✱ ❛s ♦♥❧② t❤❡ ♣♦t❡♥t✐❛❧ U ✐s
r❡♥♦r♠❛❧✐③❡❞✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❉P✲❈ ✐t r❡❛❞s
Γ [Φ] =
 
x
 
 ¯( t  2) +  ¯  2Ψ+Ψ¯( t   2  )Ψ+U ( +  ¯,Ψ, Ψ¯)
 
. ✭✹✳✼✺✮
❚❤✐s ❛♥s❛t③ ❛❧❧♦✇s ✐♥ ♠♦st ❝❛s❡s t♦ ❣❡t ❛ ✜rst ♣✐❝t✉r❡ ♦❢ t❤❡ ♣❤❛s❡ ❞✐❛❣r❛♠✳ ❍♦✇❡✈❡r
✐t ✜①❡s t❤❡ s❝❛❧✐♥❣ ❞✐♠❡♥s✐♦♥ ♦❢ t✐♠❡ ❛♥❞ ♦❢ t❤❡ ✜❡❧❞s t♦ ❜❡ t❤❡ ●❛✉ss✐❛♥ ♦♥❡s✳
■♥❞❡❡❞✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ r✉♥♥✐♥❣ s❝❛❧✐♥❣ ❞✐♠❡♥s✐♦♥s ♦❢ ❙❡❝✳ ✸✳✹✳✹ ✐♠♣❧✐❡s t❤❛t ✐♥
t❤❡ ▲P❆ ❛♥s❛t③ ✭✹✳✼✺✮✱ ❢♦r ❡①❛♠♣❧❡ ❢♦r t❤❡ Ψ¯✲Ψ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥✱
Z  ¯  =  i Γ¯
(2)
 ¯ 
(p,Φ0) p=0 = 1 ,
D ¯  =  p2Γ¯
(2)
 ¯ 
(p,Φ0) p=0 = 1 , ✭✹✳✼✻✮
✇❤❡r❡ Φ0 =   0,  ¯0,Ψ0, Ψ¯0 ✐s ❛♥ ✉♥s♣❡❝✐✜❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ st❛t✐♦♥❛r② ❛♥❞ ✉♥✐✲
❢♦r♠ ✜❡❧❞s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ▲P❆ ❛♥s❛t③ ❣✐✈❡s ❞✐r❡❝t❧②  +  ¯ = 0 ❛♥❞ z = 2✳
❆♥ ❡✣❝✐❡♥t ✇❛② t♦ ✉♣❣r❛❞❡ t❤❡ ▲P❆ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ❛❝❝♦✉♥t ❢♦r ✜❡❧❞
r❡♥♦r♠❛❧✐③❛t✐♦♥s ✐s t♦ t❛❦❡ Z ❛♥❞ D t♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✜❡❧❞s ✭❜✉t st✐❧❧
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ s❝❛❧❡✮✳ ❚❤✐s ❛♥s❛t③✱ ✐♥tr♦❞✉❝❡❞ ✐♥ ✭❚❡tr❛❞✐s ❛♥❞
❲❡tt❡r✐❝❤ ✶✾✾✹✮✱ ✐s ♥❛♠❡❞ ♠♦❞✐✜❡❞ ▲P❆ ✭▲P❆✬✮ ♦r ❧❡❛❞✐♥❣ ♦r❞❡r✳ ◆♦t❡ t❤❛t ❞✉❡ t♦
t❤❡ ♣❛rt✐❝✉❧❛r s②♠♠❡tr② ♦❢ ❉P✲❈ ✜①✐♥❣ t❤❡  ¯✲ ❛♥❞  ¯✲Ψ ♣r♦♣❛❣❛t♦rs t♦ t❤❡✐r ❜❛r❡
✈❛❧✉❡✱ t❤❡ ♦♥❧② ♣r♦♣❛❣❛t♦r ✇❤✐❝❤ ❤❛s t❤❡ ❢r❡❡❞♦♠ t♦ ❜❡ r❡♥♦r♠❛❧✐③❡❞ ✐s Ψ¯✲Ψ✳
❲r❛♣♣✐♥❣ ✉♣✱ ✇❡ ✜♥❛❧❧② ❣✐✈❡ t❤❡ ❛♥s❛t③ ❝❤♦s❡♥ ✐♥ t❤✐s ✇♦r❦ ❢♦r ❉P✲❈✳ ■t r❡❛❞s
Γ❉P✲❈ [Φ] =
 
x
 
 ¯( t  2) +  ¯  2Ψ+Z Ψ¯( t    2)Ψ+U ( + ¯,Ψ, Ψ¯)
 
✭✹✳✼✼✮
✽✷ ❈❤❛♣t❡r ✹✳ ❙t✉❞② ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ ❉❊P
❢♦r   = 0 ❛♥❞
Γ❉P✲❈ [Φ] =
 
x
 
 ¯( t   2) + Z Ψ¯( t     2)Ψ + U ( +  ¯,ΨΨ¯,Ψ Ψ¯)
 
✭✹✳✼✽✮
❢♦r  = 0✳ ▲❡t ✉s ♠❛❦❡ ❛ r❡♠❛r❦ ♦♥ t❤❡ ❛♥s❛t③✳ ❇❡❝❛✉s❡ t❤❡ s❝❛❧✐♥❣ ❜❡t✇❡❡♥ s♣❛❝❡
❛♥❞ t✐♠❡ ✐s ❛❧r❡❛❞② ✜①❡❞ ❜② t❤❡  ¯✲ ♣r♦♣❛❣❛t♦r✱ t❤❛t ✐s
D ¯  =
 p2Γ¯
(2)
 ¯ (0, }p,Φ0) }p=0
 i Γ¯
(2)
 ¯ ( ,}0,Φ0)  =0
= 1 , ✭✹✳✼✾✮
✇❡ ♠✉st ❤❛✈❡ ❛s ✇❡❧❧ t❤❛t
lim
  0
d
d ln 
lnD ¯  = lim
  0
d
d ln 
ln  = 0 . ✭✹✳✽✵✮
❚❤✉s   ❝❛♥ ❝♦♥t❛✐♥ ❛t ♠♦st ❛ s✉❜✲❧❡❛❞✐♥❣ ❧♦❣❛r✐t❤♠✐❝ ❞❡♣❡♥❞❡♥❝② ✐♥  ✳
◆♦✇✱ ❧❡t ✉s ❣✐✈❡ t❤❡ ▲P❆✬ ❛♥s❛t③ ❢♦r ❉❊P✳ ●✐✈❡♥ t❤❛t t❤❡ ♠♦❞❡❧ ✐s ❧❡ss ❝♦♥✲
str❛✐♥❡❞ ❜② ✐ts s②♠♠❡tr✐❡s✱ ♦♥❡ ♠✉st ❛❧❧♦✇ ❛ ♣r✐♦r✐ ❛ ♠♦r❡ ❣❡♥❡r❛❧ r❡♥♦r♠❛❧✐③❛t✐♦♥
♦❢ t❤❡ ♣r♦♣❛❣❛t♦r ♦❢ t❤❡ t❤❡♦r②✳ ■t r❡❛❞s
Γ❉❊P [Φ] =
 
x
 
Z   ¯( t  D  2) +   D  ¯  2Ψ+ Z  Ψ¯( t    D  2)Ψ + U (Φ)
 
,
✭✹✳✽✶✮
❢♦r   = 0✱ ✇✐t❤   ❛♥❞   ❤❛✈✐♥❣ s❝❛❧✐♥❣ ❞✐♠❡♥s✐♦♥ ③❡r♦✱ ❛♥❞
Γ❉❊P [Φ] =
 
x
 
Z   ¯( t  D  2) + Z  Ψ¯( t    D  2)Ψ + U (Φ)
 
✭✹✳✽✷✮
❢♦r  = 0✳ ❋✉rt❤❡r♠♦r❡ U ♠✉st s❛t✐s❢② t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥ts ❝♦♠✐♥❣ ❢r♦♠
s②♠♠❡tr✐❡s ✭✹✳✻✵✮ ❛♥❞ ✭✹✳✻✼✮✿   
 0 +  
 
   
  
 0 +  ¯
 
  ¯ +      ¯  ¯
 
U ( ,  ¯,  ,  ¯) = 0 ,
❛♥❞ ❢♦r  = 0 , U ( ¯,  ,  ¯,  ) = U ( ,  ¯,  ,  ¯) . ✭✹✳✽✸✮
❇♦t❤ ❢♦r ❉❊P ❛♥❞ ❉P✲❈✱ t❤❡ ❘● ✢♦✇ ♦❢ t❤❡ t❤❡♦r② ✐s ❡♥t✐r❡❧② ❞❡s❝r✐❜❡❞ ❛t t❤❡
❧❡✈❡❧ ♦❢ t❤❡ ▲P❆✬ ❛♥s❛t③✱ ❜② t❤❡ ✢♦✇ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧
 sU (Φ0) =
1
2
 
q
 
   ¯ 
 
ij
(q) G¯
(2)
ji (q,Φ0) , ✭✹✳✽✹✮
❛♥❞ t❤❛t ♦❢ t❤❡ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥ ❛t ❝♦♥st❛♥t ✜❡❧❞s✱ ✇❤✐❝❤ r❡❛❞s
 sΓ¯
(2)
mn(p,Φ0) =
 
q
 
 s ¯
 
ij
(q)G¯
(2)
jk (q,Φ0)
 
 1
2
U
(4)
klmn(Φ0)
+ U
(3)
kms(Φ0)G¯
(2)
st (q+ p,Φ0)U
(3)
tnl (Φ0)
 
G¯
(2)
li (q,Φ0) . ✭✹✳✽✺✮
▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❡①tr❛❝t ✐♥❢♦r♠❛t✐♦♥ ♦♥❧② ❢r♦♠ t❤❡ ❧♦✇ ❢r❡q✉❡♥❝② ❛♥❞ ❧♦✇ ✇❛✈❡✲
♥✉♠❜❡r ❜❡❤❛✈✐♦r ♦❢ t❤❡ ✢♦✇ ♦❢ t❤❡ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥s✳ ❆t t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ▲P❆✬
❛♥s❛t③✱ ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐s ❝♦♥t❛✐♥❡❞ s♦❧❡❧② ✐♥ t❤❡ ✢♦✇ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣s Z  ✱ Z
 
 ✱
D ✱   ❛✱❞   ✱ t❤❡ ✇❛✈❡✲♥✉♠❜❡r ❛♥❞ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ ❛r❡ t❤❡ ❜❛r❡ ♦♥❡s✳ ◆♦✇✱
❧❡t ✉s ❞✐s❝✉ss ✐♥ ❞❡t❛✐❧ ♦✉r ❝❤♦✐❝❡ ♦❢ t❤❡ st❛t✐♦♥❛r② ❤♦♠♦❣❡♥❡♦✉s ❝♦♥✜❣✉r❛t✐♦♥ Φ0
❛t ✇❤✐❝❤ t❤❡s❡ ❝♦✉♣❧✐♥❣s ❛r❡ ❞❡✜♥❡❞✳
✹✳✸✳ ▼♦❞✐✜❡❞ ▲♦❝❛❧ ♣♦t❡♥t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❉❊P ❛♥❞ ❉P✲❈ ✽✸
✹✳✸✳✷ ❈❤♦✐❝❡ ♦❢ Φ0 ❛s ❛ ♠✐♥✐♠✉♠ ❝♦♥✜❣✉r❛t✐♦♥
▲❡t ✉s ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ ❡①♣❧✐❝✐t ❞❡✜♥✐t✐♦♥ ♦❢ Z  , Z
 
 , D ,   ❛♥❞   ✳ ❚❤❡② ❛r❡
❣✐✈❡♥ r❡s♣❡❝t✐✈❡❧② ❜②
Z    i Γ¯(2) ¯ (p,Φ0) p=0 , D  (Z  ) 1 p2Γ¯(2) ¯ (p,Φ0) p=0 ,
Z    i Γ¯(2) ¯ (p,Φ0) p=0 ,   D  (Z  ) 1 p2Γ¯
(2)
 ¯ 
(p,Φ0) p=0 ,
  D   p2Γ¯(2) ¯ (p,Φ0) p=0 . ✭✹✳✽✻✮
❲✐t❤✐♥ t❤❡ ▲P❆✬ ❛♥s❛t③✱ ✇❡ ❤❛✈❡ t♦ ♣r♦❥❡❝t ❡①♣❧✐❝✐t❧② t❤❡s❡ ❝♦✉♣❧✐♥❣s t♦ ❛ ❝♦♥st❛♥t
✈❛❧✉❡ ❜❡❝❛✉s❡ t❤❡② ❛❝q✉✐r❡ ❣❡♥❡r✐❝❛❧❧② ❛ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ✇✐t❤ t❤❡ ❘● ✢♦✇✳ ❚❤✉s
✇❡ ❤❛✈❡ t♦ ❡①♣❧✐❝✐t❧② ❝❤♦♦s❡ ❛ ❝♦♥st❛♥t ✜❡❧❞ ❝♦♥✜❣✉r❛t✐♦♥ ❛t ✇❤✐❝❤ ✇❡ ❞❡✜♥❡ t❤❡♠✳
❇❡❝❛✉s❡ ❉P✲❈ ✐s ❛ r❡s♣♦♥s❡ ✜❡❧❞ t❤❡♦r② ❛♥❞ ❉❊P ❛ ❝♦❤❡r❡♥t ✜❡❧❞ ♦♥❡✱ t❤❡ ✐♥t❡r♣r❡✲
t❛t✐♦♥ ♦❢ t❤❡ ✜❡❧❞s ✐s ♥♦t t❤❡ s❛♠❡ ❛♥❞ t❤❡ ❝❤♦✐❝❡s ♦❢ ❝♦♥st❛♥t ✜❡❧❞ ❝♦♥✜❣✉r❛t✐♦♥
❞✐✛❡r✳ ▲❡t ✉s ✜rst ❞✐s❝✉ss t❤❡ ❝❛s❡ ♦❢ ❉P✲❈✳ ❚❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ r❡s♣♦♥s❡ ✜❡❧❞s
❛r❡ ③❡r♦ ✐♥ t❤❡ st❛t✐♦♥❛r② st❛t❡✱ s♦ ✇❡ ❝❤♦♦s❡ Ψ¯0 =  ¯0 = 0✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝❤♦♦s❡
Ψ0 = 0 ❢♦r s✐♠♣❧✐❝✐t②✳ ❋✐♥❛❧❧②✱ ❣✉✐❞❡❞ ❜② t❤❡ ❞✉❛❧✐t② s②♠♠❡tr② ✭✹✳✸✾✮ ❢♦r ❉P✲❈
✇❤✐❝❤ r❡❧❛t❡s t❤❡ ♠❛ss ♦❢ t❤❡ Ψ¯✲Ψ ♣r♦♣❛❣❛t♦r t♦ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ ✜❡❧❞  ✱ ✇❡
s❡t  0 =  ❉P✲❈ ✳ ■♥ t❤❡ ❉P✲❈ ❝♦♥t❡①t✱ ✇❡ t❤✉s ♥♦t❡
▼✐♥ :   ,  ¯,Ψ, Ψ¯    ❉P✲❈ , 0, 0, 0 . ✭✹✳✽✼✮
◆♦✇✱ ❧❡t ✉s ❞♦ t❤❡ s❛♠❡ ❢♦r ❉❊P✳ ❲❡ ❤❛✈❡ s❡❡♥ ✐♥ ❆♣♣❡♥❞✐① ❈✳✶ t❤❛t ✇✐t❤✐♥ t❤❡
❉♦✐✲P❡❧✐t✐ ❢♦r♠❛❧✐s♠✱ t❤❡ ♦r✐❣✐♥❛❧ ❞❡♥s✐t② ni ✜❡❧❞ ✐s ❣✐✈❡♥ ✐♥ t❡r♠s ♦❢ ✐ts ❛ss♦❝✐❛t❡❞
❝♦❤❡r❡♥t ✜❡❧❞s ❜② t❤❡ ♣r♦❞✉❝t  ¯i i✳ ❋♦r t❤❡ Ψ ❛♥❞ Ψ¯ ✜❡❧❞s✱ ✇❡ ❝❤♦♦s❡ ❢♦r s✐♠♣❧✐❝✐t②
Ψ = Ψ¯ = 0 ❛s ✐♥ ❉P✲❈✳ ❍♦✇❡✈❡r✱ ♦♥❝❡ ❛❣❛✐♥ ❣✉✐❞❡❞ ❜② t❤❡ ❞✉❛❧✐t② s②♠♠❡tr② ✭✹✳✻✾✮
❢♦r ❉❊P✱ ✇❡ s❡t  =  ¯ =  ❉❊P ✱ s✉❝❤ t❤❛t  ¯ = ( 
❉❊P
 )
2  = 0 ✇✐t❤♦✉t ❜r❡❛❦✐♥❣ t❤❡
s②♠♠❡tr② ❜❡t✇❡❡♥  ❛♥❞  ¯✳ ❲r❛♣♣✐♥❣ ✉♣✱ t❤❡ ❝♦♥st❛♥t ✜❡❧❞ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ t❤❡
❝♦♥t❡①t ♦❢ ❉❊P r❡❛❞s
▼✐♥ :   ,  ¯,Ψ, Ψ¯    ❉❊P ,  ❉❊P , 0, 0 . ✭✹✳✽✽✮
■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥ ❛❧❧♦✇s ♦♥❡ t♦ ❛❜s♦r❜ t❤❡ ♠❛ss ♦❢ t❤❡ Ψ¯✲Ψ
♣r♦♣❛❣❛t♦r ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ❲❡ ❛ss✉♠❡   ❝❛♥ ❜❡ ✐♠♣❧✐❝✐t❡❧② ❞❡✜♥❡❞ s✉❝❤ t❤❛t
Γ¯
(2)
 ¯ 
(p,Φ0) p=0,▼✐♥ =  2  ¯U  ▼✐♥ = 0 . ✭✹✳✽✾✮
❚❤✐s ❝❤♦✐❝❡ ♦❢ ♣❛r❛♠❡tr✐③❛t✐♦♥ ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥ ✐t ❝♦♥t❛✐♥s ❛❧❧♦✇ ✉s t♦ ✉s❡ ❛
❝❡♥tr❛❧ ♣r♦♣❡rt② ♦❢ ❜♦t❤ ❉P✲❈ ❛♥❞ ❉❊P✱ t❤❛t ✐s t❤❡ ❞✉❛❧✐t② ✭✹✳✸✾✮ ❛♥❞ ✭✹✳✻✾✮ r❡✲
s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❣❡♥❡r❛❧ ❞✉❛❧✐t② ✐❞❡♥t✐t② ❞❡r✐✈❡❞ ✐♥ ❆♣♣❡♥❞✐① ❉ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥
t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ♦✉r ❛♥s❛t③✳ ❋♦r ❡①❛♠♣❧❡✱ ❧❡t ✉s ❝♦♥❝❡♥tr❛t❡ ♦♥ ❉P✲❈✳ ❲❡
❡①♣❛♥❞ ♣❛rt✐❛❧❧② t❤❡ ♣♦t❡♥t✐❛❧ ❛s
U❉P✲❈ ( +  ¯,  ,  ¯) =
 
n
u❉P✲❈n ( ,  ¯)( +  ¯  ❉P✲❈ )n , ✭✹✳✾✵✮
✇❤❡r❡ t❤❡  ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ u❉P✲❈n ✐s ✐♠♣❧✐❝✐t✳ ❚❤❡ ❞✉❛❧✐t② r❡❧❛t✐♦♥ ✭❉✳✻✮ t❤❡♥
r❡❛❞s
 n  N,   u❉P✲❈n = (n + 1)u❉P✲❈n+1
 1
g
+    
❉P✲❈
 
 
. ✭✹✳✾✶✮
✽✹ ❈❤❛♣t❡r ✹✳ ❙t✉❞② ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ ❉❊P
■♥ ♣❛rt✐❝✉❧❛r✱ ❜② t❛❦✐♥❣ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤✐s ❡①♣r❡ss✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦  ❛♥❞  ¯✱ ❛♥❞
❡✈❛❧✉❛t✐♥❣ ✐t ❛t  ,  ¯ = 0✱ ✇❡ ♦❜t❛✐♥
 n  N,    2  ¯u❉P✲❈n (0, 0) = (n + 1) 2  ¯u❉P✲❈n+1 (0, 0)
 1
g
+    
❉P✲❈
 
 
. ✭✹✳✾✷✮
❇❡❝❛✉s❡
 2  ¯u
❉P✲❈
0 (0, 0) =  
2
  ¯U
❉P✲❈
  ▼✐♥ = 0 , ✭✹✳✾✸✮
t❤❡r❡ ❡①✐sts ❛ n s✉❝❤ t❤❛t
 2  ¯u
❉P✲❈
n (0, 0) = 0 ❛♥❞  
2
  ¯u
❉P✲❈
n+1 (0, 0)  = 0 . ✭✹✳✾✹✮
❲❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡r❡ t❤❛t
1
g
+    
❉P✲❈
 = 0 . ✭✹✳✾✺✮
❛♥❞
 n  N,   u❉P✲❈n = 0 . ✭✹✳✾✻✮
❘❡♠❡♠❜❡r✐♥❣ t❤❛t  ✐s t❤❡ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r ♦❢ t❤❡ tr❛♥s✐t✐♦♥✱ t❤❡s❡ ❡q✉❛t✐♦♥s
♠❡❛♥ t❤❛t  ❉P✲❈ ✐s t❤❡ ♦♥❧② r❡❧❡✈❛♥t ❝♦✉♣❧✐♥❣✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❘● ✢♦✇ ❝❛♥
❜❡ ♣r♦❥❡❝t❡❞ ♦♥ t❤❡ ❝r✐t✐❝❛❧ s✉r❢❛❝❡ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✢♦✇ ♦❢ ❛❧❧ ❝♦✉♣❧✐♥❣s ❡①❝❡♣t
 ❉P✲❈ ✳ ■❢ t❤❡r❡ ✐s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t✱ t❤❡ ✢♦✇ ✇✐❧❧ t❤❡♥ ❜❡ ❢✉❧❧② ❛ttr❛❝t✐✈❡ ❡①❝❡♣t ❢♦r
t❤❡ ❝♦✉♣❧✐♥❣   ✳ ❚❤✐s ✐s ❛ ❤✉❣❡ s✐♠♣❧✐✜❝❛t✐♦♥✳ ■♥❞❡❡❞ ✐♥ ♠♦st ❝❛s❡s ✇❤❡♥ ♦♥❡ ❤❛s
t♦ ✐♥t❡❣r❛t❡ ♥✉♠❡r✐❝❛❧❧② t❤❡ ❘● ✢♦✇ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣s✱ t❤❡ r❡❧❡✈❛♥t ❞✐r❡❝t✐♦♥ ✐s ♥♦t
✐❞❡♥t✐✜❡❞ ♦r ❝❛♥♥♦t ❜❡ ♣❛r❛♠❡tr✐③❡❞ s♦ ❡❛s✐❧②✳ ■♥ t❤❡s❡ ❝❛s❡s✱ ♦♥❡ ❤❛s t♦ ✜♥❡✲t✉♥❡
❛ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r ✐♥ ♦r❞❡r t♦ ❛♣♣r♦❛❝❤ t❤❡ ❝r✐t✐❝❛❧ ✜①❡❞ ♣♦✐♥t✱ ❢♦r ❡①❛♠♣❧❡ ❜②
✉s✐♥❣ ❛ ❞✐❝❤♦t♦♠② ❛❧❣♦r✐t❤♠✳ ❚❤❡ s❛♠❡ ❝❛♥ ❜❡ ❞♦♥❡ ❢♦r ❉❊P✱ ✉s✐♥❣ t❤✐s t✐♠❡ t❤❡
❢♦❧❧♦✇✐♥❣ ♣❛rt✐❛❧ ❡①♣❛♥s✐♦♥ t❤❡ ♣❛rt✐❛❧ ❡①♣❛♥s✐♦♥
U❉❊P ( ,  ¯,  ,  ¯) =
 
m,n
u❉❊Pmn ( ,  ¯)( ¯  ❉❊P )m(   ❉❊P )n . ✭✹✳✾✼✮
❚❤❡ s❛♠❡ st❡♣s ❛s ❢♦r t❤❡ ❉P✲❈ ❝❛s❡ s❤♦✇ t❤❛t
1
2
 
 0
+   0 
❉❊P
 = 0 ✭✹✳✾✽✮
❛♥❞
 m,n  N,   0u❉❊Pmn = 0 , ✭✹✳✾✾✮
✇✐t❤ t❤❡ s❛♠❡ ❝♦♥s❡q✉❡♥❝❡s✳ ❍♦✇❡✈❡r✱ ♥♦t❡ t❤❛t t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✐♥✈❡rs❡
r❡❝♦✈❡r② r❛t❡  ❛♥❞ t❤❡ ✐♥✐t✐❛❧ t♦t❛❧ ❞❡♥s✐t②  0 ❛s ♠✐❝r♦s❝♦♣✐❝ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡rs ♦❢
t❤❡ ❝r✐t✐❛❧ ♣❤❛s❡ tr❛♥s✐t✐♦♥✱ ✇❤✐❝❤ ✐s tr✉❡ ♣❡rt✉r❜❛t✐✈❡❧②✱ ♠❛② ♥♦t ❜❡ ✈❛❧✐❞ ❛♥②♠♦r❡✳
❚❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♠✐♥✐♠✉♠   ✐s ❞❡❞✉❝❡❞ ❜② t❛❦✐♥❣ ❛ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡
❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ s❝❛❧❡✳ ❋♦r ❉P✲❈✱ ✐t r❡❛❞s
0 =
 
   
2
  ¯U
❉P✲❈
 
 
▼✐♥
+  3  ¯ U
❉P✲❈
 
   
▼✐♥
   
❉P✲❈ . ✭✹✳✶✵✵✮
■❢ u111( )   3  ¯ U❉P✲❈ 
  
▼✐♥
= 0✱ t❤❡ ▼✐♥ ❝♦♥✜❣✉r❛t✐♦♥ ❝❛♥♥♦t ❜❡ ❞❡✜♥❡❞✳ ❚❤✐s
♣r❡✈❡♥ts t❤✐s ❝♦✉♣❧✐♥❣ ❢r♦♠ ❝❤❛♥❣✐♥❣ s✐❣♥ ❛❧♦♥❣ t❤❡ ❘● ✢♦✇✳ ■t ♠❡❛♥s t❤❛t ❢r♦♠
♣❤②s✐❝❛❧❧② ❛❞♠✐ss✐❜❧❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✭✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ u111(Λ) < 0✮✱ t❤❡ ❘●
✢♦✇ ❝❛♥♥♦t r❡❛❝❤ ❛ ✜①❡❞ ♣♦✐♥t ❝❛♥❞✐❞❛t❡ t♦ ❞❡s❝r✐❜❡ t❤❡ ❝♦♥t✐♥✉♦✉s ♣❤❛s❡ tr❛♥s✐t✐♦♥
✹✳✸✳ ▼♦❞✐✜❡❞ ▲♦❝❛❧ ♣♦t❡♥t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❉❊P ❛♥❞ ❉P✲❈ ✽✺
✐❢ u 111 > 0 ❛t t❤✐s ✜①❡❞ ♣♦✐♥t✳ ❚❤❡ ♣❡rt✉r❜❛t✐✈❡ ✜①❡❞ ♣♦✐♥t ❢♦✉♥❞ ✐♥ ✭❲✐❥❧❛♥❞✱
❖❡r❞✐♥❣✱ ❛♥❞ ❍✐❧❤♦rst ✶✾✾✽✮ ❤❛s u 111/ > 0✱ t❤✉s ✐t ❝❛♥♥♦t ❜❡ r❡❛❝❤❡❞ ❢♦r  > 0✳
❚❤✐s ♣r♦♠♣t❡❞ ✐ts ❛✉t❤♦rs t♦ ❝♦♥❥❡❝t✉r❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✜rst ♦r❞❡r ♣❤❛s❡ tr❛♥s✐t✐♦♥
✐♥ t❤✐s ❝❛s❡✳ ❍♦✇❡✈❡r✱ t❤✐s ❝♦♥❝❧✉s✐♦♥ ❞♦❡s ♥♦t ❤♦❧❞ ✐❢ u 111/ > 0 ✐s ♦♥❧② ❛ ♦♥❡✲❧♦♦♣ ♦r
❛ ♣❡rt✉r❜❛t✐✈❡ ❢❡❛t✉r❡ ♦r ✐❢ t❤❡r❡ ❡①✐st ♦t❤❡r ✜①❡❞ ♣♦✐♥ts ✇✐t❤ u 111 < 0 ✐♥❞❡♣❡♥❞❡♥t❧②
♦❢ t❤❡ s✐❣♥ ♦❢  ✳
❆ r❡♠❛r❦ ✐s ♦❢ ♦r❞❡r ❤❡r❡✳ ❆s ❧♦♥❣ ❛s ✇❡ ❛r❡ tr✉♥❝❛t✐♥❣ t❤❡ ♣♦t❡♥t✐❛❧ U ✱ ✐t ✐s
❛❧✇❛②s ♣♦ss✐❜❧❡ t♦ ✜♥❞   s✉❝❤ t❤❛t t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ✐s ✈❡r✐✜❡❞ ✭❧❡❛✈✐♥❣ ❛s✐❞❡
t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♠♣❧❡① r♦♦ts ❛♥❞ ♥♦♥✲✉♥✐❝✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥s✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❢✉❧❧
♣♦t❡♥t✐❛❧  2
  ¯
U  ▼✐♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢   ♠❛② ♥♦t ✈❛♥✐s❤ ❢♦r ✜♥✐t❡   ✳ ❲❤✐❧❡ ✇❡ ❢❡❡❧
t❤✐s ❞✐✣❝✉❧t② ✇♦✉❧❞ ❜❡ ✇♦rt❤ ✐♥✈❡st✐❣❛t✐♥❣✱ ✇❡ ✇✐❧❧ ♥♦t ❞❡❧✈❡ ❢✉rt❤❡r ✐♥t♦ t❤❡ s✉❜❥❡❝t
❤❡r❡✳ ■♥❞❡❡❞✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛❧✇❛②s tr✉♥❝❛t❡ t❤❡ ♣♦t❡♥t✐❛❧ ❜❡❢♦r❡ ❛♥② ❛❝t✉❛❧
✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ✢♦✇✳
■♥ ♦r❞❡r t♦ ❣♦ ❢✉rt❤❡r ❛♥❞ ❡①♣❧✐❝✐t❧② ❝❛❧❝✉❧❛t❡ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥s ✭✹✳✽✹✮ ❛♥❞
✭✹✳✽✺✮✱ ♦♥❡ ❤❛s t♦ s♣❡❝✐❢② t❤❡ ❢♦r♠ ♦❢ t❤❡ r❡❣✉❧❛t♦r✳ ❚❤✐s ✐s t❤❡ t♦♣✐❝ ♦❢ ♥❡①t s❡❝t✐♦♥✳
✹✳✸✳✸ ❚❤❡ ▲✐t✐♠ Θ r❡❣✉❧❛t♦r
❲❤❡♥ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❣❡♥❡r❛❧ s❡tt✐♥❣ ♦❢ t❤❡ ◆P❘● ✐♥ ❈❤❛♣✳ ✸ ✱ ✇❡ ❤❛✈❡
✐♥s✐st❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥s ❢♦r Γ ❛♥❞ ✐ts ✈❡rt❡① ❢✉♥❝t✐♦♥s ✇❡r❡
❡①❛❝t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ r❡s✉❧t ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s ❞♦ ♥♦t ❞❡♣❡♥❞
♦♥ t❤❡ ❡①❛❝t str✉❝t✉r❡ ♦❢ t❤❡ r❡❣✉❧❛t♦r ♠❛tr✐① ❛♥❞ ♦♥ t❤❡ ❢♦r♠ ♦❢ ✐ts ✇❛✈❡✲♥✉♠❜❡r
❞❡♣❡♥❞❡♥❝❡ ❛s ❧♦♥❣ ❛s ✐t s❛t✐s✜❡s t❤❡ r❡q✉✐r❡❞ ♣r♦♣❡rt✐❡s✳ ❍♦✇❡✈❡r✱ ❛s s♦♦♥ ❛s ✇❡
♠❛❦❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥s✱ t❤✐s ♣r♦♣❡rt② ✐s ❧♦st✳ ❚❤✉s t❤❡ ❝❤♦✐❝❡ ❛♥❞
♦♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡ r❡❣✉❧❛t♦r ❜❡❝♦♠❡s ❛♥ ✐♠♣♦rt❛♥t ♣❛rt ♦❢ ◆P❘● st✉❞✐❡s ✭❈❛♥❡t
❡t ❛❧✳ ✷✵✵✹✮✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② st❛t❡❞ t❤❛t ✇❡ ✇✐❧❧ ❧✐♠✐t ♦✉rs❡❧✈❡s t♦ r❡❣✉❧❛t♦r ♦❢ t❤❡
❢♦r♠
∆  [Φ] = 1
2
 
q
  ¯  ij(q)Φi(q)Φj( q) , ✭✹✳✶✵✶✮
✇❤❡r❡ i, j    ,  ¯,  ,  ¯ ✳ ❆s t❤❡ ❜❛r❡ ❛❝t✐♦♥ ❞♦❡s ♥♦t ❤❛✈❡ ❛ q✉❛❞r❛t✐❝ ❝♦✉♣❧✐♥❣
✐♥ Ψ¯✲Ψ¯ ❛♥❞ ✐♥  ¯✲ ¯✱ ✇❡ ❤❛✈❡ ♦♥❧② t♦ ❛❞❞ ❛ r❡❣✉❧❛t♦r t♦ t❤❡ Ψ¯✲Ψ ❛♥❞  ¯✲ s❡❝✲
t♦rs✳ ❇❡❝❛✉s❡ t❤❡ r❡❣✉❧❛t♦rs ❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ ♠♦❞✉❧✉s ♦❢ t❤❡ ✇❛✈❡✲♥✉♠❜❡r✱  ¯   ¯ (q) =   ¯    ¯(q)✱ ❛♥❞ ❛❝❝♦r❞✐♥❣❧② ❢♦r t❤❡ Ψ¯✲Ψ ♦♥❡✱ ✭✹✳✶✵✶✮ s✐♠♣❧② r❡❛❞s
∆  [Φ] =
 
q
   ¯   ¯ (q) ¯(q) ( q) +   ¯   ¯ (q)Ψ¯(q)Ψ( q)
 
. ✭✹✳✶✵✷✮
◆♦✇✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ ❙❡❝✳ ✸✳✹✳✸✱ ✇❡ ❤❛✈❡ t♦ ❝❤♦♦s❡ ❛  ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡
r❡❣✉❧❛t♦rs ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ r✉♥♥✐♥❣ s❝❛❧✐♥❣ ❞✐♠❡♥s✐♦♥s✳ ❋♦r
❉P✲❈✱ ✐t r❡❛❞s  ¯   ¯ (q) = q2r  q2/ 2 ,   ¯   ¯ (q) =   Z q2r  q2/ 2 , ✭✹✳✶✵✸✮
✇❤✐❧❡ ❢♦r ❉❊P ✐t t❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠  ¯   ¯ (q) = D Z  q2r  q2/ 2 ,   ¯   ¯ (q) =   D Z  q2r  q2/ 2 . ✭✹✳✶✵✹✮
❚❤❡ ❢r❡❡❞♦♠ ♦❢ ❝❤♦✐❝❡ ❧✐❡s t❤✉s ✐♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦❢ r ❛♥❞ r ✳ ■♥ t❤✐s ✇♦r❦✱
✇❡ ❝❤♦♦s❡ t♦ ✉s❡ ❡①❝❧✉s✐✈❡❧② t❤❡ ▲✐t✐♠ Θ r❡❣✉❧❛t♦r ✭▲✐t✐♠ ✷✵✵✶✮✿
r (y) = r (y) = r(y) =
 1
y
 1 Θ(1 y) , ✭✹✳✶✵✺✮
✽✻ ❈❤❛♣t❡r ✹✳ ❙t✉❞② ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ ❉❊P
✇❤❡r❡ Θ ✐s t❤❡ ❍❡❛✈✐s✐❞❡ ❢✉♥❝t✐♦♥✳ ❚❤✐s r❡❣✉❧❛t♦r ❤❛s t❤❡ ❤✉❣❡ ❛❞✈❛♥t❛❣❡ t❤❛t t❤❡
✇❛✈❡✲♥✉♠❜❡r ✐♥t❡❣r❛t✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡ ❛♥❛❧②t✐❝❛❧❧②✳ ❖♥ t❤❡ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥s✱ s❛②
t❤❡ Ψ¯✲Ψ ♦♥❡ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ r❡❣✉❧❛t♦r ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✛❡❝t✿
 
Γ¯(2) +  ¯ 
 
  ¯
( , q) = Z 
 
i +   q
2(1 + r(q2/ 2))
 
=
 
Γ¯
(2)
 ¯ 
( , q) , ✐❢ q <  
Γ¯
(2)
 ¯ 
( ,  ) , ✐❢ q >  
.
❆t ❤✐❣❤❡r ♦r❞❡r ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ❡①♣❛♥s✐♦♥✱ t❤❡ ♥♦♥✲❛♥❛❧②t✐❝✐t② ❝♦♠✐♥❣ ❢r♦♠ t❤❡
❍❡❛✈✐s✐❞❡ ❢✉♥❝t✐♦♥ ❝❛♥ ♣r❡✈❡♥t ❢r♦♠ ✉s✐♥❣ t❤✐s r❡❣✉❧❛t♦r✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s ♥♦t t❤❡
❝❛s❡ ❤❡r❡✳ ❲❡ ❤❛✈❡ ♥♦t t❡st❡❞ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝② ♦❢ ♦✉r r❡s✉❧ts ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡
r❡❣✉❧❛t♦r ✐♥ t❤✐s ✇♦r❦✳ ❚❤✐s ❡✛❡❝t ✇♦✉❧❞ ❤❛✈❡ t♦ ❜❡ st✉❞✐❡❞ ❡✈❡♥t✉❛❧❧②✳ ❚❤❡ ❢r❡✲
q✉❡♥❝② ✐♥t❡❣r❛❧s ✐♥ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥s ✭✹✳✽✹✮ ❛♥❞ ✭✹✳✽✺✮ ❛r❡ ❝❛rr✐❡❞ ♦✉t ✐♥ ❛❝❝♦r❞❛♥❝❡
✇✐t❤ ❝❛✉s❛❧✐t② ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝✳ ✸✳✺✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝❛✉s❛❧✐t② ♣r❡s❝r✐♣✲
t✐♦♥ ❛♥❞ ♦❢ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ r❡❣✉❧❛t♦r ❢♦r ❉❊P ❛♥❞ ❉P✲❈✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♥
 ✐♥ t❤❡ ✢♦✇ ❛♠♦✉♥ts t♦ ❛ s✉♠ ♦♥ t❤❡ r❡s✐❞✉❡s ♦❢ G(2)  ¯ ❛♥❞ G
(2)
  ¯
✐♥ t❤❡ ✉♣♣❡r✲❤❛❧❢
♣❧❛♥❡✳ ❲❡ ♥♦t❡ Res+ t❤❡ ♦♣❡r❛t✐♦♥ ♦❢ s✉♠♠✐♥❣ t❤❡ r❡s✐❞✉❡s ✐♥ t❤❡ ✉♣♣❡r✲❤❛❧❢ ♣❧❛♥❡
❛♥❞ ♠✉❧t✐♣❧②✐♥❣ ❜② i✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ✢♦✇ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ r❡❛❞s ✇✐t❤ t❤✐s ♥♦t❛t✐♦♥
 sU (Φ0) =
1
2
 
q
 
   ¯ 
 
ij
(q) G¯
(2)
ji (q,Φ0)
=
 
q
  
   ¯ 
 
  ¯
(q)G¯
(2)
  ¯(q,Φ0) +
 
   ¯ 
 
  ¯
(q)G¯
(2)
  ¯
(q,Φ0)
 
=
 
q
  
   ¯ 
 
  ¯
(q)ei  G¯
(2)
  ¯(q,Φ0) +
 
   ¯ 
 
  ¯
(q)ei  G¯
(2)
  ¯
(q,Φ0)
 
=
 
}q
Res+
  
   ¯ 
 
  ¯
(q)G¯
(2)
  ¯(q,Φ0) +
 
   ¯ 
 
  ¯
(q)G¯
(2)
  ¯
(q,Φ0)
 
. ✭✹✳✶✵✻✮
✹✳✸✳✹ ❚r✉♥❝❛t✐♦♥ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧
❲✐t❤ t❤❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ r❡❣✉❧❛t♦r✱ ❛❧❧ ✐s s❡t t♦ ✐♥t❡❣r❛t❡ ♥✉♠❡r✐❝❛❧❧② t❤❡
✢♦✇ ❡q✉❛t✐♦♥s✱ ❛t ❧❡❛st ✐♥ ♣r✐♥❝✐♣❧❡✳ ❖♥❡ ✇♦✉❧❞ ❤❛✈❡ t♦ ♣❛r❛♠❡tr✐③❡ t❤❡ ♣♦t❡♥t✐❛❧
✐♥ t❡r♠s ♦❢ t❤❡ s②♠♠❡tr② ✐♥✈❛r✐❛♥ts ❛♥❞ ✐♥t❡❣r❛t❡ ♥✉♠❡r✐❝❛❧❧② t❤❡ s②st❡♠ ❝♦♥st✐✲
t✉t❡❞ ❜② t❤❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭❖❉❊✮ ❢♦r t❤❡ s❝❛❧✐♥❣ ❢❛❝t♦rs ✭✹✳✽✻✮ ❛♥❞
t❤❡ ♥♦♥✲❧✐♥❡❛r ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧✱ ✇❤✐❝❤ ✐s ✐♥t❡❣r♦✲
❞✐✛❡r❡♥t✐❛❧ ✐♥ t❤❡ ✜❡❧❞ ✈❛r✐❛❜❧❡s✳ ❚❤✐s t❛s❦ ✐s s❧✐❣❤t❧② s✐♠♣❧✐✜❡❞ ❜② t❤❡ ❢❛❝t t❤❛t
❜♦t❤ ❢♦r ❉❊P ❛♥❞ ❉P✲❈✱ t❤❡ ♣r❡❢❛❝t♦r Ψ¯Ψ ✇❤✐❝❤ ❛♣♣❡❛rs ✐♥ t❤❡ ❜❛r❡ ♣♦t❡♥t✐❛❧ ✐s
♣r❡s❡r✈❡❞ ❜② t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ✢♦✇ ✐♥ t❤✐s s❡tt✐♥❣✿
U ( ,  ¯,  ,  ) =  ¯ V ( ,  ¯,  ,  ¯) . ✭✹✳✶✵✼✮
❚❤✐s ♣r♦♣❡rt② ♦❢ t❤❡ ▲P❆✬ ❛♥s❛t③ ❛t t❤❡ ♠✐♥✐♠✉♠ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r ❛♥❛❧②t✐❝ ♣♦t❡♥✲
t✐❛❧s ✐s s❤♦✇♥ ✐♥ ❆♣♣❡♥❞✐① ❊✳✶✳
❍♦✇❡✈❡r✱ ✐t ✐s ❡①tr❡♠❡❧② ❝♦st❧② t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❢✉❧❧ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡
♦❢ t❤❡ ♣♦t❡♥t✐❛❧✳ ❚❤✐s ❤❛s ❜❡❡♥ ❞♦♥❡ ✇❤❡♥ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ✜❡❧❞ ✐♥✈❛r✐❛♥t t♦
♣❛r❛♠❡tr✐③❡ t❤❡ ♣♦t❡♥t✐❛❧ ✭❇❡r❣❡s✱ ❚❡tr❛❞✐s✱ ❛♥❞ ❲❡tt❡r✐❝❤ ✷✵✵✷❀ ❈❛♥❡t ❡t ❛❧✳ ✷✵✵✸✮✳
❍❡r❡ t❤❡r❡ ❛r❡ t❤r❡❡ ✜❡❧❞ ✐♥✈❛r✐❛♥ts✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❝❤♦♦s❡ ❛s ❛ ✜rst ❛♣✲
♣r♦❛❝❤ t♦ ❡①♣❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧ ✐♥ ♣♦✇❡rs ♦❢ t❤❡ ✜❡❧❞ ❛♥❞ t♦ tr✉♥❝❛t❡ ✐t✳ ❚❤✐s ✐❞❡❛ ✐s
s✉❣❣❡st❡❞ ❜② ♣❡rt✉r❜❛t✐✈❡ ❘●✱ ❛s ❤✐❣❤❡r ♠♦♥♦♠❡s ♦❢ t❤❡ ✜❡❧❞s ❛r❡ ❧❡ss r❡❧❡✈❛♥t ❛s
❧♦♥❣ ❛s t❤❡✐r ❞✐♠❡♥s✐♦♥s ✐s ♣♦s✐t✐✈❡✳ ❖♥❡ ❡①♣❡❝ts t♦ s❡❡ ❛♥ ♥✉♠❡r✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡
✹✳✸✳ ▼♦❞✐✜❡❞ ▲♦❝❛❧ ♣♦t❡♥t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❉❊P ❛♥❞ ❉P✲❈ ✽✼
♦❢ t❤❡ ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥ts ✇✐t❤ t❤❡ ♦r❞❡r ♦❢ tr✉♥❝❛t✐♦♥✳ ❚❤✐s
❝♦♥✈❡r❣❡♥❝❡ ♠❡❛♥s t❤❛t t❤❡ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥ts ❛r❡ ♦♥❧② s❡♥s✐t✐✈❡ t♦ t❤❡ ✜rst ❝♦❡✣✲
❝✐❡♥ts ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ❡①♣❛♥s✐♦♥✱ ✇❤✐❝❤ ✈❛❧✐❞❛t❡s t❤❡ ♠❡t❤♦❞✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✇❛s
✉s❡❞ s✉❝❝❡ss❢✉❧② t♦ st✉❞② t❤❡ ❉P ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✇✐t❤ t❤❡ s❛♠❡ t♦♦❧s ✐♥ ✭❈❛♥❡t
❡t ❛❧✳ ✷✵✵✹✮✳ ❚❤❡ ♣♦t❡♥t✐❛❧ tr✉♥❝❛t❡❞ ❛t ♦r❞❡r N r❡❛❞s ❢♦r ❉P✲❈
U❉P✲❈ ( +  ¯,  ,  ¯) =
 
a,b,c
b,c  =0
3 a+b+c N
u❉P✲❈abc ( )( +  ¯  ❉P✲❈ )a ¯b c , ✭✹✳✶✵✽✮
❛♥❞ ❢♦r ❉❊P
U❉❊P ( ,  ¯,  ,  ¯) =
 
s,p,q,r
q,r  =0
3 s+p+q+r N
u❉❊Pspqr ( )(   ❉❊P )s( ¯  ❉❊P )p q r , ✭✹✳✶✵✾✮
✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥t ❢♦r t❤❡ ❝♦❡✣❝✐❡♥ts ✭♦♠✐tt✐♥❣ t❤❡  ❞❡♣❡♥❞❡♥❝❡ ❛♥❞ t❤❡
s✉♣❡rs❝r✐♣t ❢♦r s✐♠♣❧✐❝✐t②✮✿
(s p + q  r)uspqr + (  0 +   )
 
(s + 1)us+1pqr  (p + 1)usp+1qr
 
= 0 . ✭✹✳✶✶✵✮
❚❤❡ tr✉♥❝❛t✐♦♥ ❤❛s t❤❡ ❡✛❡❝t t♦ t✉r♥ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❢♦r t❤❡
♣♦t❡♥t✐❛❧ ✐♥t♦ ❛ s❡t ♦❢ ❖❉❊ ❢♦r ❡❛❝❤ ❝♦✉♣❧✐♥❣s✱ t❤✉s ♦✛❡r✐♥❣ ❛ ❤✉❣❡ s✐♠♣❧✐✜❝❛t✐♦♥ ✐♥
t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ✢♦✇✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❝✉❜✐❝ ♦r❞❡r ♦❢ ❉P✲❈ r❡❛❞s
U❉P✲❈ ( +  ¯,  ,  ¯) =   ¯
 
u021  + u012  ¯ + u111( +  ¯   )
 
, ✭✹✳✶✶✶✮
✇✐t❤ u012 =  u021 ❢♦r  = 0✳ ❖♥❡ r❡❝♦❣♥✐③❡s ✐♥ t❤✐s ❛♥s❛t③ t❤❡ ❉P✲❈ ❛❝t✐♦♥
✇❤♦s❡ ❜❛r❡ ❝♦✉♣❧✐♥❣s ❤❛✈❡ ❜❡❡♥ r❡♣❧❛❝❡❞ ❜② r✉♥♥✐♥❣ ❝♦✉♣❧✐♥❣s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡
r❡♥♦r♠❛❧✐③❛t✐♦♥ s❝❛❧❡  ✳ ❚❤❡ ✢♦✇ ❡q✉❛t✐♦♥s ❢♦r t❤❡ s❝❛❧✐♥❣ ❢❛❝t♦rs ✭✹✳✽✻✮ ❛♥❞ t❤❡
♣♦t❡♥t✐❛❧ ❝♦✉♣❧✐♥❣s ❢r♦♠ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥s ✭✹✳✽✺✮ ❛♥❞ ✭✹✳✽✹✮ ✇❡r❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣
t❤❡ ❝♦♠♣✉t❡r ❛❧❣❡❜r❛ s②st❡♠ ▼❛t❤❡♠❛t✐❝❛✳ ❚❤❡ ❡①tr❛❝t✐♦♥ ♦❢ t❤❡ ✉♣♣❡r ❤❛❧❢ ♣❧❛♥❡
r❡s✐❞✉❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❢r❡q✉❡♥❝② ✐♥t❡❣r❛❧ ✐s ❞♦♥❡ ✉s✐♥❣ ♣❛rt✐❛❧ ❢r❛❝t✐♦♥ ❞❡✲
❝♦♠♣♦s✐t✐♦♥✳ ❚❤✐s ✐s ♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ t❤❡ ♣♦❧❡s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ✐♥t❡❣r❛♥❞ ♦❢ t❤❡
✢♦✇ ❡q✉❛t✐♦♥s ❛r❡ ✇❡❧❧ ✐❞❡♥t✐✜❡❞✳ ❚❤❡ ✇❛✈❡✲♥✉♠❜❡r ✐♥t❡❣r❛❧ ✐s ❞♦♥❡ ❛♥❛❧②t✐❝❛❧❧②
❛s ✇❡❧❧ t❤❛♥❦s t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ Θ r❡❣✉❧❛t♦r✳ ❋✐♥❛❧❧②✱ ✇❡ ❡①♣r❡ss t❤❡ ✢♦✇ ❡q✉❛✲
t✐♦♥ ❢♦r t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❝♦✉♣❧✐♥❣s✳ ❆s ❡①♣♦✉♥❞❡❞ ♦♥ ✐♥ ❙❡❝✳ ✸✳✹✳✹✱ ♦♥❡ ❧♦♦❦s ❢♦r
✜①❡❞ ♣♦✐♥ts ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss Γ ✱ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ✜❡❧❞s
Φˆi(tˆ, }ˆx) =  
 d iΦi(  z tˆ,  }ˆx)✳ ❖♥❡ t❤✉s ❞❡✜♥❡s t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❝♦✉♣❧✐♥❣s
uabc =  
dabcuˆabc ✭✹✳✶✶✷✮
s✉❝❤ t❤❛t ✐❢ t❤❡ uˆabc r❡❛❝❤ ❛ ✜①❡❞ ♣♦✐♥t✱ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ♣♦t❡♥t✐❛❧
Uˆs(Φˆ0) =  
 d zU ( d Φˆ0) ✭✹✳✶✶✸✮
r❡❛❝❤❡s ❛ ✜①❡❞ ♣♦✐♥t✳ ❚❤❡s❡ st❡♣s ❛r❡ ✇r✐tt❡♥ ✐♥ ❞❡t❛✐❧ ✐♥ ❆♣♣❡♥❞✐① ❊✳✷ ❢♦r t❤❡ ✢♦✇ ♦❢
 ˆ❉P✲❈ ✳ ❚❤❡ s②st❡♠ ♦❢ ✢♦✇ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ♣♦t❡♥t✐❛❧ ❝♦✉♣❧✐♥❣s ✐s ❝❧♦s❡❞ ❜② ❛❞❞✐♥❣
t❤❡ ✢♦✇ ♦❢   ❛s ✇❡❧❧ ❛s t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ r✉♥♥✐♥❣ ❛♥♦♠❛❧♦✉s ❞✐♠❡♥s✐♦♥
 (=  ¯) ♦r  ¯ ❢♦r  = 0 ❛♥❞   = 0 r❡s♣❡❝t✐✈❡❧②✳ ❇♦t❤ ♦❢ t❤❡♠ ❛r❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠
✽✽ ❈❤❛♣t❡r ✹✳ ❙t✉❞② ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ ❉❊P
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order:
3
4
5
6
❋✐❣✉r❡ ✹✳✶✿ ❱❛❧✉❡s ♦❢  ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥ d ❢♦r  = 0 ❝❛❧❝✉❧❛t❡❞ ❢r♦♠
t❤❡ ▲P❆✬ tr✉♥❝❛t✐♦♥s ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦♥❡✲❧♦♦♣ r❡s✉❧t ✭❞❛s❤❡❞ ❧✐♥❡✮ ❛♥❞ t♦ t❤❡
s✐♠✉❧❛t✐♦♥ ✭▼❛✐❛ ❛♥❞ ❉✐❝❦♠❛♥ ✷✵✵✼✮ ✭✐s♦❧❛t❡❞ ♣♦✐♥t ❛t d = 1✮✳ ❚❤✐❝❦ s❛❧t✐r❡s ♠❛r❦
t❤❡ ❞✐s❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡ ✜①❡❞ ♣♦✐♥t✳
t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ t❤❡ 2✲♣♦✐♥t ❢✉♥❝t✐♦♥ ✭✹✳✽✺✮ ❢r♦♠ t❤❡✐r ❞❡✜♥✐t✐♦♥s ✐♥ ✭✹✳✽✻✮ ❛♥❞
❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ st❡♣s ❛s ❢♦r t❤❡ ❝♦✉♣❧✐♥❣s✳
❇❡❢♦r❡ ❣♦✐♥❣ t♦ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥✱ ❧❡t ✉s ❛❧r❡❛❞② s✐❣♥❛❧ t❤❡
❧✐♠✐t❛t✐♦♥ ♦❢ t❤❡ tr✉♥❝❛t✐♦♥✳ ■t t✉r♥s ♦✉t t❤❛t t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥s
❢♦r t❤❡ ❝♦✉♣❧✐♥❣s r✐s❡s s✉❜st❛♥t✐❛❧❧② ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦✉♣❧✐♥❣s t♦ ❝♦♥s✐❞❡r✳ ❋✉r✲
t❤❡r♠♦r❡✱ ❞✉❡ t♦ t❤❡ ❤✐❣❤ ♥✉♠❜❡r ♦❢ ✜❡❧❞s✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦✉♣❧✐♥❣s ❣r♦✇s r❛♣✐❞❧②
✇✐t❤ t❤❡ ♦r❞❡r✳ ❋♦r   = 0✱ ❛t t❤❡ tr✉♥❝❛t✐♦♥ ♦r❞❡rs N = 3, 4, 5 ❛♥❞ 6 ✇❡ ❤❛✈❡
t♦ ❝♦♥s✐❞❡r r❡s♣❡❝t✐✈❡❧② 3, 8, 19 ❛♥❞ 34 ❝♦✉♣❧✐♥❣s✳ ❆❜♦✈❡ N = 6✱ t❤❡ ♥✉♠❜❡r ♦❢
❝♦✉♣❧✐♥❣s ❣r♦✇s ❢❛st❡r t❤❛♥ N2✳ ❆t t❤✐s ♣♦✐♥t✱ t♦ ♦❜t❛✐♥ ❛♥❞ tr❡❛t t❤❡ ❧❡♥❣t❤②
❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ✢♦✇ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❝♦✉♣❧✐♥❣s ❜❡❝♦♠❡s t♦♦ ❞❡♠❛♥❞✐♥❣ ♦♥ ❝♦♠✲
♣✉t❡r ❘❆▼ ❛♥❞ ✇❡ ❝♦✉❧❞ ♥♦t ❣♦ ❢✉rt❤❡r t❤❛♥ ♦r❞❡r 6✳ ❋✐rst✱ ❧❡t ✉s ❞✐s❝✉ss t❤❡ r❡s✉❧t
♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐♥ t❤❡ ❉P✲❈ ❝❛s❡✳
✹✳✹ ❘❡s✉❧ts ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡
❉P✲❈ ✢♦✇
❆❢t❡r ❤❛✈✐♥❣ ♦❜t❛✐♥❡❞ t❤❡ ❝❧♦s❡❞ s②st❡♠ ♦❢ ✢♦✇ ❡q✉❛t✐♦♥s ❢♦r   ❛♥❞ t❤❡ ♣♦t❡♥✲
t✐❛❧ ❝♦✉♣❧✐♥❣s✱ s✉♣♣❧❡♠❡♥t❡❞ ✇✐t❤ t❤❡ r✉♥♥✐♥❣ ♦❢ t❤❡ ❛♥♦♠❛❧♦✉s ❞✐♠❡♥s✐♦♥ ❞❡✜♥❡❞
t❤r♦✉❣❤ Z  ✱ ♦♥❡ ❤❛s t♦ ✐♥t❡❣r❛t❡ t❤❡♠ ♥✉♠❡r✐❝❛❧❧②✳ ❲❡ ✈❡r✐❢② t❤❛t  ˆ ❞♦❡s ♥♦t ❛♣✲
♣❡❛r ✐♥ t❤❡ ✢♦✇ ♦❢ t❤❡ ♦t❤❡r ❝♦✉♣❧✐♥❣s✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ✐t ✐s ❛♥ ✉♥st❛❜❧❡ ❞✐r❡❝t✐♦♥
♦❢ t❤❡ ✢♦✇ ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡ d/2 ❛♥❞ t❤❛t✱ ♦♥❝❡ ✐ts ✢♦✇ ✐s ❡①❝❧✉❞❡❞✱ t❤❡ ✢♦✇ ♦❢ t❤❡
♦t❤❡r ❝♦✉♣❧✐♥❣s ✐s ❢✉❧❧② ❛ttr❛❝t✐✈❡ ✭✐❢ ❛ ❝r✐t✐❝❛❧ ✜①❡❞ ♣♦✐♥t ❡①✐sts✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ✢♦✇ ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤♦✉t t❤❡ ♥❡❡❞ t♦ ♣❡r❢♦r♠ ❛♥② ❞✐❝❤♦t♦♠②
✜♥❡✲t✉♥✐♥❣ ♦❢ t❤❡ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r✳ ❚❤✐s ✇❛s ❞♦♥❡ ✐♥ ❈ ✉s✐♥❣ t❤❡ t♦♦❧s ♦❢ t❤❡ ●◆❯
s❝✐❡♥t✐✜❝ ❧✐❜r❛r② ✭●❙▲✮✳ ❲❡ ✉s❡ t❤❡ ❜✉✐❧t✲✐♥ ❖❉❊ s♦❧✈❡r gsl❴odeiv2 ✇✐t❤ ❛ ❘✉♥❣❡✲
❑✉tt❛✲❋❡❤❧❜❡r❣ ✭❘❑❋✹✺✮ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✳ ❲❡ ✐♥t❡❣r❛t❡ t❤❡ ✢♦✇ ❢r♦♠ ♣❤②s✐❝❛❧❧②
❛❞♠✐ss✐❜❧❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳ ■❢ t❤❡ ✢♦✇ r❡❛❝❤❡s ❛ ✜①❡❞ ♣♦✐♥t✱ ✇❡ r❡❝♦r❞ t❤❡ ❝r✐t✐❝❛❧
❡①♣♦♥❡♥t ❝❤❛r❛❝t❡r✐③✐♥❣ ✐t✱  (=  ¯) ❢♦r  = 0 ❛♥❞  ¯ ❢♦r   = 0✳ ❲❡ ❞♦ t❤✐s ♦♣❡r❛t✐♦♥
❢♦r d r❛♥❣✐♥❣ ❢r♦♠ d = 3.95✱ ✇❤❡r❡ ✇❡ ❡①♣❡❝t t❤❡ ♣❡rt✉r❜❛t✐✈❡ r❡s✉❧ts t♦ ❤♦❧❞✱ t♦
d = 1✱ ✇❤✐❝❤ ✐s r❡❧❡✈❛♥t t♦ ♠❛❦❡ ❝♦♥t❛❝t ✇✐t❤ t❤❡ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ r❡s✉❧ts ❛r❡
❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✳ ✹✳✶ ❛♥❞ ❋✐❣✳ ✹✳✷ r❡s♣❡❝t✐✈❡❧②✳
✹✳✹✳ ❘❡s✉❧ts ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❉P✲❈ ✢♦✇ ✽✾
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❋✐❣✉r❡ ✹✳✷✿ ❱❛❧✉❡s ♦❢  ¯ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥ ❢♦r ✭❛✮  =  1 ❛♥❞ ✭❜✮  = 0.5
❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ▲P❆✬ tr✉♥❝❛t✐♦♥s ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦♥❡✲❧♦♦♣ r❡s✉❧t ✭❞❛s❤❡❞ ❧✐♥❡✮✳
❚❤✐❝❦ s❛❧t✐r❡s ♠❛r❦ t❤❡ ❞✐s❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡ ✜①❡❞ ♣♦✐♥t✳
▲❡t ✉s ✜rst ❞✐s❝✉ss t❤❡ ❝❛s❡  = 0✳ ❆t t❤✐r❞ ♦r❞❡r✱ ✇r✐tt❡♥ ❡①♣❧✐❝✐t❧② ✐♥ ✭✹✳✶✶✶✮✱
✭✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥ts ♦❢ t❤❡ ✈❡rt✐❝❡s ♦❢
t❤❡ ❉P✲❈ ❜❛r❡ ❛❝t✐♦♥✮✱ ✇❡ ✜♥❞ ❛ ❝r✐t✐❝❛❧ ✜①❡❞ ♣♦✐♥t ❢♦r ❛♥② ❞✐♠❡♥s✐♦♥ ❜❡❧♦✇ d = 4✳
■t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✜①❡❞ ♣♦✐♥t ♣r❡❝❡❞❡♥t❧② ❞❡s❝r✐❜❡❞ ♣❡rt✉r❜❛t✐✈❡❧② ✐♥ ✭❑r❡❡✱
❙❝❤❛✉❜✱ ❛♥❞ ❙❝❤♠✐tt♠❛♥♥ ✶✾✽✾❀ ❲✐❥❧❛♥❞✱ ❖❡r❞✐♥❣✱ ❛♥❞ ❍✐❧❤♦rst ✶✾✾✽✮✳ ❆t ❢♦✉rt❤
♦r❞❡r✱ ✇❡ ✜♥❞ ❛ ✜①❡❞ ♣♦✐♥t ♦♥❧② ❢♦r d  3✳ ❋♦r d ❜❡❧♦✇ 3✱ t❤❡ ✢♦✇ ❞✐✈❡r❣❡s ✇✐t❤♦✉t
r❡❛❝❤✐♥❣ ❛♥② ✜①❡❞ ♣♦✐♥t✳ ❆t ✜❢t❤ ♦r❞❡r✱ t❤❡ ❞♦♠❛✐♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ✜①❡❞ ♣♦✐♥t
❡①t❡♥❞s ✉♣ t♦ ❛ ✈❛❧✉❡ d  3✳ ❚❤❡r❡ ✐s ❛ str✐❦✐♥❣ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✈❛❧✉❡ ♦❢  
❛t t❤❡ t❤✐r❞ ♦r❞❡r ❛♥❞ ❛t ❤✐❣❤❡r ♦r❞❡rs✳ ❋♦r d = 3✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✈❛❧✉❡  =  0.3✳
❚❤✐s ✈❛❧✉❡ ❛❧r❡❛❞② ❞✐✛❡rs ❢r♦♠ t❤❡ ♣❡rt✉r❜❛t✐✈❡ ♣r❡❞✐❝t✐♦♥ ❜② 50% s♦ ✐t ✇♦✉❧❞ ❜❡
✐♥t❡r❡st✐♥❣ t♦ ❝♦♠♣❛r❡ ✐t t♦ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✐♥ d = 3✳ ■❢ ❡①tr❛♣♦❧❛t❡❞ t♦ d = 1✱
t❤❡ ✈❛❧✉❡ ♦❢  s❡❡♠s t♦ ❜❡ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ s✐♠✉❧❛t✐♦♥s ✐♥ d = 1✳ ❍♦✇❡✈❡r✱
❛t s✐①t❤ ♦r❞❡r t❤❡ s✐t✉❛t✐♦♥ ✇♦rs❡♥ ❛♥❞ t❤❡ ✜①❡❞ ♣♦✐♥t ❝❛♥ ❜❡ r❡❛❝❤❡❞ ♦♥❧② ♥❡❛r
d = 4✳ ❆s ✇❡ ✇❡r❡ ♥♦t ❛❜❧❡ t♦ ♣✉s❤ t❤❡ tr✉♥❝❛t✐♦♥ t♦ s❡✈❡♥t❤ ❛♥❞ ❤✐❣❤❡r ♦r❞❡rs✱ ✐t
✐s ❞✐✣❝✉❧t t♦ ❛ss❡ss ❛t t❤✐s ♣♦✐♥t ✇❤❡t❤❡r t❤❡ ❞♦♠❛✐♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤✐s ✜①❡❞
♣♦✐♥t ❡♥❞s ✉♣ r❡❛❝❤✐♥❣ d = 1 ♦r st❛❜❧✐③❡s ❛t ❛ ✈❛❧✉❡ 3  d < 4✳ ❆t t❤✐s ♣♦✐♥t✱
❛s ❞✐s❝✉ss❡❞ ❜❡❧♦✇✱ ✐t ✐s ♥♦t ❝❧❡❛r ✇❤❡t❤❡r t❤❡ ❢❛❝t t❤❛t t❤❡ ✢♦✇ ❞♦❡s ♥♦t r❡❛❝❤
t❤❡ ✜①❡❞ ♣♦✐♥t ✐♥ ❧♦✇ ❞✐♠❡♥s✐♦♥ ✐s ❛♥ ❛rt✐❢❛❝t ❞✉❡ t♦ t❤❡ ✜♥✐t❡✲♦r❞❡r tr✉♥❝❛t✐♦♥ ♦❢
t❤❡ ▲P❆✬✱ ♦r ✐❢ ✐t ✐s r❡❧❛t❡❞ t♦ t❤❡ ✐♥tr✐♥s✐❝ ♥❛t✉r❡ ♦❢ t❤❡ ❉P✲❈ ✜①❡❞ ♣♦✐♥t ❛♥❞ ✐ts
r❡❧❛t✐♦♥ t♦ ❉❊P✳
■♥ t❤❡  < 0 ❝❛s❡✱ t❤✐s ♣r♦❜❧❡♠ s❡❡♠s ❡✈❡♥ s❤❛r♣❡r✳ ❆t t❤✐r❞ ♦r❞❡r✱ ✇❡ r❡❝♦✈❡r
t❤❡ ♣❡rt✉r❜❛t✐✈❡ r❡s✉❧t✳ ❆t ❤✐❣❤❡r ♦r❞❡rs✱ ✇❡ ❛❧s♦ ✜♥❞ t❤❡ s❛♠❡ ✜①❡❞ ♣♦✐♥t ♥❡❛r
d = 4✳ ❚❤❡ ❞♦♠❛✐♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤✐s ✜①❡❞ ♣♦✐♥t ✐s ♠❛①✐♠✉♠ ❛t ✜❢t❤ ♦r❞❡r ❛♥❞
❞✐♠✐♥✐s❤❡s ❛t s✐①t❤ ♦r❞❡r✳ ❍♦✇❡✈❡r✱ t❤❡ ❞♦♠❛✐♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤✐s ❝❛s❡ ✐s s♠❛❧❧❡r
✾✵ ❈❤❛♣t❡r ✹✳ ❙t✉❞② ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ ❉❊P
t❤❛♥ ❢♦r  = 0 ❛♥❞ ❞♦❡s ♥♦t r❡❛❝❤ d = 3✳ ▲❡t ✉s ♥♦t❡ t❤❛t ❢♦r   = 0✱ ❛s  = 0✱ t❤❡
♦♥❧② ♥♦♥✲tr✐✈✐❛❧ ❡①♣♦♥❡♥t ❢♦r t❤❡ ❉P✲❈ ❝❧❛ss ✐s  ¯✳ ❚❤✐s ❡①♣♦♥❡♥t ✐s r❡❧❛t❡❞ t♦   ✱ t❤❡
❝r✐t✐❝❛❧ ✐♥✐t✐❛❧ s❧✐♣ ❡①♣♦♥❡♥t ✭❲✐❥❧❛♥❞✱ ❖❡r❞✐♥❣✱ ❛♥❞ ❍✐❧❤♦rst ✶✾✾✽✮✳ ❯♥❢♦rt✉♥❛t❡❧②
♥♦ ♥✉♠❡r✐❝❛❧ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢   ❡①✐sts ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❢♦r   = 0✳
❋♦r  > 0✱ ❛t t❤✐r❞ ♦r❞❡r✱ t❤❡ s❛♠❡ ✜①❡❞ ♣♦✐♥t ❛s ❢♦r  < 0 ✐s ♣r❡s❡♥t ❜✉t t❤❡
✢♦✇ ❝❛♥♥♦t r❡❛❝❤ ✐t ❢r♦♠ ♣❤②s✐❝❛❧❧② ❛❞♠✐ss✐❜❧❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s s✐♥❝❡ t❤✐s ✇♦✉❧❞
r❡q✉✐r❡ t❤❡ ❝♦✉♣❧✐♥❣ uˆ111 t♦ ❝❤❛♥❣❡ s✐❣♥ ❛❧♦♥❣ t❤❡ ✢♦✇✱ ❧❡❛❞✐♥❣ t♦ ❛ ❞✐✈❡r❣❡♥❝❡ ♦❢
 ˆ✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝✳ ✹✳✸✳✷✳ ❆t t❤✐s ♦r❞❡r✱ t❤❡r❡ ❡①✐sts ♥♦ ♦t❤❡r ✜①❡❞ ♣♦✐♥t✱ s✉❝❤
t❤❛t ✇❡ r❡❝♦✈❡r t❤❡ s❛♠❡ s❝❡♥❛r✐♦ ❛s t❤❡ ♣❡rt✉r❜❛t✐✈❡ st✉❞②✳ ❆t ❢♦✉rt❤ ♦r❞❡r ✐♥
t❤❡ ✜❡❧❞ ❡①♣❛♥s✐♦♥✱ ✇❡ ✜♥❞ ❛ ♥❡✇ ✜①❡❞ ♣♦✐♥t ✐♥ t❤❡ ♣❤②s✐❝❛❧ r❡❣✐♦♥ ♦❢ ♣❛r❛♠❡t❡rs✳
■♥ ❝♦♥tr❛st ✇✐t❤ t❤❡ ♣❡rt✉r❜❛t✐✈❡ ❝❛❧❝✉❧❛t✐♦♥s ❜✉t ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧
s✐♠✉❧❛t✐♦♥s✱ t❤✐s ✜♥❞✐♥❣ s✉♣♣♦rts t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s❡❝♦♥❞ ♦r❞❡r ♣❤❛s❡ tr❛♥s✐t✐♦♥
❢♦r  > 0✳ ■♥t❡r❡st✐♥❣❧②✱ ❛t ✜❢t❤ ♦r❞❡r t❤❡ ✜①❡❞ ♣♦✐♥t ❡①✐sts ✐♥ d = 3✱ ❣✐✈✐♥❣ t❤❡
♣r❡❞✐❝t✐♦♥  ¯ =  0.2 ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❝♦♠♣❛r❡❞ t♦ ♥✉♠❡r✐❝❛❧ ❞❡t❡r♠✐♥❛t✐♦♥s ♦❢  ¯✱ ✐❢
t❤❡s❡ ✇❡r❡ t♦ ❡①✐st✳ ❍♦✇❡✈❡r✱ ✇❡ ❛r❡ ♥♦t ❛❜❧❡ t♦ ❝♦♥✈✐♥❝✐♥❣❧② ❛ss❡ss t❤❡ ❝♦♥✈❡r❣❡♥❝❡
♦❢ t❤✐s r❡s✉❧t ✇✐t❤ t❤❡ ♦r❞❡r ♦❢ t❤❡ tr✉♥❝❛t✐♦♥ ✐♥ t❤❡ ✜❡❧❞ ❡①♣❛♥s✐♦♥✱ s✐♥❝❡ t❤❡ ❞♦♠❛✐♥
♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤✐s ✜①❡❞ ♣♦✐♥t ❛❧s♦ ✈❛r✐❡s s✐❣♥✐✜❝❛♥t❧② ❛s t❤❡ ♦r❞❡r ✐s ✐♥❝r❡❛s❡❞✳
■♥ ❜♦t❤ ❝❛s❡s✱  < 0 ❛♥❞  > 0✱ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❉P✲❈ ✢♦✇ ❜❡❧♦✇ ❛ ❝❡rt❛✐♥
❞✐♠❡♥s✐♦♥ ❣✐✈❡s r✐s❡ t♦ t❤❡ s❛♠❡ q✉❡st✐♦♥ ❛s ✐♥ t❤❡  = 0 ❝❛s❡✳ ❲❡ ❤❛✈❡ ❝❤❡❝❦❡❞ t❤❛t
✐t ✇❛s ❝❛✉s❡❞ ❜② t❤❡ ✜①❡❞ ♣♦✐♥t ❛❝q✉✐r✐♥❣ ❛ ♥❡✇ ✉♥st❛❜❧❡ ❞✐r❡❝t✐♦♥ ❜❡❧♦✇ ❛ ❝❡rt❛✐♥
❞✐♠❡♥s✐♦♥✳ ❊✐t❤❡r ✐t ✐s ❛♥ ❛rt✐❢❛❝t t♦ ❜❡ ✐♠♣✉t❡❞ t♦ t❤❡ ✜♥✐t❡✲♦r❞❡r tr✉♥❝❛t✐♦♥✱ ♦r ✐t
s✐❣♥❛❧s t❤❛t t❤❡ ❝♦♥t✐♥✉♦✉s tr❛♥s✐t✐♦♥ ♦❜s❡r✈❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s ♦❢ ❉❊P ✐♥ d = 1
❛♥❞ 2 ❝❛♥♥♦t ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❉P✲❈ ❝❧❛ss ✐♥ ❧♦✇ ❞✐♠❡♥s✐♦♥s✳ ❆s t❤❡ ❡q✉✐✈❛❧❡♥❝❡
❜❡t✇❡❡♥ ❉❊P ❛♥❞ ❉P✲❈ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss ✐s tr✉❡ ✐♥ ❞✐♠❡♥s✐♦♥s ❝❧♦s❡ ❡♥♦✉❣❤ t♦
dc = 4✱ ✐♥ t❤❡ s❡❝♦♥❞ s❝❡♥❛r✐♦ t❤❡r❡ ✇♦✉❧❞ t❤✉s ❡①✐st ❛ ❧♦✇❡r ❝r✐t✐❝❛❧ ❞✐♠❡♥s✐♦♥ ♦❢
❉P✲❈✱ d c < 4✱ ❜❡❧♦✇ ✇❤✐❝❤ t❤❡ ❘● ✢♦✇ ♦❢ t❤❡ ❉❊P ❛❝t✐♦♥ ✇♦✉❧❞ ❧❡❛❞ t♦ ❛ ♥❡✇ ✜①❡❞
♣♦✐♥t ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❉P✲❈ ♦♥❡✳ ❘❡❝❛❧❧✐♥❣ t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ ❙❡❝✳ ✹✳✷✳✸✱ t❤✐s tr✉❧②
❉❊P ✜①❡❞ ♣♦✐♥t ✇♦✉❧❞ s❤❛r❡ t❤❡ s❤✐❢t s②♠♠❡tr② ✭✹✳✻✻✮ ✇✐t❤ ❉P✲❈ ❜✉t ❝r✉❝✐❛❧❧② d 
❛♥❞ z ✇♦✉❧❞ ❜❡ ❢r❡❡ t♦ ❞✐✛❡r ❢r♦♠ t❤❡✐r r❡s♣❡❝t✐✈❡ ●❛✉ss✐❛♥ ✈❛❧✉❡s d = d/2 ❛♥❞
z = 2✳ ❚❤✐s ♣r♦♠♣ts t♦ t✉r♥ t♦ t❤❡ st✉❞② ♦❢ t❤❡ ❘● ✢♦✇ ♦❢ t❤❡ ❉❊P ❛❝t✐♦♥✳
✹✳✺ ■♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❉❊P ✢♦✇ ❛♥❞ s❤♦rt❢❛❧❧s ♦❢
t❤❡ ▲P❆✬
▲❡t ✉s ✜rst ✉s❡ t❤❡ tr✉♥❝❛t❡❞ ❉❊P ❛♥s❛t③ t♦ r❡❡①❛♠✐♥❡ t❤❡ ❛r❣✉♠❡♥t ♦❢ t❤❡ ♣❛s✲
s❛❣❡ ❢r♦♠ t❤❡ r❡s❝❛❧✐♥❣ s②♠♠❡tr② ✭✹✳✻✵✮ t♦ t❤❡ s❤✐❢t s②♠♠❡tr② ✭✹✳✻✻✮ ♣r❡s❡♥t❡❞ ✐♥
❙❡❝✳ ✹✳✷✳✸✳ ❆t q✉❛rt✐❝ ♦r❞❡r✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥s❛t③ ❢♦r t❤❡ ♣♦t❡♥t✐❛❧✿
U❉❊P ( ,  ¯,  ,  ¯) =   ¯
 
u1111
 
( +
 
 0)( ¯ +
 
 0) (  +  0)2
 
+ u1012 ¯( +
 
 0) + u0121 ( ¯ +
 
 0) + u0022 ¯ 
 
. ✭✹✳✶✶✹✮
❉✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢
 
 0✱ t❤✐s ♣♦t❡♥t✐❛❧ ❝❛♥♥♦t ❜❡ ♠❛❞❡ s❝❛❧❡ ✐♥❞❡♣❡♥❞❡♥t✳ ▲❡t
✉s ✇r✐t❡ ❞♦✇♥ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ✐♥ t❡r♠s ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ✈❛r✐❛❜❧❡s✱ r❡♠❡♠✲
✹✳✺✳ ■♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❉❊P ✢♦✇ ❛♥❞ s❤♦rt❢❛❧❧s ♦❢ t❤❡ ▲P❆✬ ✾✶
❜❡r✐♥❣ t❤❛t d = d ¯ ✐s ❛❧r❡❛❞② ✜①❡❞ ❜② ✭✹✳✻✺✮✿
Uˆ❉❊P ( ˆ, ˆ¯ ,  ˆ,
ˆ¯ ) =   d z+d +d ¯  ˆ ˆ¯ 
 
 d1111uˆ1111
 
( d  ˆ +
 
 0)( 
d ˆ¯ +
 
 0) ( d  ˆ +  0)2
 
+  d1012+d ¯ uˆ1012
ˆ¯ ( d  ˆ +
 
 0) +  
d0121+d uˆ0121 ˆ( 
d ˆ¯ +
 
 0) +  
d0022+d +d ¯ uˆ0022
ˆ¯  ˆ
 
.
✭✹✳✶✶✺✮
❚❤❡ s❝❛❧✐♥❣ ❞✐♠❡♥s✐♦♥ ♦❢ u0022 ✐s ✜①❡❞ str❛✐❣❤t❢♦r✇❛r❞❧② t♦ ❜❡
d0022 = d + z  2d  2d ¯ . ✭✹✳✶✶✻✮
❇❡❝❛✉s❡ d ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ ♣♦s✐t✐✈❡✱ ❢♦r t❤❡ t❡r♠s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ uˆ1012✱ uˆ0121
❛♥❞ uˆ1111 ❝♦✉♣❧✐♥❣s t♦ ❤❛✈❡ ❛ ♥♦♥✲tr✐✈✐❛❧ ❧✐♠✐t ✇❤❡♥   0✱ ♦♥❡ ❤❛s t♦ ❝❤♦♦s❡
r❡s♣❡❝t✐✈❡❧②
d1012 = d + z  d  2d ¯ ,
d0121 = d + z  2d  d ¯ ,
d1111 = d + z  d  d ¯  d . ✭✹✳✶✶✼✮
❲✐t❤ t❤❡s❡ ❝❤♦✐❝❡s✱ ✐♥ t❤❡ ❧✐♠✐t   0✱ ♦♥❡ ✐s ❧❡❢t ✇✐t❤
Uˆ❉❊P ( ˆ, ˆ¯ ,  ˆ,
ˆ¯ )  
  0
 ˆ ˆ¯ 
 
uˆ1111
 
 0( ˆ + ˆ¯  2 ˆ )
+ uˆ1012
 
 0
ˆ¯ + uˆ0121
 
 0 ˆ + uˆ0022
ˆ¯  ˆ
 
, ✭✹✳✶✶✽✮
✇❤✐❝❤ ❤❛s t❤❡ ❉P✲❈ s❤✐❢t s②♠♠❡tr② ✭✹✳✻✻✮✳ ▲❡t ✉s ❝❤❡❝❦ t❤❛t t❤✐s s❝❡♥❛r✐♦ ✐s r❡❛❧✐③❡❞
❜② ❛❝t✉❛❧❧② ✐♥t❡❣r❛t✐♥❣ t❤❡ ✢♦✇✳
❚❤❡ s②st❡♠ ♦❢ ✢♦✇ ❡q✉❛t✐♦♥s ❢♦r t❤❡ q✉❛rt✐❝ ❉❊P ❛♥s❛t③ ✭✹✳✶✶✹✮ ✐s ❝♦♠♣♦s❡❞ ♦❢
t❤❡ ✢♦✇ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ❝♦✉♣❧✐♥❣s✱ t❤❡ ✢♦✇ ♦❢ t❤❡ ❦✐♥❡t✐❝ ❝♦✉♣❧✐♥❣s   ❛♥❞   ❛♥❞
t❤❡ r✉♥♥✐♥❣ ♦❢ t❤❡ ❛♥♦♠❛❧♦✉s ❞✐♠❡♥s✐♦♥s ❞❡✜♥❡❞ t❤r♦✉❣❤ Z  , Z
 
 ❛♥❞ D ✳ ❚❤❡s❡
✢♦✇ ❡q✉❛t✐♦♥s ❛r❡ ✐♥t❡❣r❛t❡❞ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♠❡t❤♦❞ ❛s ❛❜♦✈❡✳
❋♦r ❛❧❧ ✈❛❧✉❡s ♦❢  ❛♥❞ ❢♦r d ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ ❡①✐st❡♥❝❡ ♦❢ t❤❡ st❛❜❧❡ ❉P✲❈ ✜①❡❞
♣♦✐♥t ❡①♣❧♦r❡❞ ❛❜♦✈❡✱ t❤❡ ❝♦✉♣❧✐♥❣s ♦❢ ❉❊P ✢♦✇ t♦ t❤✐s ✜①❡❞ ♣♦✐♥t✳ ❚♦ ✐❧❧✉str❛t❡
t❤✐s✱ ✇❡ ❤❛✈❡ ♣❧♦tt❡❞ ✐♥ ❋✐❣✳ ✹✳✸ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ♥♦r♠ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡
❉❊P ♣♦t❡♥t✐❛❧ ✉♥❞❡r t❤❡ r❡s❝❛❧✐♥❣ s②♠♠❡tr② ✭✹✳✻✵✮ ❛♥❞ t❤❡ s❤✐❢t ♦♥❡ ✭✹✳✻✻✮ ❛❧♦♥❣
t❤❡ ❘● ✢♦✇✳ ❚❤❡ ♥♦r♠ ♦❢ ✈❛r✐❛t✐♦♥ ✉♥❞❡r t❤❡ s❤✐❢t s②♠♠❡tr② s❛t✉r❛t❡s t♦ ❛ s♠❛❧❧
✈❛❧✉❡✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡ s❤✐❢t s②♠♠❡tr② ✐s r❡❝♦✈❡r❡❞ ✐♥ t❤❡ ■❘✳ ❚❤✐s ❝♦♥✜r♠s t❤❡
s❝❡♥❛r✐♦ ❛❜♦✈❡✳ ❍♦✇❡✈❡r ✐t t✉r♥s ♦✉t t❤❛t Z  ✱ D ❛♥❞   ❞♦ ♥♦t ❤❛✈❡ ❛ ❘● ✢♦✇
❛♥❞ ❦❡❡♣ t❤❡✐r ❜❛r❡ ✈❛❧✉❡s Z  = D = 1 ❛♥❞   =  ✳ ❲❤✐❧❡ ✐♥ ❉P✲❈✱ t❤✐s ♣r♦♣❡rt②
✇❛s ❡♥s✉r❡❞ ❜② t❤❡ s②♠♠❡tr✐❡s ♦❢ t❤❡ ♠♦❞❡❧✱ ❢♦r ❉❊P t❤✐s s❡❡♠s t♦ ❜❡ ❛♥ ❛❝❝✐❞❡♥t❛❧
❢❡❛t✉r❡ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ■♥ ❢❛❝t✱ ✇❡ s❤♦✇ ✐♥ ❆♣♣❡♥❞✐① ❊✳✶✳✸ t❤❛t
✐t ✐s t❤❡ ❝❛s❡ ❢♦r t❤❡ ▲P❆✬ ❛♥s❛t③✱ ❡✈❡♥ ✇✐t❤♦✉t tr✉♥❝❛t✐♥❣ t❤❡ ♣♦t❡♥t✐❛❧ ❛t t❤❡
❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ❧❛tt❡r ✐s ❛♥❛❧②t✐❝✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇✐t❤✐♥ t❤✐s ❛♥s❛t③✱ ♦♥❡ ❝❛♥♥♦t ❤♦♣❡ t♦ r❡❛❝❤ ❛ tr✉❧② ❉❊P
✜①❡❞ ♣♦✐♥t ❢♦r ✇❤✐❝❤ d  = d/2 ❛♥❞ ✇❤✐❝❤ ✇♦✉❧❞ ❡①♣❧❛✐♥ s♦♠❡ ❞✐s❝r❡♣❛♥❝✐❡s ❜❡t✇❡❡♥
t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r❡❞✐❝t✐♦♥s ❛♥❞ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ ❢♦r ✈❛❧✉❡s ♦❢
t❤❡ ❞✐♠❡♥s✐♦♥ ♦✉t ♦❢ t❤❡ ❞♦♠❛✐♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ❉P✲❈ ✜①❡❞ ♣♦✐♥t✱ ❛s t❤❡
❉❊P ✢♦✇ ❝❛♥♥♦t ❡s❝❛♣❡ t❤❡ ❉P✲❈ s②♠♠❡tr✐❡s✱ ✐t ❡♥❝♦✉♥t❡rs t❤❡ s❛♠❡ ♣r♦❜❧❡♠
✾✷ ❈❤❛♣t❡r ✹✳ ❙t✉❞② ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥ ❉❊P
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S, µ = 0
R, µ = 0
S, µ = 0.5
R, µ = 0.5
❋✐❣✉r❡ ✹✳✸✿ ▲♦❣❛r✐t❤♠ ♦❢ t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ Uˆ ✉♥❞❡r t❤❡
r❡s❝❛❧✐♥❣ ✭❘✮ s②♠♠❡tr② ✭✹✳✻✵✮ ✭❢✉❧❧ ❧✐♥❡✮ ❛♥❞ s❤✐❢t ✭❙✮ ♦♥❡ ✭✹✳✻✻✮ ✭❞❛s❤❡❞ ❧✐♥❡✮ ❛s
❛ ❢✉♥❝t✐♦♥ ♦❢ ♠✐♥✉s t❤❡ ❘● t✐♠❡✱ ❢♦r  = 0 ✭❝✐r❝❧❡✮ ❛♥❞  = 0.5 ✭tr✐❛♥❣❧❡✮ ❛♥❞ ❢♦r
d = 3.2✳
❛s t❤❡ ❉P✲❈ ❛♥s❛t③ ❛♥❞ ❞✐✈❡r❣❡s✳ ❆t t❤✐s ♣♦✐♥t✱ ✐t ✐s ✉♥❝❧❡❛r ❤♦✇ t❤✐s ♣r♦❜❧❡♠
❝♦✉❧❞ ❜❡ ❝✉r❡❞✳ ▲♦♦❦✐♥❣ ❛t ♦✉r ❝❤♦✐❝❡ ♦❢ ❛♥s❛t③✱ ♠❛②❜❡ t❤❡ ♠♦st q✉❡st✐♦♥❛❜❧❡ st❡♣✱
❛❢t❡r t❤❡ ❡①♣❛♥s✐♦♥ ✐♥ ❢r❡q✉❡♥❝② ✐♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ❡①♣❛♥s✐♦♥ ❛♥❞ t❤❡ ♣♦❧②♥♦♠✐❛❧
❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧✱ ✇❛s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♠✐♥✐♠✉♠ ❝♦♥✜❣✉r❛t✐♦♥✳ ■♥❞❡❡❞✱
❛s ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝✳ ✹✳✸✳✷✱ t❤✐s ❞❡✜♥✐t✐♦♥ ✐♠♣❧✐❝✐t❡❧② ❛ss✉♠❡s t❤❛t ♦♥❡ ❝❛♥ ❛❧✇❛②s
❢♦❧❧♦✇ ❝♦♥t✐♥✉♦✉s❧② ❛ ③❡r♦ ♦❢ t❤❡ ❢✉♥❝t✐♦♥  2  U  ▼✐♥ ♦❢   ❛❧♦♥❣ t❤❡ ✢♦✇ ❛♥❞ t❤❛t t❤✐s
r♦♦t st❛②s ✜♥✐t❡✳ ❍♦✇❡✈❡r✱ ✐❢ ♦♥❡ ❡①❛♠✐♥❡s ✐♥ ♠♦r❡ ❞❡t❛✐❧ ❆♣♣❡♥❞✐① ❊✳✶✱ ✐t ❛♣♣❡❛rs
t❤❛t ✐t ✐s ✐♥ ❢❛❝t s✉✣❝✐❡♥t t♦ ❤❛✈❡  2  U  ▼✐♥ > 0 ❢♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❛❝❝✐❞❡♥t❛❧
♥♦♥✲r❡♥♦r♠❛❧✐③❛t✐♦♥ t♦ ❣♦ t❤r♦✉❣❤✳ ❚♦ ❤❛✈❡ t❤❡ ♣r♦♣❡rt②  2  U  ▼✐♥ > 0 ❢♦r s♦♠❡
  ✐s ♥❡❝❡ss❛r② ✐♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ❞❡✜♥❡ ❛ st❛t✐♦♥❛r② st❛t❡✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇✐t❤✐♥
t❤❡ ▲P❆✬ ✐t s❡❡♠s ❞✐✣❝✉❧t t♦ ❡✈❛❞❡ t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ ❆♣♣❡♥❞✐① ❊✳✶✳
❚❤❡ ♥♦♥✲r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❦✐♥❡t✐❝ ♣❛rt ❧✐❡s ❝r✉❝✐❛❧❧② ♦♥ t❤❡ ❢❛❝t t❤❛t t❤❡
t❤r❡❡✲ ❛♥❞ ❢♦✉r✲♣♦✐♥t ✈❡rt❡① ❢✉♥❝t✐♦♥s ❞♦ ♥♦t ❤❛✈❡ ❛♥② ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡✳ ❖♥❡
♣♦ss✐❜❧❡ ❧❡❛❞ ✇♦✉❧❞ t❤✉s ❜❡ t♦ ❞❡✈✐s❡ ❛♥ ❛♥s❛t③ ❢♦r ❉❊P ✇❤✐❝❤ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t
t❤❡ ❢r❡q✉❡♥❝② ❛♥❞ ✇❛✈❡✲♥✉♠❜❡r ❞❡♣❡♥❞❡♥❝❡ ♦❢ ❤✐❣❤❡r ♦r❞❡r ✈❡rt❡① ❢✉♥❝t✐♦♥s✳ ▼❛②❜❡
✐♥ ❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤ t❤✐s ❛♣♣r♦❛❝❤✱ ✐t ✇♦✉❧❞ ❜❡ ❢r✉✐t❢✉❧ t♦ t❛❦❡ ❛s ❛ st❛rt✐♥❣ ♣♦✐♥t
t❤❡ ❉❊P ❛❝t✐♦♥ ✐♥ t❡r♠s ♦❢ t❤❡ ♦❜s❡r✈❛❜❧❡ ❛♥❞ r❡s♣♦♥s❡ ✜❡❧❞s ✭✹✳✹✺✮✳ ■♥t❡r❡st✐♥❣❧②
t❤✐s ❛❝t✐♦♥ ♣♦ss❡ss❡s ❛❧r❡❛❞② ❛t ✐ts ❜❛r❡ ❧❡✈❡❧ ❢✉♥❝t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ✐♥ t❤❡ ✜❡❧❞s
❛♥❞ ✇❛✈❡✲♥✉♠❜❡r ❞❡♣❡♥❞❡♥❝❡ ✐♥ ❛ ❝✉❜✐❝ t❡r♠✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡s❡ ❢❡❛t✉r❡s
❝♦♠♣❧✐❝❛t❡ t❤❡ ◆P❘● tr❡❛t♠❡♥t ❛s t❤❡② ♣r❡✈❡♥t ❢r♦♠ ✉s✐♥❣ s✐♠♣❧❡ ❛♣♣r♦①✐♠❛t✐♦♥s
s✉❝❤ ❛s t❤❡ ▲P❆✬✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡② ❝♦✉❧❞ ❜❡ t❤❡ s♦✉r❝❡ ♦❢ ♥❡✇ ♣❤②s✐❝s ✇❤✐❝❤
✐s ♠✐ss❡❞ ❜② t❤❡ s✐♠♣❧❡r ❛♣♣r♦①✐♠❛t✐♦♥ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❝♦❤❡r❡♥t ✜❡❧❞ ❛❝t✐♦♥✳ ❚❤✐s
st✉❞② ♠❛② ❜❡ ❢❛❝✐❧✐t❛t❡❞ ❜② t❤❡ ♥❡✇❢♦✉♥❞ s②♠♠❡tr② ♦❢ t❤❡ r❡s♣♦♥s❡ ✜❡❧❞ ❛❝t✐♦♥
✭✹✳✺✼✮✳
■♥ s✉♠♠❛r②✱ ✐♥ t❤✐s ❝❤❛♣t❡r ✇❡ ♣r❡s❡♥t❡❞ ♦✉r t❛❦❡ ♦♥ t❤❡ st✉❞② ♦❢ t❤❡ ❛❜s♦r❜✐♥❣
♣❤❛s❡ tr❛♥s✐t✐♦♥ ♦❢ ❉❊P ❛♥❞ ✐ts ❝♦❛rs❡✲❣r❛✐♥❡❞ ❝♦✉♥t❡r♣❛rt✱ ❉P✲❈✳ ❆♥ ❡①❤❛✉st✐✈❡
❛♥❛❧②s✐s ♦❢ t❤❡ s②♠♠❡tr✐❡s ♦❢ ❜♦t❤ ♠♦❞❡❧s ❛❧❧♦✇❡❞ ✉s t♦ ❝❧❛r✐❢② t❤❡ ❞✐s❝✉ss✐♦♥ ❛s
✇❤❡t❤❡r ❜♦t❤ ♠♦❞❡❧s ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞ ❢♦r
t❤❡ ❉P✲❈ ♠♦❞❡❧✱ ✇❡ ❤❛✈❡ ✉s❡❞ ❛ ▲P❆✬ ❛♥st❛③ t♦ ♦❜t❛✐♥ s♦♠❡ ♥❡✇ r❡s✉❧ts✱ ♥♦t❛❜❧②
t❤❡ ✐♥❞✐❝❛t✐♦♥ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ♣❤❛s❡ tr❛♥s✐t✐♦♥ ❢♦r  > 0✱ ✇❤✐❝❤ ✐s ♠✐ss❡❞ ❜② ♣❡r✲
t✉r❜❛t✐✈❡ ❘● ❛t ♦♥❡ ❧♦♦♣✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❉P✲❈ ✉♥✐✈❡rs❛❧✐t②
❝❧❛ss ✐♥ ❛♥② ❞✐♠❡♥s✐♦♥ ✐s ♥♦t tr✐✈✐❛❧❧② r❡❛❝❤❛❜❧❡✳ ■t ✐s st✐❧❧ ❛♥ ♦♣❡♥ q✉❡st✐♦♥ ✐❢ t❤✐s
❞✐✣❝✉❧t② ✇♦✉❧❞ ❜❡ ❛❧❧❡✈✐❛t❡❞ ❜② ✉s✐♥❣ ❛ ❜❡tt❡r s✉✐t❡❞ ◆P❘● ❛♥s❛t③ ♦r ✐❢ ✐t ❤❛s
✹✳✺✳ ■♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❉❊P ✢♦✇ ❛♥❞ s❤♦rt❢❛❧❧s ♦❢ t❤❡ ▲P❆✬ ✾✸
❛ ♣❤②s✐❝❛❧ ♦r✐❣✐♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❢♦r t❤❡ ❉❊P ♠♦❞❡❧✱ ✉s✐♥❣ t❤❡ ▲P❆✬ ❛♥s❛t③
✇❡ ❤❛✈❡ ❝♦♥✜r♠❡❞ ♦✉r s❝❡♥❛r✐♦ t❤❛t t❤❡ ✭❣❧♦❜❛❧✮ s❤✐❢t s②♠♠❡tr② ❡♠❡r❣❡s ❢r♦♠ t❤❡
r❡s❝❛❧✐♥❣ s②♠♠❡tr② ♦❢ ❉❊P✳ ❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ ❛❧s♦ ❛♥❛❧②t✐❝❛❧❧② s❤♦✇♥ ❤♦✇ ❛❝❝✐✲
❞❡♥t❛❧ ♥♦♥✲r❡♥♦r♠❛❧✐③❛t✐♦♥s ✐♥❤❡r❡♥t t♦ t❤❡ ▲P❆✬ ❛♥s❛t③ ❝❤♦s❡♥ ❤❡r❡ ♣r❡✈❡♥t❡❞ t♦
✐♥✜r♠ ♦r ❝♦♥✜r♠ t❤❡ ♣❡rt✉r❜❛t✐✈❡ s❝❡♥❛r✐♦ ♦❢ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ❉❊P ❛♥❞ ❉P✲❈
❛s ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss❡s✳
❚❤❡ ♣r♦s♣❡❝ts ✐♥ t❤❡ st✉❞② ♦❢ t❤✐s ♠♦❞❡❧ ✐♥❝❧✉❞❡ t♦ ✉♥❞❡rst❛♥❞ ❜❡tt❡r t❤❡ r♦❧❡
t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ♠✐♥✐♠✉♠ ❝♦♥✜❣✉r❛t✐♦♥  ♣❧❛②s ✐♥ t❤❡ ♥♦♥✲r❡♥♦r♠❛❧✐③❛t✐♦♥
t❤❡♦r❡♠s ❛♥❞ ✐♥ t❤❡ ♦❜s❡r✈❡❞ ✐♥st❛❜✐❧✐t✐❡s ♦❢ t❤❡ ❘● ✢♦✇ ❜❡❧♦✇ ❛ ❝❡rt❛✐♥ ❞✐♠❡♥s✐♦♥
❚❤✐s st✉❞② s❤♦✉❧❞ ❤❡❧♣ t♦ ❞❡✈✐s❡ ❛ ♠♦r❡ ♣♦✇❡r❢✉❧ ❛♥s❛t③ ❢♦r ❜♦t❤ ♠♦❞❡❧s✱ s✉❝❤ ❛s
▲P❆✬ ✇✐t❤ ❛ ❢✉♥❝t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ✐♥ ✇❡❧❧✲❝❤♦s❡♥ ✐♥✈❛r✐❛♥ts✳ ■t ♠❛②
❜❡ ✇♦rt❤✇❤✐❧❡ t♦ ❛❧s♦ ✉s❡ ❛s st❛rt✐♥❣ ♣♦✐♥t t❤❡ r❡s♣♦♥s❡ ✜❡❧❞ ❛❝t✐♦♥ ✭✹✳✶✾✮✱ ✇❤♦s❡
♣❤②s✐❝❛❧ ❝♦♥t❡♥t ✐s ♠♦r❡ str❛✐❣❤t❢♦r✇❛r❞✳ ❚❤❡ ❛♥s❛t③ ✐♥ t❤✐s ❝❛s❡ ✇♦✉❧❞ ❡①♣❧♦✐t t❤❡
✉♥❝♦✈❡r❡❞ t✐❧t s②♠♠❡tr② ✭✹✳✺✼✮ ✇❤✐❝❤ ❡①✐sts ✐♥ t❤✐s ❛❝t✐♦♥ ❛t  = 0✳
❱❡rs✐♦♥ ❢r❛♥☛❝❛✐s❡
❊♥ rés✉♠é✱ ❞❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❛✈♦♥s ♣rés❡♥té ♥♦tr❡ ♣♦✐♥t ❞❡ ✈✉❡ s✉r ❧✬ét✉❞❡
❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❛❜s♦r❜❛♥t❡ ❞❡ ❉❊P ❡t ❞❡ s♦♥ ❤♦♠♦❧♦❣✉❡ ♠és♦s❝♦♣✐q✉❡✱
❉P✲❈✳ ❯♥❡ ❛♥❛❧②s❡ ❡①❤❛✉st✐✈❡ ❞❡s s②♠étr✐❡s ❞❡s ❞❡✉① ♠♦❞è❧❡s ♥♦✉s ❛ ♣❡r♠✐s ❞❡
❝❧❛r✐✜❡r ❧❛ ❞✐s❝✉ss✐♦♥ ♣♦✉r ❞ét❡r♠✐♥❡r s✐ ❧❡s ❞❡✉① ♠♦❞è❧❡s ❛♣♣❛rt✐❡♥♥❡♥t à ❧❛ ♠ê♠❡
❝❧❛ss❡ ❞✬✉♥✐✈❡rs❛❧✐té✳ ❉✬✉♥❡ ♣❛rt ♣♦✉r ❧❡ ♠♦❞è❧❡ ❉P✲❈✱ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé ✉♥ ❛♥st❛③
♥♦♠♠é ▲P❆✬ ♣♦✉r ♦❜t❡♥✐r ❞❡ ♥♦✉✈❡❛✉① rés✉❧t❛ts✱ ♥♦t❛♠♠❡♥t ❧✬✐♥❞✐❝❛t✐♦♥ ❞✬✉♥❡ tr❛♥✲
s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❝♦♥t✐♥✉❡ ♣♦✉r  > 0✱ q✉✐ ♥✬❛♣♣❛r❛ît ♣❛s ❞❛♥s ❧❡ ❘● ♣❡rt✉r❜❛t✐❢
à ✉♥❡ ❜♦✉❝❧❡✳ ◆♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ❝❧❛ss❡ ❞✬✉♥✐✈❡rs❛❧✐té ❉P✲
❈ ❞❛♥s ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ❞✐♠❡♥s✐♦♥ ♥✬❡st ♣❛s tr✐✈✐❛❧❡♠❡♥t ❛❝❝❡ss✐❜❧❡✳ ▲❛ q✉❡st✐♦♥
r❡st❡ ♦✉✈❡rt❡ ❞❡ s❛✈♦✐r s✐ ❝❡tt❡ ❞✐✣❝✉❧té s❡r❛✐t ❛tté♥✉é❡ ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥ ❛♥s❛t③
◆P❘● ♠✐❡✉① ❛❞❛♣té ♦✉ s✐ ❡❧❧❡ ❛ ✉♥❡ ♦r✐❣✐♥❡ ♣❤②s✐q✉❡✳ ❉✬❛✉tr❡ ♣❛rt✱ ♣♦✉r ❧❡ ♠♦❞✲
è❧❡ ❉❊P✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ♠ê♠❡ t②♣❡ ❞✬❛♥s❛t③✱ ♥♦✉s ❛✈♦♥s ❝♦♥✜r♠é ♥♦tr❡ s❝é♥❛r✐♦
s❡❧♦♥ ❧❡q✉❡❧ ❧❛ s②♠étr✐❡ ✭❣❧♦❜❛❧❡✮ ❞❡ ❉P❈ é♠❡r❣❡ ❞❡ ❧❛ s②♠étr✐❡ ❞❡ ❉❊P✳ ❈❡♣❡♥✲
❞❛♥t✱ ♥♦✉s ❛✈♦♥s ❛✉ss✐ ♠♦♥tré ❛♥❛❧②t✐q✉❡♠❡♥t ❝♦♠♠❡♥t ❧❡s ♥♦♥✲r❡♥♦r♠❛❧✐s❛t✐♦♥s
❛❝❝✐❞❡♥t❡❧❧❡s ✐♥❤ér❡♥t❡s à ❧✬❛♥s❛t③ ▲P❆✬ ❝❤♦✐s✐ ✐❝✐ ❡♠♣ê❝❤é♥t ❞✬✐♥✜r♠❡r ♦✉ ❞❡ ❝♦♥✲
✜r♠❡r ❧❡ s❝é♥❛r✐♦ ♣❡rt✉r❜❛t✐❢ ❞❡ ❧✬éq✉✐✈❛❧❡♥❝❡ ❡♥tr❡ ❉❊P ❡t ❉P✲❈ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛
❝❧❛ss❡s ❞✬✉♥✐✈❡rs❛❧✐té✳
▲❡s ♣❡rs♣❡❝t✐✈❡s ❢✉t✉r❡s ❞❛♥s ❧✬ét✉❞❡ ❞❡ ❝❡ ♠♦❞è❧❡ ✐♥❝❧✉❡♥t ❞❡ ♠✐❡✉① ❝♦♠♣r❡♥✲
❞r❡ ❧❡ rô❧❡ q✉❡ ❥♦✉❡ ❧❡ ❝❤♦✐① ❞✬✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ♠✐♥✐♠❛❧❡  ❞❛♥s ❧❡s t❤é♦rè♠❡s ❞❡
♥♦♥✲r❡♥♦r♠❛❧✐s❛t✐♦♥ ❡t ❞❛♥s ❧❡s ✐♥st❛❜✐❧✐tés ♦❜s❡r✈é❡s ❞✉ ✢♦t ❘● ❡♥✲❞❡ss♦✉s ❞✬✉♥❡
❝❡rt❛✐♥❡ ❞✐♠❡♥s✐♦♥ ❈❡tt❡ ét✉❞❡ ❞❡✈r❛✐t ♣❡r♠❡ttr❡ ❞❡ ❝♦♥❝❡✈♦✐r ✉♥ ❛♥s❛t③ ♣❧✉s ✢❡①✐❜❧❡
♣♦✉r ❧❡s ❞❡✉① ♠♦❞è❧❡s✱ t❡❧ q✉❡ ♣❛r ❡①❡♠♣❧❡ ❧❛ ▲P❆✬ ❛✈❡❝ ✉♥❡ ❞é♣❡♥❞❛♥❝❡ ❢♦♥❝t✐♦♥♥❡❧❧❡
❞✉ ♣♦t❡♥t✐❡❧ ❞❛♥s ❧❡s ✐♥✈❛r✐❛♥ts ❜✐❡♥ ❝❤♦✐s✐s✳ ■❧ ♣❡✉t êtr❡ ✉t✐❧❡ ❞✬✉t✐❧✐s❡r é❣❛❧❡♠❡♥t
❝♦♠♠❡ ♣♦✐♥t ❞❡ ❞é♣❛rt ❧✬❛❝t✐♦♥ ❞✉ ❝❤❛♠♣ ❞❡ ré♣♦♥s❡ ✭✹✳✶✾✮✱ ❞♦♥t ❧❡ ❝♦♥t❡♥✉ ♣❤②s✐q✉❡
❡st ♣❧✉s ❞✐r❡❝t❡♠❡♥t ❧✐s✐❜❧❡✳ ▲✬❛♥s❛t③ ❞❛♥s ❝❡ ❝❛s ❡①♣❧♦✐t❡r❛✐t ❧❛ s②♠étr✐❡ ❞❡ ✧t✐❧t✧
✭✹✳✺✼✮ q✉✐ ❛ été ❞é❝♦✉✈❡rt❡ ❞❛♥s ❝❡tt❡ ❛❝t✐♦♥ à  = 0✳

❈❤❛♣t❡r ✺
❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥
❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡
■♥ t❤✐s ❝❤❛♣t❡r ✇❡ t✉r♥ t♦ t❤❡ st✉❞② ♦❢ t❤❡ st♦❝❤❛st✐❝ ◆❛✈✐❡r✲❙t♦❦❡s ✜❡❧❞ t❤❡♦r②✳
❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ✇❡ ✇♦r❦ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ◆P❘●✳ ❍♦✇❡✈❡r✱ t❤❡
t♦♦❧s ✉s❡❞ ❛r❡ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t✳ ❲❡ ✉s❡ ❛ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡
❡①❛❝t ❘● ✢♦✇ ❡q✉❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥❝❡ ♦❢ ✭❣❡♥❡r❛❧✐③❡❞✮
❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ✐♥ 2✲ ❛♥❞ 3✲❉ t✉r❜✉❧❡♥❝❡✱ ❛♥❞ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ✐♥t❡r♠✐tt❡♥❝②
✐♥ t❤❡ ❞✐r❡❝t ❝❛s❝❛❞❡ ♦❢ 2✲❉ t✉r❜✉❧❡♥❝❡✳
■♥ ❙❡❝✳ ✺✳✶✱ t❤❡ ▲❛❣r❛♥❣✐❛♥ ♦❢ t❤❡ ❙◆❙ ✜❡❧❞ t❤❡♦r② ✐s ❣✐✈❡♥✳ ❲❡ ❛❧s♦ s♣❡❝✐❢② t❤❡
2✲❉ ❝❛s❡✱ ✇❤❡r❡ t❤❡ ❙◆❙ ✜❡❧❞ t❤❡♦r② ✐s ✐♥ ❢❛❝t ❛ s❝❛❧❛r ✜❡❧❞ t❤❡♦r②✳ ■♥ ❙❡❝✳ ✺✳✷✱
t❤❡ ❡①❛❝t ❛♥❞ ❡①t❡♥❞❡❞ s②♠♠❡tr✐❡s ♦❢ ❙◆❙ ❛r❡ ❧✐st❡❞ ✐♥ ❜♦t❤ ❢♦r♠✉❧❛t✐♦♥s ❛♥❞ ✇❡
❞❡r✐✈❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❲❛r❞ ✐❞❡♥t✐t✐❡s ✐♥ ❙❡❝✳ ✺✳✸✳ ❆❢t❡r ❤❛✈✐♥❣ ❣✐✈❡♥ ❛ ❣❡♥❡r❛❧
✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ✐♥ ❙❡❝✳ ✺✳✹✱ ✐♥ ❙❡❝✳ ✺✳✺✱ t❤❡ ❧❛r❣❡
✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ❛♥❞ t❤❡ ♦❜t❛✐♥❡❞ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❛r❡ ✉s❡❞ t♦ ❞❡r✐✈❡ t❤❡
❧❡❛❞✐♥❣ t✐♠❡✲❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s✳ ■♥ ❙❡❝✳ ✺✳✻✱ t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r
❛t ❡q✉❛❧ t✐♠❡s ✐♥ t❤❡ 2✲❉ ❝❛s❡ ✐s ✐♥✈❡st✐❣❛t❡❞ ❛♥❞ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ❢♦r ✐♥t❡r♠✐tt❡♥❝②
❝♦rr❡❝t✐♦♥s ❛r❡ ❞✐s❝✉ss❡❞✳
❱❡rs✐♦♥ ❢r❛♥☛❝❛✐s❡
❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♣❛ss♦♥s à ❧✬ét✉❞❡ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡s ❝❤❛♠♣s ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡
◆❛✈✐❡r✲❙t♦❦❡s st♦❝❤❛st✐q✉❡✳ ❈♦♠♠❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✱ ♥♦✉s tr❛✈❛✐❧❧♦♥s ❞❛♥s
❧❡ ❝❛❞r❡ ❞✉ ❢♦r♠❛❧✐s♠❡ ❞✉ ◆P❘●✳ ❈❡♣❡♥❞❛♥t✱ ❧❡s ♦✉t✐❧s ✉t✐❧✐sés s♦♥t ❝♦♠♣❧èt❡♠❡♥t
❞✐✛ér❡♥ts✳ ◆♦✉s ✉t✐❧✐s♦♥s ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t à ❣r❛♥❞ ♥♦♠❜r❡ ❞✬♦♥❞❡s ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡
✢♦t ❞❡ ❘● ❡①❛❝t❡ ❛✜♥ ❞✬ét✉❞✐❡r ❧❛ ❞é♣❡♥❞❛♥❝❡ t❡♠♣♦r❡❧❧❡ ❞❡s ❢♦♥❝t✐♦♥s ❞❡ ❝♦rré❧❛t✐♦♥
✭❣é♥ér❛❧✐sé❡s✮ ❞❛♥s ❧❛ t✉r❜✉❧❡♥❝❡ ❡♥ 2✲ ❡t 3✲❉✱ ❡t ❧❛ ♣♦ss✐❜✐❧✐té ❞✬✐♥t❡r♠✐tt❡♥❝❡ ❞❛♥s
❧❛ ❝❛s❝❛❞❡ ❞✐r❡❝t❡ ❡♥ t✉r❜✉❧❡♥❝❡ 2✲❉✳
❉❛♥s ❧❛ ❙❡❝✳ ✺✳✶✱ ❧❡ ▲❛❣r❛♥❣✐❡♥ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡s ❝❤❛♠♣s ❞❡ ❙◆❙ ❡st ❞♦♥♥é✳
◆♦✉s ❞é❝r✐✈♦♥s ❡♥ ♣❛rt✐❝✉❧❡r ❧❡ ❝❛s 2✲❉✱ ♦ù ❧❛ t❤é♦r✐❡ ❞❡s ❝❤❛♠♣s ❙◆❙ ❡st ❡♥ ❢❛✐t
✉♥❡ t❤é♦r✐❡ ❞❡s ❝❤❛♠♣s s❝❛❧❛✐r❡s✳ ❉❛♥s ❧❛ ❙❡❝✳ ✺✳✷✱ ❧❡s s②♠étr✐❡s ❡①❛❝t❡s ❡t ét❡♥✲
❞✉❡s ❞❡ ❙◆❙ s♦♥t ❧✐sté❡s ❞❛♥s ❧❡s ❞❡✉① ❢♦r♠✉❧❛t✐♦♥s ❡t ♥♦✉s ❞ér✐✈♦♥s ❧❡s ✐❞❡♥t✐tés ❞❡
❲❛r❞ ❝♦rr❡s♣♦♥❞❛♥t❡s ❞❛♥s ❧❛ ❙❡❝✳ ✺✳✸✳ ❆♣rès ❛✈♦✐r ❞♦♥♥é ✉♥❡ ✐♥tr♦❞✉❝t✐♦♥ ❣é♥ér❛❧❡
❛✉ ❞é✈❡❧♦♣♣❡♠❡♥t à ❣r❛♥❞ ♥♦♠❜r❡ ❞✬♦♥❞❡s ❞❛♥s ❧❛ ❙❡❝✳ ✺✳✹✱ ❞❛♥s ❧❛ ❙❡❝✳ ✺✳✺✱ ❧❡
❞é✈❡❧♦♣♣❡♠❡♥t à ❣r❛♥❞ ♥♦♠❜r❡ ❞✬♦♥❞❡s ❡t ❧❡s ✐❞❡♥t✐tés ❞❡ ❲❛r❞ ♦❜t❡♥✉❡s s♦♥t ✉t✐❧✲
✐sé❡s ♣♦✉r ❞ér✐✈❡r ❧❛ ❞é♣❡♥❞❛♥❝❡ t❡♠♣♦r❡❧❧❡ ❞♦♠✐♥❛♥t❡ ❞❡s ❢♦♥❝t✐♦♥s ❞❡ ❝♦rré❧❛t✐♦♥✳
✾✺
✾✻ ❈❤❛♣t❡r ✺✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡
❉❛♥s ❧❛ ❙❡❝✳ ✺✳✻✱ ❧✬♦r❞r❡ ❞♦♠✐♥❛♥t à t❡♠♣s é❣❛✉① ❞❛♥s ❧❡ ❝❛s 2✲❉ ❡st ❡①♣❧♦ré ❡t ❧❡s
❝♦♥séq✉❡♥❝❡s ♣♦✉r ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ ❝♦rr❡❝t✐♦♥s ❞✬✐♥t❡r♠✐tt❡♥❝❡s s♦♥t ❡①❛♠✐♥é❡s✳
✺✳✶ ❚❤❡ ✜❡❧❞ t❤❡♦r② ♦❢ t❤❡ st♦❝❤❛st✐❝
◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥
✺✳✶✳✶ ❙◆❙ ❛❝t✐♦♥ ✐♥ t❤❡ ✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥
❋✐rst✱ ❧❡t ✉s st❛rt ❜② r❡❝❛❧❧✐♥❣ t❤❡ s❡t✉♣ ♦❢ t❤❡ ❙◆❙ ✜❡❧❞ t❤❡♦r② ❣✐✈❡♥ ✐♥ ❙❡❝✳ ✷✳✷✳ ❖✉r
st❛rt✐♥❣ ♣♦✐♥t ✐s t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ r❡❛❞s ❝♦♠♣♦♥❡♥t✲❜②✲❝♦♠♣♦♥❡♥t
 tv + v   v =   
2v  1
 
  p + f , ✭✺✳✶✮
✇❤❡r❡ }f s②♠❜♦❧✐③❡s ❛❞❞✐t✐♦♥❛❧ ❡①t❡r♥❛❧ ❢♦r❝❡s ❛♥❞ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t ♦❢
✐♥❝♦♠♣r❡ss✐❜✐❧✐t②✿
  v = 0 . ✭✺✳✷✮
■♥ ♦r❞❡r t♦ st✉❞② ❛ t✉r❜✉❧❡♥t st❛t✐♦♥❛r② st❛t❡✱ ♦♥❡ ❤❛s t♦ ❛❞❞ ❛ ❢♦r❝✐♥❣ t❡r♠ }f
❛❝t✐♥❣ ❛t ❧❛r❣❡ s❝❛❧❡s t♦ s✐♠✉❧❛t❡ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❡♥❡r❣② ❝♦♠✐♥❣ ❢r♦♠ t❤❡ st✐rr✐♥❣✳ ■♥
t❤✐s ❝♦♥t❡①t✱ ❧❛r❣❡ s❝❛❧❡s ♠❡❛♥s t❤❛t t❤❡ ✐♥t❡❣r❛❧ s❝❛❧❡ L ❛t ✇❤✐❝❤ ❡♥❡r❣② ✐s ✐♥❥❡❝t❡❞
♠✉st ❜❡ ✈❡r② ❧❛r❣❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❑♦❧♠♦❣♦r♦✈ s❝❛❧❡  ✱ ❛t ✇❤✐❝❤ ✈✐s❝♦✉s ❛♥❞
❝♦♥✈❡❝t✐✈❡ ❡✛❡❝ts ❛r❡ ✐♥ ❝♦♠♣❡t✐t✐♦♥✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ❛ ✇❤♦❧❡
r❛♥❣❡ ♦❢ ✇❛✈❡✲♥✉♠❜❡r ❜❡t✇❡❡♥ L✲1 ❛♥❞  ✲1 ✇❤❡r❡ t❤❡ ❝♦♥✈❡❝t✐♦♥ t❡r♠ ❞♦♠✐♥❛t❡s t❤❡
❞②♥❛♠✐❝s✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ✉♥✐✈❡rs❛❧✐t② ♦❢ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ✐♥❡rt✐❛❧ r❛♥❣❡✱ ♦♥❡ ❝❛♥
❛✈❡r❛❣❡ ♦✈❡r ❞✐✛❡r❡♥t r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ❢♦r❝✐♥❣✳ ❚❤❡s❡ st♦❝❤❛st✐❝ ❢♦r❝✐♥❣s ♠✉st
s❤❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝s✿ t❤❡✐r ♣♦✇❡r s♣❡❝tr✉♠ ♠✉st ❜❡ ❝♦♥❝❡♥tr❛t❡❞ ♦♥
L✲1✱ s✉❝❤ ❛s ♥♦t t♦ s♣♦✐❧ t❤❡ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t✉r❜✉❧❡♥t ✢♦✇ ❛t ✐♥t❡r♠❡❞✐❛r②
s❝❛❧❡s ❜❡t✇❡❡♥  ❛♥❞ L✱ ❛♥❞ t❤❡② ♠✉st ❛s ✇❡❧❧ ♥♦t ✐♠♣♦s❡ ❛ ♥♦♥✲③❡r♦ ♠❡❛♥ ✈❡❧♦❝✐t②
t♦ t❤❡ ✢♦✇✳ ❚❤❡ ✇❡✐❣❤t ✐s ❝❤♦s❡♥ t♦ ❜❡ ●❛✉ss✐❛♥ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇✐t❤ ③❡r♦ ♠❡❛♥
❛♥❞ ❝♦✈❛r✐❛♥❝❡
 f (x)f (x )  D  (x x ) = 2     (t t )NL✲1( }x }x  ) . ✭✺✳✸✮
❚❤❡ ❢✉♥❝t✐♦♥ NL✲1 ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t ✐ts ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐s s♠♦♦t❤✱ ♣❡❛❦❡❞ ❛t L✲1✱
✐s ③❡r♦ ❛t ③❡r♦ ✇❛✈❡✲♥✉♠❜❡r ❛♥❞ ❞❡❝❛②s ❡①♣♦♥❡♥t✐❛❧❧② ❢❛st ❛t ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r✳
◆♦t❡ t❤❛t ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ✐♠♣♦s❡ t❤❡ ❢♦r❝✐♥❣ t♦ ❜❡ s♦❧❡♥♦✐❞❛❧✱ ❛s ✇❡ ❡①♣❧✐❝✐t❧②
❡♥❢♦r❝❡ t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❛❧♦♥❣ ❡❛❝❤ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✢♦✇✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
t❤❡ ❢♦r❝✐♥❣ ❝❛♥ ❜❡ ❝❤♦s❡♥ ❞✐❛❣♦♥❛❧ ✐♥ ❝♦♠♣♦♥❡♥t s♣❛❝❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳
❚❤✐s s❡t✉♣ ✐s s✉✣❝✐❡♥t t♦ st✉❞② t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥ ✐♥ 3✲❉✳ ❍♦✇❡✈❡r t❤❡
s✐t✉❛t✐♦♥ ✐s ❞✐✛❡r❡♥t ✐♥ 2✲❉✳ ■♥ 2✲❉✱ t❤❡ ✈♦rt✐❝✐t②✱ ❞❡✜♥❡❞ ❛s
 =  1v2   2v1 , ✭✺✳✹✮
✐s ❝♦♥s❡r✈❡❞ ✐♥ ❛ ♣❡r❢❡❝t ✢✉✐❞✳ ❆s str❡ss❡❞ ✐♥ ❙❡❝✳ ✷✳✷✳✹✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❡♥❡r❣②
❝❛s❝❛❞❡ ✐s ✐♥✈❡rt❡❞✱ ♠❡❛♥✐♥❣ t❤❛t ❡♥❡r❣② ✐s tr❛♥s❢❡rr❡❞ ❜② t❤❡ ✢♦✇ t♦ ❧❛r❣❡r ❛♥❞
❧❛r❣❡r s♣❛t✐❛❧ s❝❛❧❡s✳ ❚❤✉s✱ ✐♥ ♦r❞❡r t♦ r❡❛❝❤ ❛ st❡❛❞② st❛t❡✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❛❞❞ ❛
❢r✐❝t✐♦♥ t❡r♠ t♦ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ❛❝t ❛s ❛ s✐♥❦ ❢♦r t❤❡ ❡♥❡r❣②✳
❆♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❛ t❡r♠✱ ❝❛❧❧❡❞ t❤❡ ❊❦♠❛♥ ❢r✐❝t✐♦♥✱ ♦r ❊❦♠❛♥ ❞r❛❣✱ ❝❛♥ ❜❡
✺✳✶✳ ❚❤❡ ✜❡❧❞ t❤❡♦r② ♦❢ t❤❡ st♦❝❤❛st✐❝ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥ ✾✼
❞❡r✐✈❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ 3✲❉ s♣❛❝❡ ✐♥ ✇❤✐❝❤ t❤❡ 2✲❉ ✢♦✇ ✐s ❡♠❜❡❞❞❡❞✳ ❚❤✐s ❣✐✈❡s
❛ ❢r✐❝t✐♦♥ t❡r♠ ❛❝t✐♥❣ ✐♥ t❤❡ 2✲❉ ❜✉❧❦ ✇❤✐❝❤ r❡❛❞s s✐♠♣❧②
}f❊❦♠❛♥ =   }v . ✭✺✳✺✮
❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝✳ ✷✳✷✳✹✱ s✉❝❤ t❡r♠ ❤❛s ❛ str♦♥❣ ❡✛❡❝t ♦♥ t❤❡ ♣❤②s✐❝s ♦❢ t❤❡
❡♥❡r❣② ❝❛s❝❛❞❡✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❊❦♠❛♥ ❢r✐❝t✐♦♥ ❣✐✈❡s ✐♥t❡r♠✐tt❡♥t ❝♦rr❡❝t✐♦♥s
✇❤✐❝❤ ❛r❡ ✇❡❧❧ ✉♥❞❡rst♦♦❞ ✭❇♦✛❡tt❛ ❡t ❛❧✳ ✷✵✵✷✮✿ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ✈❡❧♦❝✐t② ❤❛s
●❛✉ss✐❛♥ ✢✉❝t✉❛t✐♦♥s ❛♥❞ t❤❡ ✈♦rt✐❝✐t② ♣❧❛②s t❤❡ r♦❧❡ ♦❢ ❛ ♣❛ss✐✈❡ s❝❛❧❛r ❛❞✈❡❝t❡❞ ❜②
t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✳ ❚❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r♠✐tt❡♥❝② ❝♦rr❡❝t✐♦♥s ♦❢ t❤❡ ✈♦rt✐❝✐t②
❛r❡ r❡❧❛t❡❞ ✐♥ t❤✐s ❝❛s❡ t♦ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r♠✐tt❡♥❝② ❝♦rr❡❝t✐♦♥s ✐♥ t❤❡
❑r❛✐❝❤♥❛♥ ♠♦❞❡❧✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❞♦ ♥♦t ✐♥❝❧✉❞❡ ❛♥ ❊❦♠❛♥ ❢r✐❝t✐♦♥✳ ■♥st❡❛❞✱ ✇❡
❝♦♥s✐❞❡r ❛ ♥♦♥✲❧♦❝❛❧ ❞❛♠♣✐♥❣ t❡r♠ ❛❝t✐♥❣ ❛t t❤❡ s❝❛❧❡ L0✳ ■t r❡❛❞s
}f❢r✐❝t✐♦♥(x) =  
 
}x 
RL✲10 ( }x }x  )}v(t, }x ) , ✭✺✳✻✮
✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥ RL✲10 ❝❤♦s❡♥ s✉❝❤ t❤❛t ✐ts ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐s s♠♦♦t❤✱ ❞❡❝❛②s
❡①♣♦♥❡♥t✐❛❧❧② ❢❛st ❢♦r ✇❛✈❡✲♥✉♠❜❡r ❧❛r❣❡r t❤❛♥ L✲10 ❛♥❞ t❛❦❡s ❛ ✜♥✐t❡ ✈❛❧✉❡ ❢♦r ✇❛✈❡✲
♥✉♠❜❡r ❣♦✐♥❣ t♦ ③❡r♦ ❛t L0 ✜①❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤✐s t❡r♠ ♣❧❛②s t❤❡ r♦❧❡ ♦❢ ❛
✈✐s❝♦s✐t② ✇❤✐❝❤ ✇♦✉❧❞ ❛❝t ♦♥❧② ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ✢♦✇ t♦ ❞❛♠♣ ❋♦✉r✐❡r ♠♦❞❡s
❜❡❧♦✇ L✲10 ✳ ❚❤❡ st❛t✐♦♥❛r② st❛t❡ ♦❢ t❤❡ ♠♦❞✐✜❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡
st♦❝❤❛st✐❝ ❢♦r❝✐♥❣ ❛♥❞ t❤❡ ♥♦♥✲❧♦❝❛❧ ❢r✐❝t✐♦♥ ❞❡✜♥❡s ♦✉r ✜❡❧❞ t❤❡♦r② ♦❢ t✉r❜✉❧❡♥❝❡✳
❆t t❤✐s ♣♦✐♥t✱ ✐t ✐s ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ❢♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✜❡❧❞ t❤❡♦r❡t✐❝❛❧ t♦♦❧s
t♦ ❝❛st ✐t ✐♥t♦ t❤❡ ❢♦r♠ ♦❢ ❛ ❢✉♥❝t✐♦♥❛❧ ✐♥t❡❣r❛❧✳ ❚❤✐s st❡♣ ✐s ❛❝❤✐❡✈❡❞ ✉s✐♥❣ t❤❡
▼❙❘❏❉ ❢♦r♠❛❧✐s♠✳ ❚❤❡ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛ ♦❢ t❤❡ ♠❛♣♣✐♥❣ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❇✳✶✳
■♥ t❤❡ ❧✐t❡r❛t✉r❡✱ t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❝♦♥str❛✐♥t ✐s ❡♥❢♦r❝❡❞ ❡①♣❧✐❝✐t❧② ❜② r❡♣❧❛❝✐♥❣
t❤❡ ♣r❡ss✉r❡ ✐♥ ✭✺✳✶✮ ❜② ✐ts ❡①♣r❡ss✐♦♥ ✐♥ t❡r♠ ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✱ ❣✐✈❡♥ ❜② t❤❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ P♦✐ss♦♥ ❡q✉❛t✐♦♥✿
 2p =     v   v . ✭✺✳✼✮
❍♦✇❡✈❡r✱ ❢♦❧❧♦✇✐♥❣ ✭❈❛♥❡t✱ ❉❡❧❛♠♦tt❡✱ ❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✻✮✱ ✇❡ ❝❤♦♦s❡ ❤❡r❡ ❛♥♦t❤❡r
r♦❛❞ ❛♥❞ ✐♥st❡❛❞ ❡♥s✉r❡ t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✺✳✷✮ ❛❧♦♥❣ t❤❡ s♣❛❝❡✲t✐♠❡
tr❛❥❡❝t♦r② ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ♥❡✇ ✜❡❧❞✱ t❤❛t ✇❡
♥❛♠❡ t❤❡ r❡s♣♦♥s❡ ♣r❡ss✉r❡ ❛♥❞ t❤❛t ✇❡ ♥♦t❡ p¯✱ ✇❤✐❝❤ ❛❝ts ❛s ❛ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r
❢♦r ✭✺✳✷✮✱ ✐♥ ❛♥❛❧♦❣② ✇✐t❤ t❤❡ r❡s♣♦♥s❡ ✈❡❧♦❝✐t② }¯v ♦❢ t❤❡ ▼❙❘❏❉ ❢♦r♠❛❧✐s♠ ✇❤✐❝❤
✐s t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r ♦❢ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ✭✺✳✶✮✳ ■♥ t❤✐s s❡tt✐♥❣✱ t❤❡ ❙◆❙
♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ r❡❛❞s
 ✈[ }J, }¯J,K, K¯] =
 
 [}v, p, }¯v, p¯] e  ✈[}v,}¯v,p,p¯] ∆ ✈[}v,}¯v]e
 
x
 }J  }v+ }¯J  }¯v+Kp+K¯p¯ , ✭✺✳✽✮
✇✐t❤ r❡s♣❡❝t✐✈❡❧②
 ✈[}v, }¯v, p, p¯] =
 
x
 
v¯ (x)
 
 tv (x)   2v (x) + v (x)  v (x) + 1
 
  p(x)
 
+ p¯(x)   v (x)
 
∆ ✈[}v, }¯v] =
 
t,}x,}x 
 
v¯ (t, }x)RL✲10 ( }x }x  )v (t, }x )
 v¯ (t, }x)NL✲1( }x }x  )v¯ (t, }x )
 
. ✭✺✳✾✮
✾✽ ❈❤❛♣t❡r ✺✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡
❲❡ ❤❛✈❡ ❝❤♦s❡♥ t♦ s❡t t❤❡ q✉❛❞r❛t✐❝✱ ♥♦♥✲❧♦❝❛❧ ♣❛rt ♦❢ t❤❡ ❛❝t✐♦♥ ❛♣❛rt ❢♦r ❧❛tt❡r
♣✉r♣♦s❡✳ ▲❡t ✉s ♠❛❦❡ t✇♦ ❝♦♠♠❡♥ts ❢♦r t❤❡ ♠♦r❡ ♠❛t❤❡♠❛t✐❝❛❧②✲♦r✐❡♥t❡❞ r❡❛❞❡r✳
❋✐rst✱ ♥♦t❡ t❤❛t t❤❡ st❛♥❞❛r❞ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ▼❙❘❏❉ ❛❝t✐♦♥ ❢♦r ❙◆❙ ✐♠♣❧✐❝✐t❧②
❛ss✉♠❡s ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐❝✐t② ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳
❚❤✐s ✐s ❛ ❞❡❧✐❝❛t❡ ♣♦✐♥t ❢r♦♠ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ t❤❡
r❡❝❡♥t ✇♦r❦ ♦❢ ✭❇✉❝❦♠❛st❡r ❛♥❞ ❱✐❝♦❧ ✷✵✶✼✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❛ss✉♠♣t✐♦♥ ✉♥❞❡r❧②✐♥❣
t❤❡ ▼❙❘❏❉ ❞❡r✐✈❛t✐♦♥ ✐s ❛ ❧✐tt❧❡ ✇❡❛❦❡r t❤❛♥ str✐❝t ✉♥✐q✉❡♥❡ss✱ s✐♥❝❡ ❢♦r ❛ t②♣✐❝❛❧ s❡t
♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ t❤❡r❡ ♠❛② ❡①✐st ❛ s❡t ♦❢ ✈❡❧♦❝✐t② ❝♦♥✜❣✉r❛t✐♦♥s s♣♦✐❧✐♥❣ ✉♥✐❝✐t②✱
❛s ❧♦♥❣ ❛s t❤❡② ❛r❡ ♦❢ ③❡r♦ ♠❡❛s✉r❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ❢♦r❝✐♥❣✳
❙❡❝♦♥❞✱ ✇❡ ❤❛✈❡ ♥♦t ♠❛❞❡ ❛♥② ♠❡♥t✐♦♥ ♦❢ t❤❡ s♣❛t✐❛❧ ❞♦♠❛✐♥ ♦♥ ✇❤✐❝❤ ❧✐✈❡ t❤❡
✜❡❧❞s✳ ■♥ ❢❛❝t✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❛❧✇❛②s ❛ss✉♠❡ t❤❛t t❤❡ ❜♦✉♥❞❛r② t❡r♠s ✇❤✐❝❤
❛♣♣❡❛r ✇❤❡♥ ❞♦✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rt ❝❛♥ ❜❡ ❞✐s❝❛r❞❡❞✳ ❚❤✐s ❞♦❡s ♥♦t s❡❡♠ t♦ ❜❡
t♦♦ str♦♥❣ ♦❢ ❛♥ ❛ss✉♠♣t✐♦♥ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❞❛♠♣✐♥❣ t❡r♠ R✳
✺✳✶✳✷ ■♥t❡r♣r❡t❛t✐♦♥ ♦❢ ∆ ❛s ❛ r❡❣✉❧❛t♦r
❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❈❤❛♣✳ ✸✱ ❛ ♣r❡❧✐♠✐♥❛r② ♦❢ t❤❡ ◆P❘● tr❡❛t♠❡♥t ✐s t❤❡ ❝❤♦✐❝❡ ♦❢ ❛
✇❡❧❧✲s✉✐t❡❞ r❡❣✉❧❛t♦r✳ ▲❡t ✉s ✜rst ❡①❛♠✐♥❡ t❤❡ ♣r♦♣❡rt✐❡s t❤❛t ✐t ♠✉st s❛t✐s❢②✳ ■♥
t❤❡ ✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥ ✭✺✳✾✮✱ t❤❡ r❡❣✉❧❛t♦r ✐s ❛ ♣r✐♦r✐ ❛ 8  8 ♠❛tr✐① ✇✐t❤ ❡♥tr✐❡s
}v, }¯v, p, p¯✳ ■♥ ♦r❞❡r t♦ r❡s♣❡❝t ❝❛✉s❛❧✐t②✱ t❤❡ ✈❡❧♦❝✐t②✲✈❡❧♦❝✐t② s❡❝t♦r ♠✉st ❜❡ s❡t t♦ 0✱
❛s s❡❡♥ ✐♥ ❙❡❝✳ ✸✳✺✳ ❋✉rt❤❡r♠♦r❡✱ ❜❡❝❛✉s❡ ♦❢ ❛ t❤❡ ♣❛rt✐❝✉❧❛r s②♠♠❡tr② ♦❢ t❤❡ ❛❝t✐♦♥
✐♥ t❤❡ p ❛♥❞ p¯ s❡❝t♦r✱ t❤❡ ♣r❡ss✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❊❆❆ ✐s ❡q✉❛❧ t♦ ✐ts ✈❛❧✉❡ ✐♥
t❤❡ ❜❛r❡ ❛❝t✐♦♥  ✭❛s ✇✐❧❧ ❜❡ s❤♦✇♥ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ❙❡❝✳ ✺✳✸✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❛❞❞ r❡❣✉❧❛t♦r t❡r♠s ❞❡♣❡♥❞✐♥❣ ♦♥ p ♦r p¯✳ ▼♦r❡♦✈❡r✱ ❜❡❝❛✉s❡
♦❢ t❤❡ ❡①♣❧✐❝✐t ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❝♦♥str❛✐♥t ❛❧♦♥❣ t❤❡ tr❛❥❡❝t♦r②✱ ♦♥❧② t❤❡ tr❛♥s✈❡rs❡
♣❛rt ♦❢ t❤❡ r❡❣✉❧❛t♦r ✇✐❧❧ ❝♦♥tr✐❜✉t❡✳ ❚❤✉s ✐t ❝❛♥ ❜❡ ❝❤♦s❡♥ ❞✐❛❣♦♥❛❧ ✐♥ ❝♦♠♣♦♥❡♥t
s♣❛❝❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳ ❋✐♥❛❧❧②✱ ✐♥ ♦r❞❡r ♥♦t t♦ ❜r❡❛❦ t❤❡ s②♠♠❡tr✐❡s ♦❢
t❤❡ ❛❝t✐♦♥✱ ✐t ✐s ❡❛s✐❡r t♦ ✉s❡ ❛ r❡❣✉❧❛t♦r ❞✐❛❣♦♥❛❧ ✐♥ t✐♠❡ ❛♥❞ ✐♥✈❛r✐❛♥t ✉♥❞❡r s♣❛❝❡
tr❛♥s❧❛t✐♦♥s ❛♥❞ r♦t❛t✐♦♥s✳ ●❛t❤❡r✐♥❣ t❤❡s❡ ♦❜s❡r✈❛t✐♦♥s✱ t❤❡ ❢♦r♠ ♦❢ t❤❡ r❡❣✉❧❛t♦r
♠✉st ❜❡
∆ ✈ =
 
t,}x,}x 
 
v¯ (t, }x) v¯v ( }x }x  )v (t, }x ) 
1
2
v¯ (t, }x) v¯v¯ ( }x }x  )v¯ (t, }x )
 
. ✭✺✳✶✵✮
❚❤❡ s✐❣♥ ❜❡❢♦r❡  v¯v¯ ✐s ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ r❡s♣♦♥s❡ ✜❡❧❞ ✐s ✐♠❛❣✐✲
♥❛r②✳
■♥ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❛❝t✐♦♥✱ ❊q✳ ✭✺✳✾✮✱ ✐t t✉r♥s ♦✉t t❤❛t t❡r♠s ✇❤✐❝❤ ❝♦✉❧❞ ♣❧❛②
t❤❡ r♦❧❡ ♦❢ t❤❡ r❡❣✉❧❛t♦r ❛r❡ ❛❧r❡❛❞② ♣r❡s❡♥t ❢♦r ♣❤②s✐❝❛❧ r❡❛s♦♥s✳ ■♥❞❡❡❞✱ t❤❡ ❢✉♥❝✲
t✐♦♥s RL✲10 ❛♥❞ NL✲1 s❛t✐s❢② ❛❧❧ t❤❡ r❡q✉✐r❡♠❡♥ts t♦ ♣❧❛② t❤❡ r♦❧❡ ♦❢ r❡❣✉❧❛t♦rs ♦❢ t❤❡
t❤❡♦r②✳ ❚❤❡✐r ❋♦✉r✐❡r tr❛♥s❢♦r♠s ❛r❡ s♠♦♦t❤ ❢✉♥❝t✐♦♥s✱ ✈❛♥✐s❤ ❡①♣♦♥❡♥t✐❛❧❧② ❢❛st ❢♦r
✇❛✈❡✲♥✉♠❜❡rs ❧❛r❣❡ ❝♦♠♣❛r❡❞ t♦ L✲10 ✭r❡s♣✳ L
✲1✮ ❛♥❞ r❡❣✉❧❛r✐③❡ t❤❡ ✢✉❝t✉❛t✐♥❣ ✜❡❧❞
❢♦r s♠❛❧❧ ✇❛✈❡✲♥✉♠❜❡rs ✭❇❡r❣❡s✱ ❚❡tr❛❞✐s✱ ❛♥❞ ❲❡tt❡r✐❝❤ ✷✵✵✷❀ ❈❛♥❡t✱ ❉❡❧❛♠♦tt❡✱
❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✻✮✳ ◆♦t❡ ❤❡r❡ t❤❛t ❛❧t❤♦✉❣❤ ❜② ❝♦♥str✉❝t✐♦♥ NL✲1 ❞♦❡s ♥♦t ❤❛✈❡
❛♥ ❡✛❡❝t ♦♥ t❤❡ ✜❡❧❞ ✐♥ t❤❡ ■❘✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ RL✲10 ✐s s✉✣❝✐❡♥t t♦ ❞♦ s♦ ✐♥ t❤❡ ❙◆❙
✜❡❧❞ t❤❡♦r②✳ ■♥ ♦t❤❡r ✇♦r❞✱ t❤❡ ❙◆❙ ✜❡❧❞ t❤❡♦r② ✐s ❛❧r❡❛❞② ✇❡❧❧ r❡❣✉❧❛t❡❞✳
❲❡ ❢♦❝✉s ✐♥ t❤✐s ✇♦r❦ ✐♥ t❤❡ ❞✐r❡❝t ❝❛s❝❛❞❡✱ t❤❛t ✐s ✐♥ t❤❡ ❜❡❤❛✈✐♦r ❛t ✇❛✈❡✲
♥✉♠❜❡rs ♠✉❝❤ ❧❛r❣❡r t❤❛♥ ❜♦t❤ t❤❡ ✐♥t❡❣r❛❧ s❝❛❧❡ L✲1 ❛♥❞ t❤❡ ❢r✐❝t✐♦♥ s❝❛❧❡ L✲10 ✳
❚❤✉s✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✐❞❡♥t✐❢② ❡❛❝❤ s❝❛❧❡ ✐♥ ❜♦t❤ t❡r♠s ✇✐t❤ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥
s❝❛❧❡  ✿ L✲1 = L✲10 =  ✳ ■♥ t❤✐s s❡tt✐♥❣✱ t❤❡ t❡r♠ ∆  ♦❢ t❤❡ ❙◆❙ ✜ts ❡①❛❝t❧② ❛s t❤❡
✺✳✶✳ ❚❤❡ ✜❡❧❞ t❤❡♦r② ♦❢ t❤❡ st♦❝❤❛st✐❝ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥ ✾✾
r❡❣✉❧❛t♦r ✭✺✳✶✵✮ ✐♥ t❤❡ ◆P❘● ❢♦r♠❛❧✐s♠✳ ❲✐t❤ t❤❡ s❝❛❧❡s ✐❞❡♥t✐✜❡❞ t♦  ✱ ✐t r❡❛❞s
∆ ✈ [}v, }¯v] =
 
t,}x,}x 
 
v¯ (t, }x)R ( }x }x  )v (t, }x )
 v¯ (t, }x)N ( }x }x  )v¯ (t, }x )
 
. ✭✺✳✶✶✮
◆♦t❡ t❤❛t ✐❢ ✇❡ ✇❡r❡ t♦ st✉❞② t❤❡ ✐♥✈❡rs❡ ❝❛s❝❛❞❡✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ✇❛✈❡✲
♥✉♠❜❡rs ❜❡t✇❡❡♥ L 10 ❛♥❞ L
 1✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡ t♦ ✜① L ❛♥❞ t♦ r❡✐♥t❡❣r❛t❡ t❤❡
♥♦♥✲❧♦❝❛❧ t❡r♠ N ✐♥ t❤❡ ❙◆❙ ❛❝t✐♦♥✱ ✇❤✐❧❡ L 10 =  ✇♦✉❧❞ ❜❡ r✉♥♥✐♥❣✳
❯♣ t♦ t❤✐s ♣♦✐♥t✱ t❤❡ ♥✉♠❜❡r ♦❢ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥s ♥❡❡❞❡❞ ♥♦t t♦ ❜❡ s♣❡❝✐✜❡❞✳
■♥❞❡❡❞✱ t❤❡ ❛❝t✐♦♥ ❛❜♦✈❡ ✐s ♦✉r st❛rt✐♥❣ ♣♦✐♥t t♦ ❞❡r✐✈❡ r❡s✉❧ts ✈❛❧✐❞ ✐♥ ❛♥② s♣❛t✐❛❧
❞✐♠❡♥s✐♦♥s d✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r d = 2 ❛♥❞ d = 3✱ ✇❤✐❝❤ ❛r❡ t❤❡ r❡❧❡✈❛♥t ♦♥❡s
❢♦r t❤❡ st✉❞② ♦❢ ♣❤②s✐❝❛❧❧② r❡❛❧✐③❡❞ t✉r❜✉❧❡♥❝❡✳ ❍♦✇❡✈❡r✱ ✐♥ d = 2✱ ❛ s✐♠♣❧✐✜❝❛t✐♦♥
♦❝❝✉rs✳ ❚❤✐s ✐s t❤❡ s✉❜❥❡❝t ♦❢ t❤❡ ♥❡①t s❡❝t✐♦♥✳
✺✳✶✳✸ ❙tr❡❛♠ ❢✉♥❝t✐♦♥ ❢♦r♠✉❧❛t✐♦♥ ✐♥ ✷✲❉
■♥ 2✲❉✱ ❛ s♦❧❡♥♦✐❞❛❧ ✈❡❝t♦r ✜❡❧❞ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝✉r❧ ♦❢ ❛
♣s❡✉❞♦✲s❝❛❧❛r ❛♥❞ ♥♦t t❤❡ ❝✉r❧ ♦❢ ❛ ✈❡❝t♦r ❛s ✐t ✇♦✉❧❞ ❜❡ t❤❡ ❝❛s❡ ✐♥ 3✲❉✳ ■♥❞❡❡❞✱ ✐♥
2✲❉✱ t❤❡ ❍❡❧♠♦❧t③ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r ❛ ❣❡♥❡r✐❝ ✈❡❝t♦r ✜❡❧❞ }v r❡❛❞s
v =    +       . ✭✺✳✶✷✮
■♥ t❤✐s ❡q✉❛t✐♦♥✱  ✐s ❛ s❝❛❧❛r ✜❡❧❞ ❛♥❞  ❛ ♣s❡✉❞♦✲s❝❛❧❛r ✜❡❧❞✳ ❆ ♣s❡✉❞♦✲s❝❛❧❛r
✐s ❛ ♦♥❡ ❝♦♠♣♦♥❡♥t ✜❡❧❞ ✇❤✐❝❤ ❜❡❤❛✈❡s ❛s s❝❛❧❛r ✉♥❞❡r r♦t❛t✐♦♥s ❜✉t ❝❤❛♥❣❡ s✐❣♥
✉♥❞❡r ♠✐rr♦r s②♠♠❡tr✐❡s✳ ❋✐♥❛❧❧②✱ t❤❡    ✬s ❛r❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❛♥t✐s②♠♠❡tr✐❝
t❡♥s♦r ✇✐t❤ t✇♦ ✐♥❞✐❝❡s ❛♥❞ ✇✐t❤  12 = 1✳ ■t ✈❡r✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t② t❤❛t ✇❡
✇✐❧❧ ✉s❡ t❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦✿
      =    . ✭✺✳✶✸✮
❚❤❡ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ♦❢ }v ✇✐t❤ ❛❞❛♣t❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❡♥❢♦r❝❡s t❤❛t  = 0✳
■♥ t❤❡ ♣r♦❜❧❡♠ ♦❢ 2✲❉ t✉r❜✉❧❡♥❝❡✱  ✐s ✉s✉❛❧❧② ❝❛❧❧❡❞ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥✳ ■t ✐s
r❡❧❛t❡❞ t♦ t❤❡ ✈♦rt✐❝✐t② ✜❡❧❞ t❤r♦✉❣❤ ❛ ▲❛♣❧❛❝✐❛♥✿
 =      v =            =   2 . ✭✺✳✶✹✮
❋r♦♠ ❊q✳ ✭✺✳✾✮✱ s❡tt✐♥❣ t❤❡ s♦✉r❝❡s K ❛♥❞ K¯ t♦ ③❡r♦ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ♦♥ p ❛♥❞
p¯ s❤♦✇s t❤❛t ❜♦t❤ }v ❛♥❞ }¯v ❛r❡ s♦❧❡♥♦✐❞❛❧✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❜♦t❤ ✜❡❧❞s ❝❛♥ ❜❡
❡①♣r❡ss❡❞ t❤r♦✉❣❤ t❤❡✐r r❡s♣❡❝t✐✈❡ str❡❛♠ ❢✉♥❝t✐♦♥✿
v =       
v¯ =       ¯ . ✭✺✳✶✺✮
■♥s❡rt✐♥❣ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥s ✐♥ t❤❡ ❙◆❙ ❛❝t✐♦♥ ✭✺✳✾✮ ②✐❡❧❞s
 s[ ,  ¯] =
 
x
   ¯(x)
 
 t   (x)   2   (x) +       (x)      (x)
 
∆ s[ ,  ¯] =
 
t,}x,}x 
 
   ¯(t, }x)RL✲10 ( }x }x  )    (t, }x )
    ¯(t, }x)NL✲1( }x }x  )    ¯(t, }x )
 
. ✭✺✳✶✻✮
✶✵✵ ❈❤❛♣t❡r ✺✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡
❋✐♥❛❧❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥❡✇ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥  s[J, J¯ ] ❛s
 ✈[ }J, }¯J, 0, 0] =  s[      J ,      J¯ ] , ✭✺✳✶✼✮
s✉❝❤ t❤❛t ❞❡r✐✈❛t✐✈❡s ♦❢  s ✇✐t❤ r❡s♣❡❝t t♦ J ❛♥❞ J¯ ❣✐✈❡ ❜❛❝❦ ♠♦♠❡♥ts ♦❢  ❛♥❞  ¯
r❡s♣❡❝t✐✈❡❧②✳ ■t ✐s ✇♦rt❤ ♣♦✐♥t✐♥❣ ♦✉t t❤❛t t❤✐s ❛❝t✐♦♥ ✐s ♦❢t❡♥ ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ t❤❡
❝✉r❧ ♦❢ t❤❡ ❙◆❙ ❡q✉❛t✐♦♥ ❜❡❢♦r❡ ❝❛st✐♥❣ ✐t ✐♥t♦ ❛ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ✭❖❧❧❛ ✶✾✾✶❀ ❍♦♥❦♦✲
♥❡♥ ✶✾✾✽❀ ▼❛②♦ ✷✵✵✺✮✳ ❍❡r❡✱ t❤✐s ♦♣❡r❛t✐♦♥ ❛♣♣❡❛rs ♥❛t✉r❛❧❧② ❛s t❤❡ ❝♦♥s❡q✉❡♥❝❡
♦❢ t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❝♦♥str❛✐♥t ❢♦r }¯v✳ ❚❤✐s s❤♦✇s t❤❛t ✐♥ 2✲❉✱ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞
❛❝t✐♦♥ ✭✺✳✾✮ ❛♥❞ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ♦♥❡ ✭✺✳✶✻✮ ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ◆♦✇ t❤❛t t❤❡ ❛❝t✐♦♥s
♦❢ ❙◆❙ ❤❛✈❡ ❜❡❡♥ ✇r✐tt❡♥ ❞♦✇♥✱ ✇❡ ❝❛♥ ❧♦♦❦ ❢♦r t❤❡✐r s②♠♠❡tr✐❡s✳ ❍♦✇❡✈❡r✱ ❜❡❢♦r❡
❞♦✐♥❣ s♦✱ ✇❡ ❤❛✈❡ t♦ s♣❡♥❞ s♦♠❡ t✐♠❡ ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ♥♦♥✲❧♦❝❛❧ ♣❛rt ♦❢ t❤❡
❛❝t✐♦♥ ∆ ✇✐t❤✐♥ t❤❡ ◆P❘● ❢r❛♠❡✇♦r❦✳
✺✳✷ ❙②♠♠❡tr✐❡s ❛♥❞ ❡①t❡♥❞❡❞ s②♠♠❡tr✐❡s ♦❢ ❙◆❙
❆s ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ♦♥ t❤❡ ❉❊P ✜❡❧❞ t❤❡♦r②✱ ❈❤❛♣✳ ✹✱ ✇❡ ❛r❡ ♥♦t
♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ ❡①❛❝t s②♠♠❡tr✐❡s ❜✉t ❛❧s♦ ✐♥ ❡①t❡♥❞❡❞ s②♠♠❡tr✐❡s✱ ✇❤✐❝❤ ❣✐✈❡ ❛
✈❛r✐❛t✐♦♥ ❧✐♥❡❛r ✐♥ t❤❡ ✜❡❧❞s✳ ❋✐rst✱ ❧❡t ✉s ❧✐st t❤❡♠ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞
❛❝t✐♦♥ ✭✺✳✾✮✳
✺✳✷✳✶ ❊①t❡♥❞❡❞ s②♠♠❡tr✐❡s ✐♥ t❤❡ ✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥
❚❤❡ ❡①❛❝t s②♠♠❡tr✐❡s ♦❢ t❤❡ ❙◆❙ ❛❝t✐♦♥ ✭✺✳✾✮ ❛r❡ ❢❛♠✐❧✐❛r✿ s♣❛❝❡✲t✐♠❡ tr❛♥s❧❛t✐♦♥s✱
s♣❛❝❡ r♦t❛t✐♦♥s ❛♥❞ ●❛❧✐❧❡❛♥ ✐♥✈❛r✐❛♥❝❡✳ ■ts ❡①t❡♥❞❡❞ s②♠♠❡tr✐❡s ✇❡r❡ st✉❞✐❡❞ ✐♥ t❤❡
❝♦♥t❡①t ♦❢ t❤❡ ◆P❘● ✐♥ ✭❈❛♥❡t✱ ❉❡❧❛♠♦tt❡✱ ❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✺❀ ❈❛♥❡t✱ ❉❡❧❛♠♦tt❡✱
❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✻✮✳ ❋✐rst✱ ❧❡t ✉s ♥♦t✐❝❡ t❤❛t ❜♦t❤ t❡r♠s ❝♦♥t❛✐♥✐♥❣ p ❛♥❞ p¯ ❛r❡
q✉❛❞r❛t✐❝✳ ❊①♣❧✐❝✐t❧②✱ ♦♥❡ ✜♥❞s
  ✈[}v, s}v, p, p¯]
 p(x)
=  1
 
  v¯ (x) ,
  ✈[}v, }¯v, p, p¯]
 p¯(x)
=   v . ✭✺✳✶✽✮
❙❡❝♦♥❞✱ ✇❡ ❤❛✈❡ ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝✳ ✷✳✷ t❤❛t t❤❡ ❙◆❙ ❛❝t✐♦♥ ❛❧s♦ ♣♦ss❡ss❡s ❛ t✐♠❡✲
❣❛✉❣❡❞ ●❛❧✐❧❡❛♥ s②♠♠❡tr②✳ ❚❤✐s t✐♠❡✲❣❛✉❣❡❞ ●❛❧✐❧❡❛♥ s②♠♠❡tr② ✐s ✇❡❧❧✲❦♥♦✇♥ ✐♥
t❤❡ ❝♦♥t❡①t ♦❢ ✜❡❧❞ t❤❡♦r❡t✐❝❛❧ st✉❞✐❡s ♦❢ t✉r❜✉❧❡♥❝❡ ✭❉❡ ❉♦♠✐♥✐❝✐s ❛♥❞ ▼❛rt✐♥ ✶✾✼✾❀
❆❞③❤❡♠②❛♥✱ ❆♥t♦♥♦✈✱ ❛♥❞ ❑✐♠ ✶✾✾✹❀ ❆❞③❤❡♠②❛♥✱ ❆♥t♦♥♦✈✱ ❛♥❞ ❱❛s✐❧✬❡✈ ✶✾✾✾❀
❆♥t♦♥♦✈✱ ❇♦r✐s❡♥♦❦✱ ❛♥❞ ●✐r✐♥❛ ✶✾✾✻❀ ❇❡r❡r❛ ❛♥❞ ❍♦❝❤❜❡r❣ ✷✵✵✼✮✳ ■t ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❡❧❞ tr❛♥s❢♦r♠❛t✐♦♥
 v (x) =   ˙ (t) +   (t)  v (x) ,  p(x) =   (t)  p(x) ,
 v¯ (x) =   (t)  v¯ (x) ,  p¯(x) =   (t)  p¯(x) , ✭✺✳✶✾✮
✇❤❡r❡ } (t) ✐s ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡✱ ❛♥❞  ˙ =  t  ✳ ❚❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢
❛ ❝♦♥st❛♥t } ❝♦rr❡s♣♦♥❞s t♦ ❛ tr❛♥s❧❛t✐♦♥ ✐♥ s♣❛❝❡✱ ❛♥❞ t❤❡ ❧✐♥❡❛r ❝❛s❡ } (t) = } t
t♦ t❤❡ ✉s✉❛❧ ✭♥♦♥✲❣❛✉❣❡❞✮ ●❛❧✐❧❡❛♥ s②♠♠❡tr②✳ ▲❡t ✉s ❝❛❧❝✉❧❛t❡ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢
t❤❡ ❙◆❙ ❛❝t✐♦♥ ✭✺✳✾✮ ✉♥❞❡r ✭✺✳✶✾✮✳ ❚❤❡ ❛❝t✐♦♥ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t
tr❛♥s❧❛t✐♦♥s✱ t❤✉s t❤❡ ♦♥❧② ♥♦♥✲③❡r♦ ✈❛r✐❛t✐♦♥ ♠✉st ❝♦♠❡ ❢r♦♠ t❤❡ t✐♠❡✲❞❡r✐✈❛t✐✈❡
✺✳✷✳ ❙②♠♠❡tr✐❡s ❛♥❞ ❡①t❡♥❞❡❞ s②♠♠❡tr✐❡s ♦❢ ❙◆❙ ✶✵✶
✐♥ t❤❡ ❛❝t✐♦♥ ❤✐tt✐♥❣ ♦♥ } ❛♥❞ ❢r♦♠ t❤❡ ❛❞❞✐t✐♦♥❛❧ s❤✐❢t ✐♥ t❤❡ ✈❡❧♦❝✐t②   ˙ (t)✳ ❚❤❡
t❡r♠s ♦❢ t❤❡ ❛❝t✐♦♥ ✭✺✳✾✮ ✉♥❞❡r❣♦✐♥❣ ❛ ✈❛r✐❛t✐♦♥ ❛r❡
 tv (x)   ¨ (t) +  ˙ (t)  v (x)
v (x)  v (x)   ˙ (t)  v (x)
∆ ✈[}v, }¯v]  
 
t,}x,}x 
v¯ (t, }x)RL✲10 ( }x }x  )  (t) . ✭✺✳✷✵✮
P❧✉❣❣✐♥❣ t❤❡♠ ❜❛❝❦ ✐♥t♦ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥✱ ♦♥❡ ♦❜t❛✐♥s
 ✈ +∆ ✈   ✈ +   ( ✈ +∆ ✈) + o(  ¯ )
  
  ✈ +∆ ✈ =   
x
v¯ (x) ¨ (t) 
 
t,}x,}x 
v¯ (t, }x
 )RL✲10 ( }x }x  ) ˙ (t) . ✭✺✳✷✶✮
❚❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ ✉♥❞❡r ✭✺✳✶✾✮ ✐s t❤✉s ♥♦♥✲③❡r♦✱ ❜✉t ❧✐♥❡❛r ✐♥ t❤❡ ✜❡❧❞s✳
❚❤✐r❞✱ ❛♥♦t❤❡r ❡①t❡♥❞❡❞ s②♠♠❡tr② ♦❢ t❤❡ ❙◆❙ ❛❝t✐♦♥ ✇❛s ✐❞❡♥t✐✜❡❞ ✐♥ ✭❈❛♥❡t✱
❉❡❧❛♠♦tt❡✱ ❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✺✮✳ ■t ✐s ♦❜t❛✐♥❡❞ ❜② ❛ s✐♠✉❧t❛♥❡♦✉s s❤✐❢t ♦❢ ❜♦t❤
r❡s♣♦♥s❡ ✜❡❧❞s✳ ▲❡t ✉s ♣❡r❢♦r♠ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❛❝❡✲t✐♠❡ ❣❛✉❣❡❞ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡
✐♥ t❤❡ ❛❝t✐♦♥✿
 v¯ (x) =  ¯ (x) ,  p¯(x) = v (x) ¯ (x) . ✭✺✳✷✷✮
❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ r❡❛❞s
  
  ✈ +∆ ✈ =  
x
 ¯ (x)
 
 tv (x)   2v (x) +   
 
v (x)v (x)
 
+
1
 
  p(x)
 
+
 
t,}x,}x 
 ¯ (t, }x)
 
RL✲10 ( }x }x  )v (t, }x ) 2NL✲1( }x }x  )v¯ (t, }x )
 
.
✭✺✳✷✸✮
❚❤❡ ♥♦♥✲❧✐♥❡❛r ✭t❤✉s ♣r♦❜❧❡♠❛t✐❝✮ t❡r♠ ♦❢ t❤✐s ✈❛r✐❛t✐♦♥✱ ✇❤✐❝❤ ❝♦♠❡s ❢r♦♠ t❤❡
✐♥t❡r❛❝t✐♦♥✱ ♠❛② ✈❛♥✐s❤ ❢♦r ♣❛rt✐❝✉❧❛r s♣❛❝❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ }¯ ✳ ❚❤❡ ♠♦st s✐♠♣❧❡
❝❤♦✐❝❡ ✐s t♦ t❛❦❡
  (x) =   (t) ✭✺✳✷✹✮
✐♥❞❡♣❡♥❞❡♥t ♦❢ s♣❛❝❡✳ ■♥ t❤✐s ❝❛s❡✱ ❛❧❧ t❤❡ t❡r♠s ✐♥ ❝✉r❧② ❜r❛❝❡s ✈❛♥✐s❤ ❜② ✐♥t❡❣r❛t✐♦♥
❜② ♣❛rts ❡①❝❡♣t t❤❡ t✐♠❡✲❞❡r✐✈❛t✐✈❡ ❛♥❞ ♦♥❡ ✐s ❧❡❢t ✇✐t❤ ❛ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ ❧✐♥❡❛r
✐♥ t❤❡ ✜❡❧❞s✳ ❲❡ ❢♦✉♥❞ t❤❛t ♦♥❡ ❝❛♥ ❛❧s♦ ❝❤♦♦s❡
  (x) =     x   (t) , ✭✺✳✷✺✮
✇❤❡r❡ t❤❡     ❛r❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ▲❡✈✐✲❈✐✈✐t❛ ❢✉❧❧② ❛♥t✐s②♠♠❡tr✐❝ t❡♥s♦r ✇✐t❤
t❤r❡❡ ✐♥❞✐❝❡s ❛♥❞ ✇✐t❤  123 = 1✳ ❖♥❝❡ ❛❣❛✐♥✱ t❤❡ ❧❛st t❤r❡❡ t❡r♠s ✐♥ ❝✉r❧② ❜r❛❝❡s
✈❛♥✐s❤ ❛❢t❡r ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ❛♥❞ t❤✐s t✐♠❡ ✉s✐♥❣ ❛❧s♦ t❤❡ ❛♥t✐s②♠♠❡tr② ♦❢     ✳
❲❡ ❤❛✈❡ ♥♦t ✐❞❡♥t✐✜❡❞ ❤✐❣❤❡r ♦r❞❡r s♣❛❝❡ ❞❡♣❡♥❞❡♥❝❡ ✇❤✐❝❤ ❣✐✈❡s ❛ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡
❛❝t✐♦♥ ❧✐♥❡❛r ✐♥ t❤❡ ✜❡❧❞s✳
✺✳✷✳✷ ❊①t❡♥❞❡❞ s②♠♠❡tr✐❡s ♦❢ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ❛❝t✐♦♥
◆♦✇✱ ❧❡t ✉s ❞♦ t❤❡ s❛♠❡ ❢♦r t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ❛❝t✐♦♥✳ ❋✐rst✱ ❞✉❡ t♦ t❤❡ ❞❡✜♥✐t✐♦♥
✭✺✳✶✺✮ ♦❢ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ❛♥❞ ✐ts r❡s♣♦♥s❡ ✜❡❧❞ ❛s s♣❛❝❡ ♣r✐♠✐t✐✈❡s✱ t❤❡s❡ ✜❡❧❞s
❛r❡ ❞❡✜♥❡❞ ✉♣ t♦ ❛ ❝♦♥st❛♥t ♦❢ s♣❛❝❡✳ ❆s t❤❡ ❢✉♥❝t✐♦♥❛❧ ✐♥t❡❣r❛t✐♦♥ ❞♦❡s ♥♦t ✜① t❤✐s
✶✵✷ ❈❤❛♣t❡r ✺✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡
❣❛✉❣❡ ✐♥✈❛r✐❛♥❝❡✱ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♥❣❡ ♦❢
✈❛r✐❛❜❧❡
 (x)  (x) +  (t) ,
 ¯(x)  ¯(x) +  ¯(t) , ✭✺✳✷✻✮
❢♦r t✇♦ ❢✉♥❝t✐♦♥s  ❛♥❞  ¯✳
❙❡❝♦♥❞✱ ❧❡t ✉s r❡❝❛♣✐t✉❧❛t❡ ❛❧❧ t❤❡ ❡①t❡♥❞❡❞ s②♠♠❡tr✐❡s ♦❢ ❙◆❙ ❧✐st❡❞ ✐♥ t❤❡
♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤❛t ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞ ❢♦r t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ❛❝t✐♦♥ ♦❢ ✭✺✳✶✻✮✳
❚♦ ❜❡❣✐♥ ✇✐t❤✱ t❤❡ t✐♠❡✲❣❛✉❣❡❞ ●❛❧✐❧❡❛♥ s②♠♠❡tr② r❡❛❞s ✐♥ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥
✈❛r✐❛❜❧❡s ❛s ❢♦❧❧♦✇s
   +    x  ˙ (t) +   (t)   
 ¯   ¯ +   (t)   ¯ . ✭✺✳✷✼✮
▲❡t ✉s ❝❛❧❝✉❧❛t❡ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ ✭✺✳✶✻✮ ❆s t❤❡ ❛❝t✐♦♥ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r
tr❛♥s❧❛t✐♦♥s ♦❢ s♣❛❝❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t✐♠❡✱ t❤❡ ♦♥❧② ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ ❝♦♠❡s
❢r♦♠ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ❤✐tt✐♥❣ ♦♥ } ❛♥❞ ❢r♦♠ t❤❡ s❤✐❢t ✐♥  ✳ ▼♦r❡♦✈❡r✱ ❛s t❤❡ s❤✐❢t
✐♥  ✐s ❧✐♥❡❛r ✐♥ s♣❛❝❡✱ t❤❡ ♦♥❧② t❡r♠ ✇❤❡r❡ ✐t ❞♦❡s ♥♦t ✈❛♥✐s❤ ✐s t❤❡ ✐♥t❡r❛❝t✐♦♥
t❡r♠✿
  ( s +∆ s) =
 
x
   ¯
 
    ¨ (t) +  ˙ (t)     +        ˙ (t)     
 
= 0 , ✭✺✳✷✽✮
✇❤❡r❡ t❤❡ ❧❛st t✇♦ t❡r♠s ❝❛♥❝❡❧ ❡❛❝❤ ♦t❤❡r ✉s✐♥❣       =     ✳ ■♥t❡r❡st✐♥❣❧②
t❤✐s ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ♠❛❦❡s  ( s + ∆ s) ✈❛♥✐s❤✱ s♦ ✐t ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡①❛❝t
s②♠♠❡tr② ✐♥ t❤✐s ❢♦r♠✉❧❛t✐♦♥ ✇❤✐❧❡ ✐t ✇❛s ❛♥ ❡①t❡♥❞❡❞ s②♠♠❡tr② ✐♥ t❤❡ ✈❡❧♦❝✐t②
❢♦r♠✉❧❛t✐♦♥✳ ❲❡ ❝♦♥❥❡❝t✉r❡ t❤❛t t❤✐s ❛♣♣❛r❡♥t ♣❛r❛❞♦① ✇♦✉❧❞ ❞✐s❛♣♣❡❛r ✐❢ ✇❡ ✇❡r❡
t♦ ✜① t❤❡ ❣❛✉❣❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ r❡♠❛✐♥✐♥❣ ✐♥ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ❛❝t✐♦♥✳ ❍♦✇❡✈❡r
✇❡ ❞♦ ♥♦t ❤❛✈❡ ❝❤❡❝❦❡❞ t❤✐s ❡①♣❧✐❝✐t❧②✳
◆♦✇✱ ❧❡t ✉s ✐♥✈❡st✐❣❛t❡ t❤❡ ❡✛❡❝t ♦❢ ❛ s♣❛❝❡✲t✐♠❡ ❣❛✉❣❡❞ s❤✐❢t ♦❢ t❤❡ r❡s♣♦♥s❡
✜❡❧❞ ♦♥ t❤❡ ❛❝t✐♦♥
  ( s +∆ s) =  
 
x
 ¯(x)
 
 2( t    2) +     (         )
+
 
}x 
 
RL✲10 ( }x }x  )  
2
 (t, }x ) 2NL✲1( }x }x  )  2 ¯(t, }x )
  
. ✭✺✳✷✾✮
❚❤❡ ❝❤♦✐❝❡  ¯(x) =  ¯(t) ✐s s✐♠♣❧② t❤❡ ❣❛✉❣❡✲✐♥✈❛r✐❛♥❝❡ ♦❢  ❛♥❞  ¯ ❞✐s❝✉ss❡❞ ❛❜♦✈❡
❛♥❞ ✐♥ t❤❛t ❝❛s❡   ( s + ∆ s) = 0✳ ❚❤❡ ❝❤♦✐❝❡  ¯(x) = x  ¯ (t) ❝♦rr❡s♣♦♥❞s t♦
t❤❡ ♣✉r❡ t✐♠❡✲❣❛✉❣❡❞ s❤✐❢t ✐♥ t❤❡ ✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥ ✭✺✳✷✹✮ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ ✐s ③❡r♦✳ ■t ✐s t❤✉s ❛❧s♦ ❛♥ ❡①❛❝t s②♠♠❡tr② ✐♥ t❤✐s ❢♦r♠✉❧❛t✐♦♥✳
✺✳✷✳ ❙②♠♠❡tr✐❡s ❛♥❞ ❡①t❡♥❞❡❞ s②♠♠❡tr✐❡s ♦❢ ❙◆❙ ✶✵✸
❚❤❡ ❝❤♦✐❝❡  ¯(x) = x
2
2
 ¯(t) ❣✐✈❡s
  ( s +∆ s)
=  
 
x
2 ¯(x)
 
 t +          
+
 
}x 
 
RL✲10 ( }x }x  ) (t, }x ) 2NL✲1( }x }x  ) ¯(t, }x )
  
=  
 
x
2 ¯(x)
 
 t +
 
}x 
 
RL✲10 ( }x }x  ) (t, }x ) 2NL✲1( }x }x  ) ¯(t, }x )
  
,
✭✺✳✸✵✮
✇❤❡r❡ t❤❡ ✈❛r✐❛t✐♦♥ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❝❛♥❝❡❧s ❜② ❛♥t✐s②♠♠❡tr② ♦❢    ✳
❚❤✐s ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s❤✐❢t ❧✐♥❡❛r ✐♥ s♣❛❝❡ ✐♥ t❤❡ ✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥ ✭✺✳✷✺✮
❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ str❡❛♠ ❛❝t✐♦♥ ✐s ❧✐♥❡❛r ✐♥ t❤❡ ✜❡❧❞s ❛s ✇❡❧❧✳
❚❤✐r❞✱ t❤❡ ❙◆❙ ❛❝t✐♦♥ ❡♥❥♦②s ❛ s✉♣♣❧❡♠❡♥t❛r② ❡①t❡♥❞❡❞ s②♠♠❡tr② ✐♥ 2✲❉✱ ✇❤✐❝❤
✐s ♠♦r❡ str❛✐❣❤t❢♦r✇❛r❞ ✐♥ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ❢♦r♠✉❧❛t✐♦♥✳ ❚❤✐s ♥❡✇ s②♠♠❡tr② ❝❛♥
❜❡ ✉♥❞❡rst♦♦❞ ❛s ❛ t✐♠❡✲❣❛✉❣❡❞ r♦t❛t✐♦♥ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ❡①t❡♥❞❡❞ ●❛❧✐❧❡❛♥ s②♠✲
♠❡tr② ✐s ❛ t✐♠❡✲❣❛✉❣❡❞ tr❛♥s❧❛t✐♦♥ ✐♥ s♣❛❝❡✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡
r❡❛❞s
    x
2
2
 ˙(t) +  (t)   x    
 ¯   ¯ +  (t)   x    ¯ . ✭✺✳✸✶✮
❚♦ ❝❤❡❝❦ t❤❛t ✐t ✐s ❛ s②♠♠❡tr②✱ ✇❡ ✉s❡ t❤❡ s❛♠❡ ❧✐♥❡ ♦❢ r❡❛s♦♥✐♥❣ ❛s ❢♦r t❤❡ ❡①t❡♥❞❡❞
●❛❧✐❧❡❛♥ ✐♥✈❛r✐❛♥❝❡ ❛❜♦✈❡✳ ❆s t❤❡ ❛❝t✐♦♥ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r r♦t❛t✐♦♥s ✐♥❞❡♣❡♥❞❡♥t
♦❢ t✐♠❡✱ t❤❡ ♦♥❧② ✈❛r✐❛t✐♦♥ ❝♦♠❡s ❢r♦♠ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ❤✐tt✐♥❣ ♦♥  ❛♥❞ ❢r♦♠ t❤❡
s❤✐❢t ♦❢  ✿
  ( s +∆ s) =
 
x
 
   ¯
 
  ¨(t)x +  ˙(t)      +  ˙(t)   x      
  ˙(t)   x        ˙(t)      
 
 
 
}x 
   ¯(t, }x)RL✲10 ( }x }x  )x   ˙(t)
 
=
 
x
 ¯
 
2 ¨(t) + 2 ˙(t)        + 2 ˙(t) ¯(t, }x)
 
}x 
RL✲10 ( }x }x  )
 
= 2
 
x
 (t)
 
 2t  ¯   t ¯
 
}x 
RL✲10 ( }x }x  )
 
. ✭✺✳✸✷✮
❚❤✉s t❤❡ ✈❛r✐❛t✐♦♥ ✐s ❧✐♥❡❛r ✐♥ t❤❡ ✜❡❧❞s✳ ❚❤✐s s②♠♠❡tr② ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡
✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥ ❛s ✇❡❧❧✱ ❛t t❤❡ ❝♦st ♦❢ ❤❛✈✐♥❣ t♦ ❞❡❛❧ ✇✐t❤ ❛ ♥♦♥✲❧♦❝❛❧ s❤✐❢t ♦❢
t❤❡ ♣r❡ss✉r❡✳ ❍♦✇❡✈❡r t❤✐s ❛❞❞✐t✐♦♥❛❧ ❡①t❡♥❞❡❞ s②♠♠❡tr② ✐s s♣❡❝✐✜❝ t♦ 2✲❉✳ ❚♦ ♦✉r
❦♥♦✇❧❡❞❣❡✱ t❤✐s s②♠♠❡tr② ❤❛s ♥❡✈❡r ❜❡❡♥ ❡①♣❧✐❝✐t❧② ✐❞❡♥t✐✜❡❞ ❜❡❢♦r❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳
❚♦ r❡❝❛♣✐t✉❧❛t❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✜♥✐t❡s✐♠❛❧ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ❛r❡ ❡①t❡♥❞❡❞ s②♠✲
✶✵✹ ❈❤❛♣t❡r ✺✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡
♠❡tr✐❡s ♦❢ t❤❡ ❙◆❙ ❛❝t✐♦♥ ✐♥ 2✲❉✱ ✐♥ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ❢♦r♠✉❧❛t✐♦♥✿
a)   =  (t) ,   ¯ =  ¯(t)
b)   = 0 ,   ¯ = x  ¯ (t)
c)   = 0 ,   ¯ = x
2
2
 ¯(t)
d)   =    x  ˙ (t) +   (t)   ,   ¯ =   (t)   ¯
e)   =   ˙(t)x2
2
+  (t)   x    ,   ¯ =  (t)   x    ¯
. ✭✺✳✸✸✮
❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♠❡t❤♦❞♦❧♦❣② ❛s ✐♥ ❈❤❛♣✳ ✹✱ t❤❡ ❡①t❡♥❞❡❞ s②♠♠❡tr✐❡s ♦❢ t❤❡
✈❡❧♦❝✐t② ❛❝t✐♦♥ ❛♥❞ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ♦♥❡ ❛r❡ tr❛♥s❧❛t❡❞ ✐♥t♦ ❲❛r❞ ✐❞❡♥t✐t✐❡s ✐♥
t❤❡ ♥❡①t s❡❝t✐♦♥✳
✺✳✸ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❢♦r t❤❡ ✜❡❧❞ t❤❡♦r② ♦❢ ❙◆❙
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✉s❡ t❤❡ s②♠♠❡tr✐❡s ❞❡❞✉❝❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s t♦ ❞❡r✐✈❡
❝♦♥str❛✐♥ts ♦♥ t❤❡ ❊❆❆ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❲❛r❞ ✐❞❡♥t✐t✐❡s✳ ■♥ ❡ss❡♥❝❡✱ t❤❡② st❛t❡ t❤❛t
❢♦r ❧✐♥❡❛r ❝❤❛♥❣❡s ♦❢ ✈❛r✐❛❜❧❡s✱ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❊❆❆ ✐s ❡q✉❛❧ t♦ t❤❡ ♠❡❛♥ ♦❢ t❤❡
✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥✳ ❚❤❡ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛ ✇❛s ❡st❛❜❧✐s❤❡❞ ✐♥ ❙❡❝✳ ✸✳✻✿
  Γ [Φ] =      j , ✭✺✳✸✹✮
✇❤❡r❡   X ✐s t❤❡ ❧✐♥❡❛r ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ X ✉♥❞❡r ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❝❤❛♥❣❡
♦❢ ✈❛r✐❛❜❧❡s ♦❢ ♣❛r❛♠❡t❡r  ✳ ❚❤✐s ❢♦r♠✉❧❛ ❛♣♣❧✐❡s ❜♦t❤ ❢♦r  ✈ ❛♥❞  s✱ ✇✐t❤ t❤❡✐r
r❡s♣❡❝t✐✈❡ s❡t ♦❢ ❛✈❡r❛❣❡❞ ✜❡❧❞s Φ✱ ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ❝✉rr❡♥ts j✳ ❋♦r t❤❡ ❛❜♦✈❡
❢♦r♠✉❧❛ t♦ ❤♦❧❞ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ r❡❣✉❧❛t♦r✱ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤❛s
t♦ ❜❡ s❛t✐s✜❡❞✿ ❡✐t❤❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ✐s ❛ s❤✐❢t✱ ♦r ✐t ❧❡❛✈❡s t❤❡ r❡❣✉❧❛t♦r
✐♥✈❛r✐❛♥t✳ ❚❤❡ ♦♥❧② ❝❤❛♥❣❡s ♦❢ ✈❛r✐❛❜❧❡s ❝♦♥s✐❞❡r❡❞ ❛❜♦✈❡ ✇❤✐❝❤ ❛r❡ ♥♦t ♣✉r❡ s❤✐❢ts
❛r❡ t❤❡ t✐♠❡✲❣❛✉❣❡❞ ●❛❧✐❧❡❛♥ ❛♥❞ r♦t❛t✐♦♥ s②♠♠❡tr✐❡s✳ ❚❤❡ r❡❣✉❧❛t♦r ✐s ✐♥✈❛r✐❛♥t
✉♥❞❡r tr❛♥s❧❛t✐♦♥s ❛♥❞ r♦t❛t✐♦♥s ❜② ❞❡s✐❣♥✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❤❛s ❜❡❡♥ ❝❤♦s❡♥ ❞❡❧t❛✲
❝♦rr❡❧❛t❡❞ ✐♥ t✐♠❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐t ✐s ❛❧s♦ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ t✐♠❡✲❣❛✉❣❡❞
✈❡rs✐♦♥s ♦❢ ❜♦t❤ s②♠♠❡tr✐❡s✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛ ❤♦❧❞s ✐♥ ❛❧❧ ❝❛s❡s✳
❇❡❢♦r❡ ✇r✐t✐♥❣ ❞♦✇♥ t❤❡s❡ ✐❞❡♥t✐t✐❡s✱ ❧❡t ✉s ❞❡✜♥❡ ♦✉r ♥♦t❛t✐♦♥s✿ t❤❡ ❛✈❡r❛❣❡❞
✜❡❧❞s ❛r❡ ♥♦t❡❞ r❡s♣❡❝t✐✈❡❧②
Φ =  }u, }¯u,  ,  ¯ , ✭✺✳✸✺✮
✐♥ t❤❡ ✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥✱ ❛♥❞
Φ =  Ψ, Ψ¯ , ✭✺✳✸✻✮
✐♥ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ♦♥❡✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝❤♦♦s❡ ♥♦t t♦ ❞✐✛❡r❡♥t✐❛t❡ t❤❡ ❊❆❆
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r❡s♣❡❝t✐✈❡ ❢♦r♠✉❧❛t✐♦♥s✱ ❛s t❤❡ ❝♦♥t❡①t ✐s ❡♥♦✉❣❤ t♦ ❧✐❢t ❛♥②
❛♠❜✐❣✉✐t✐❡s✳
✺✳✸✳✶ ❲❛r❞ ✐❞❡♥t✐t✐❡s ✐♥ t❤❡ ✈❡❧♦❝✐t✐❡s ❢♦r♠✉❧❛t✐♦♥
▲❡t ✉s ❜❡❣✐♥ ✇✐t❤ t❤❡ ❲❛r❞ ✐❞❡♥t✐t✐❡s r❡❧❛t❡❞ t♦ t❤❡ ♣r❡ss✉r❡ ❛♥❞ r❡s♣♦♥s❡ ♣r❡ss✉r❡
s❤✐❢t✳ ❯s✐♥❣ t❤❡ ❢♦r♠✉❧❛s ✭✺✳✶✽✮✱ t❤❡② r❡❛❞ r❡s♣❡❝t✐✈❡❧② 
x
 (x)
 Γ 
  (x)
=  
 
x
 (x)
1
 
  u¯ (x) 
x
 (x)
 Γ 
  ¯(x)
=
 
x
 (x)  u . ✭✺✳✸✼✮
✺✳✸✳ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❢♦r t❤❡ ✜❡❧❞ t❤❡♦r② ♦❢ ❙◆❙ ✶✵✺
❚❛❦✐♥❣ ❛ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦  ✱ ✇❡ ♦❜t❛✐♥
 Γ 
  (x)
=  1
 
  u¯ (x) , ❛♥❞
 Γ 
  ¯(x)
=   u , ✭✺✳✸✽✮
♦r ❡q✉✐✈❛❧❡♥t❧② ✐♥ ❛♥ ✐♥t❡❣r❛t❡❞ ❢♦r♠✿
Γ [}u, }¯u,  ,  ¯] =
 
x
 1
 
u¯ (x)   (x) +  ¯(x)  u 
 
+ Γ [}u, }¯u, 0, 0] . ✭✺✳✸✾✮
❚❤✉s✱ t❤❡s❡ s②♠♠❡tr✐❡s s✐♠♣❧② st❛t❡ t❤❛t t❤❡ ♣r❡ss✉r❡✴r❡s♣♦♥s❡ ♣r❡ss✉r❡ s❡❝t♦r ✐s ♥♦t
r❡♥♦r♠❛❧✐③❡❞✳ ❚❤✉s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ r❡❞✉❝❡❞ ❊❆❆ ❞❡♣❡♥❞✐♥❣
♦♥❧② ♦♥ }u ❛♥❞ }¯u✳
❋✐rst✱ t❤❡ ❲❛r❞ ✐❞❡♥t✐t② ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t✐♠❡✲❣❛✉❣❡❞ ●❛❧✐❧❡❛♥ s②♠♠❡tr②
✭✺✳✶✾✮ r❡❛❞s  
}x
  
    t +   u 
  Γ 
 u 
+   u¯ 
 Γ 
 u¯ 
 
=  
 
}x
 2t u¯ .
❆s t❤❡ s♠❛❧❧ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ✐s ♦♥❧② ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡✱ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ✐❞❡♥t✐t② ✐s ♦♥❧② ❧♦❝❛❧ ✐♥ t✐♠❡✳ ❇② t❛❦✐♥❣ ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤✐s
✐❞❡♥t✐t② ✇✐t❤ r❡s♣❡❝t t♦ ✈❡❧♦❝✐t② ❛♥❞ r❡s♣♦♥s❡ ✈❡❧♦❝✐t② ✜❡❧❞s✱ ❛♥❞ s❡tt✐♥❣ t❤❡ ✜❡❧❞s
t♦ ③❡r♦✱ ♦♥❡ ❝❛♥ ❞❡r✐✈❡ ❡①❛❝t ✐❞❡♥t✐t✐❡s ❢♦r t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠s ♦❢ ✶✲P■ ❣❡♥❡r❛❧✐③❡❞
❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s✳ ❚❤❡s❡ ✐❞❡♥t✐t❡s ❛r❡ ❞❡r✐✈❡❞ ✐♥ ❆♣♣❡♥❞✐① ❋✳✶✳✶ ❛♥❞ r❡❛❞s ❢♦r
(m,n)  = (0, 1)
Γ˜(m+1,n)  1... m+n( , }q,  p  1   m+n)
   
}q=0
=  ˜ ( )Γ˜(m,n) 1... m+n( p  1   m+n) . ✭✺✳✹✵✮
✇✐t❤  ˜ ( ) ❛♥ ♦♣❡r❛t♦r ❛❝t✐♥❣ ♦♥ ❢✉♥❝t✐♦♥s ♦❢ n ❢r❡q✉❡♥❝✐❡s ❛♥❞ ✇❛✈❡✲✈❡❝t♦rs ❛s
t❤❡ ❢♦❧❧♦✇✐♥❣✿
 ˜ ( )F ( p  1   n) =  
n 
k=1
p k
F ( p  1   k 1,  k +  , }pk,  p  k+1   n)
 
✭✺✳✹✶✮
❚❤❡ ❛❝t✐♦♥ ♦❢  ˜ ( ) ✐s ❤❡♥❝❡ t♦ s✉❝❝❡ss✐✈❡❧② s❤✐❢t t❤❡ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ♦♥
✇❤✐❝❤ ✐t ❛❝ts ❛♥❞ t♦ ♠✉❧t✐♣❧② ❜② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❛✈❡✲♥✉♠❜❡r✳ ❚❤❡ ✐❞❡♥t✐t② ✭✺✳✹✵✮
❡①❛❝t❧② r❡❧❛t❡s ❛♥ ❛r❜✐tr❛r② (m+1, n)✲♣♦✐♥t ✈❡rt❡① ❢✉♥❝t✐♦♥ ✇✐t❤ ♦♥❡ ✈❛♥✐s❤✐♥❣ ✇❛✈❡✲
✈❡❝t♦r ❝❛rr✐❡❞ ❜② ❛ ✈❡❧♦❝✐t② ✜❡❧❞ u t♦ ❛ ❧♦✇❡r✲♦r❞❡r (m,n)✲♣♦✐♥t ✈❡rt❡① ❢✉♥❝t✐♦♥✳
❚♦ ❝❤❡❝❦ t❤❛t t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ❤❛s ❛ ✇❡❧❧✲❞❡✜♥❡❞ ❧✐♠✐t ✇❤❡♥   0✱ ❧❡t ✉s ✉s❡
t❤❡ ❝♦♥str❛✐♥t ❝♦♠✐♥❣ ❢r♦♠ ✐♥✈❛r✐❛♥❝❡ ✉♥❞❡r✲s♣❛❝❡ t✐♠❡ tr❛♥s❧❛t✐♦♥s✿
Γ˜(m,n) 1... m+n( p  1   m+n) = (2 )d+1 
  
 i
 
 d
  
}pi
 
Γ¯(m,n) 1... m+n( p  1   m+n 1) ,
✭✺✳✹✷✮
t♦ ✇r✐t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐❞❡♥t✐t② ✐♥ t❡r♠ ♦❢ t❤❡ Γ¯(n) ✿
Γ¯(m+1,n)  1... m+n( , }q,  p  1   m+n 1)
   
}q=0
=   ( )Γ¯(m,n) 1... m+n( p  1   m+n 1) , ✭✺✳✹✸✮
✇❤❡r❡ ♥♦✇
  ( )F ( p  1   n)
=  
n 
k=1
p k
F ( p  1   k 1,  k +  , }pk,  p  k+1   n) F ( p  1   n)
 
. ✭✺✳✹✹✮
✶✵✻ ❈❤❛♣t❡r ✺✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡
■♥ t❤✐s ❝❛s❡✱  ( ) ❛♣♣❡❛rs ❡①♣❧✐❝✐t❧② ❛s ❛ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ♦♣❡r❛t♦r ❛♥❞
  F ( p  1   n)  lim
  0
  ( )F ( p  1   n)  
 
 
n 
k=1
p k  k
 
F ( p  1   n) .
✭✺✳✹✺✮
◆♦✇✱ ❧❡t ✉s t✉r♥ t♦ t❤❡ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s❤✐❢ts ♦❢ t❤❡ r❡s♣♦♥s❡
✜❡❧❞s ✭✺✳✷✷✮✱ r❡s♣❡❝t✐✈❡❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢ s♣❛❝❡ ✭✺✳✷✹✮ ♦r ❧✐♥❡❛r ✐♥ s♣❛❝❡ ✭✺✳✷✺✮✳ ❚❤❡
✜rst ♦♥❡ ❣✐✈❡s  
}x
  Γ 
 u¯ 
+ u   u 
 
=
 
}x
 tu , ✭✺✳✹✻✮
✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ✭✺✳✸✽✮ t♦ r❡✲❡①♣r❡ss t❤❡ ♣r❡ss✉r❡ t❡r♠ ✭❈❛♥❡t✱ ❉❡❧❛♠♦tt❡✱ ❛♥❞
❲s❝❤❡❜♦r ✷✵✶✺✮✳ ❚❛❦✐♥❣ ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ ✈❡❧♦❝✐t② ❛♥❞ r❡s♣♦♥s❡
✈❡❧♦❝✐t② ✜❡❧❞s ❛♥❞ ❡✈❛❧✉❛t✐♥❣ ❛t ③❡r♦ ✜❡❧❞s✱ ♦♥❡ ❝❛♥ ❞❡❞✉❝❡ ❛❣❛✐♥ ❡①❛❝t ✐❞❡♥t✐t✐❡s ❢♦r
✈❡rt❡① ❢✉♥❝t✐♦♥s ✭❈❛♥❡t✱ ❉❡❧❛♠♦tt❡✱ ❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✻✮✳ ❚❤❡② ❣✐✈❡ t❤❡ ❡①♣r❡ss✐♦♥
♦❢ ❛♥② Γ˜(m,n) ✇✐t❤ ♦♥❡ ✈❛♥✐s❤✐♥❣ ✇❛✈❡✲✈❡❝t♦r ❝❛rr✐❡❞ ❜② ❛ r❡s♣♦♥s❡ ✈❡❧♦❝✐t②✱ ✇❤✐❝❤
r❡❛❞s
Γ˜(m,n+1) 1... m  m+1... n( p  1   m,  , }q,  p  1   n)
   
}q=0
= 0 ✭✺✳✹✼✮
❢♦r ❛❧❧ (m,n) ❡①❝❡♣t ❢♦r t❤❡ t✇♦ ♦❢ ❧♦✇❡st ♦r❞❡r✱ ✇❤✐❝❤ ❦❡❡♣ t❤❡✐r ❜❛r❡ ❢♦r♠✳ ❯s✐♥❣
✭✺✳✹✷✮✱ t❤❡② r❡❛❞
Γ¯
(1,1)
  ( ,}0) = i    ,
Γ¯
(2,1)
   ( 1, }p1,  2, }p1) = ip 1     ip 1   . ✭✺✳✹✽✮
❋♦r ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ ✇r✐t❡ t❤❡ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s❤✐❢t ❧✐♥❡❛r ✐♥
s♣❛❝❡✱ ❛❧t❤♦✉❣❤ ✐t ✇✐❧❧ ♥♦t ❜❡ ✉s❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❚❤❡ ❲❛r❞ ✐❞❡♥t✐t② r❡❛❞s
 
}x
    x 
  Γ 
 u¯ 
+ u   u 
 
=
 
}x
    x  tu , ✭✺✳✹✾✮
❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐❞❡♥t✐t② ❢♦r t❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥s r❡❛❞s t❤✐s t✐♠❡
 
   
 
 q 
     
 q 
 
Γ˜(m,n+1) 1... m  m+1... n( p  1   m,  , }q,  p  1   n)
   
}q=0
= 0 , ✭✺✳✺✵✮
❢♦r ❛❧❧ (m,n) ❡①❝❡♣t ❢♦r t❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❜❛r❡ ✈❡rt❡①✱ ✇❤✐❝❤
r❡❛❞s
 
   
 
 q 
     
 q 
 
Γ¯(2,1)   ( 1, }p1 + }q,  2, }p1)
   
}q=0
=  i(             ) . ✭✺✳✺✶✮
◆♦✇✱ ❧❡t ✉s t✉r♥ t♦ t❤❡ s♣❡❝✐✜❝ ❝❛s❡ ♦❢ 2✲❉✱ ✐♥ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ❢♦r♠✉❧❛t✐♦♥✳
✺✳✸✳ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❢♦r t❤❡ ✜❡❧❞ t❤❡♦r② ♦❢ ❙◆❙ ✶✵✼
✺✳✸✳✷ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❢♦r t❤❡ ❙◆❙ ✜❡❧❞ t❤❡♦r② ✐♥ ✷✲❉
❚❤❡ ❧✐st ♦❢ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❝❛♥ ❜❡ r❡❛❞ ❢r♦♠ t❤❡ ❧✐st ♦❢ s②♠♠❡tr✐❡s ✭✺✳✸✸✮✿
a)
 
}x
 Γ 
 Ψ(x)
= 0 ❛♥❞
 
}x
 Γ 
 Ψ¯(x)
= 0
b)
 
}x
x 
 Γ 
 Ψ¯(x)
= 0
c)
 
}x
x2
2
 Γ 
 Ψ¯(x)
=  2
 
}x
 tΨ
d)
 
}x
      x  t +   Ψ  Γ 
 Ψ(x)
+   Ψ¯
 Γ 
 Ψ¯(x)
 
= 0
e)
 
}x
  x2
2
 t +    x   Ψ
  Γ 
 Ψ(x)
+    x   Ψ¯
 Γ 
 Ψ¯(x)
 
= 2
 
}x
 2t Ψ¯ . ✭✺✳✺✷✮
◆♦✇✱ ❡❛❝❤ ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥❛❧ ✐❞❡♥t✐t✐❡s ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ❤✐❡r❛r❝❤② ♦❢
✐❞❡♥t✐t✐❡s ❢♦r t❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ♠♦r❡ ❡❛s✐❧② ✇r✐tt❡♥ ✐♥ ❋♦✉r✐❡r s♣❛❝❡✿
a) Γ˜(m,n) (. . . ,  , }q, . . . )
   
}q=0
= 0
b)
 
 qi
Γ˜(m,n+1) ( p  1   m,  , }q,  p  1   n)
   
}q=0
= 0
c)
 2
 q2
Γ˜(m,n+1) ( p  1   m,  , }q,  p  1   n)
   
}q=0
= 0
❡①❝❡♣t
 2
 q2
Γ˜(1,1) ( 
 , }q  ,  , }q)
   
}q=0
= 4i  d(}q  ) ( +   )
d)
 
 qi
Γ˜(m+1,n) ( , }q,  p  1   m+n)
   
}q=0
= i    ˜ ( )Γ˜(m,n) ( p  1   m+n)
e)
 2
 q2
Γ˜(m+1,n) ( , }q,  p  1   m+n)
   
}q=0
=  ˜( )Γ˜(m,n) ( p  1   m+n)
❡①❝❡♣t
 2
 q2
Γ˜(1,1) ( , }q, 
 , }q  )
   
}q=0
=  4i  d(}q  ) ( +   ) ✭✺✳✺✸✮
❲✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ❢♦r t❤❡ ♥❡✇ ♦♣❡r❛t♦r  ˜( )✿
 ˜( )F ( p  1   n)  
 
2i   
 
n 
k=1
p k
 
 p k
F ( p  1   k 1,  k +  , }pk,  p  k+1   n) F ( p  1   n)
 
.
✭✺✳✺✹✮
❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ✐❞❡♥t✐t✐❡s d) ❛♥❞ e) ❛r❡ ❛ ❜✐t ❧❡♥❣t❤② ❛♥❞ ❛r❡ r❡♣♦rt❡❞ ✐♥ ❆♣✲
♣❡♥❞✐① ❋✳✶✳✷✳ ❚❤❡ s❛♠❡ ✐❞❡♥t✐t✐❡s ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ Γ¯(m,n) ❜② ❡①tr❛❝t✐♥❣
t❤❡ ❞❡❧t❛ ❢✉♥❝t✐♦♥s ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠♦♠❡♥t❛ ❛♥❞ ❢r❡q✉❡♥❝✐❡s t♦ ❣❡t ❢✉❧❧② s♠♦♦t❤
✶✵✽ ❈❤❛♣t❡r ✺✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡
❢✉♥❝t✐♦♥s✳ ❚❤❡ ✐❞❡♥t✐t✐❡s r❡❛❞ ❛s ❢♦❧❧♦✇s
a) Γ¯(m,n) (. . . ,  , }q, . . . )
   
}q=0
= 0
b)
 
 qi
Γ¯(m,n+1) ( p  1   m,  , }q,  p  1   n 1)
   
}q=0
= 0
c)
 2
 q2
Γ˜(m,n+1) ( p  1   m,  , }q,  p  1   n 1)
   
}q=0
= 0
❡①❝❡♣t
 2
 q2
Γ¯(1,1) ( , }q)
   
}q=0
=  4i 
d)
 
 qi
Γ¯(m+1,n) ( , }q,  p  1   m+n 1)
   
}q=0
= i     ( )Γ¯(m,n) ( p  )
e)
 2
 q2
Γ¯(m+1,n) ( , }q,  p  1   m+n 1)
   
}q=0
=  ( )Γ¯(m,n) ( p  )
✭✺✳✺✺✮
✇❤❡r❡ t❤❡ ♦♣❡r❛t♦rs  ( ) ✐s t❤❡ ✜♥✐t❡✲❞✐✛❡r❡♥❝❡ ✈❡rs✐♦♥ ♦❢  ˜( )✿
 ( )F ( p  1   n)  2i   
n 
k=1
p k
 
 p k
F ( p  1   k 1,  k +  , }pk,  p  k+1   n) F ( p  1   n)
 
✭✺✳✺✻✮
❚❤❡ ♣❛ss❛❣❡ ❢r♦♠ t❤❡ Γ˜(m,n) t♦ t❤❡ Γ¯
(m,n)
 ✐s ♥♦t ❡♥t✐r❡❧② tr✐✈✐❛❧ ❛♥❞ ✐s ❡①♣♦✉♥❞❡❞ ♦♥
✐♥ ❆♣♣❡♥❞✐① ❋✳✶✳✷✳
✺✳✹ ❊①♣❛♥s✐♦♥ ❛t ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ♦❢ t❤❡ ❘●
✢♦✇ ❡q✉❛t✐♦♥
❆❢t❡r ❤❛✈✐♥❣ ❡①❛♠✐♥❡❞ ✐♥ ❞❡t❛✐❧s t❤❡ ❝♦♥str❛✐♥ts ❝♦♠✐♥❣ ❢r♦♠ t❤❡ s②♠♠❡tr✐❡s ♦r
❡①t❡♥❞❡❞ s②♠♠❡tr✐❡s ♦❢ ❙◆❙✱ ✇❡ ❝❛♥ ✜♥❛❧❧② t✉r♥ t♦ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ t❤❡
t❤❡♦r②✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ t♦ t❤❡ ✐♥✜♥✐t❡ ❤✐❡r❛r❝❤② ♦❢ ✢♦✇ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧
♠♦♠❡♥ts ♦❢ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥❛❧s✳ ❆s ✇❛s ❡①♣♦✉♥❞❡❞ ♦♥ ✐♥ ❙❡❝✳ ✸✳✹✱ t❤✐s ❝❛♥
❜❡ ❞♦♥❡ ❡✐t❤❡r ✉s✐♥❣ t❤❡ ✢♦✇ ♦❢ t❤❡ ❊❆❆ Γ ❛♥❞ ✐ts ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s✱ t❤❡
✈❡rt❡① ❢✉♥❝t✐♦♥s Γ(n) ✱ ♦r t❤❡ ✢♦✇ ♦❢  ❛♥❞ ✐ts ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s✱ t❤❡ ❝♦♥♥❡❝t❡❞
❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s G(n) ✳ ❚♦ ♣r❡s❡♥t t❤❡ ♠❡t❤♦❞ ❝❤♦s❡♥ ❤❡r❡✱ ✐t ✐s ❡❛s✐❡r t♦ ✉s❡ t❤❡
✢♦✇ ❡q✉❛t✐♦♥ ♦❢ t❤❡ Γ(n) ✳ ❋♦r ❡①❛♠♣❧❡✱ ❧❡t ✉s r❡❝❛❧❧ t❤❡ ✢♦✇ ♦❢ Γ
(2)
 ✿
 sΓ¯
(2)
mn(p) =
 
q
 
 s ¯
 
ij
(q)G¯
(2)
jk (q)
 
 1
2
Γ¯
(4)
klmn(q, q,p)
+ Γ¯
(3)
kms(q,p)G¯
(2)
st (q+ p)Γ¯
(3)
tnl(q+ p, p)
 
G¯
(2)
li (q) , ✭✺✳✺✼✮
❛♥❞ ✐ts ❞✐❛❣r❛♠♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ ❋✐❣✉r❡ ✸✳✹✿ t❤❡ ❞❛s❤❡❞ ❝✐r❝❧❡s ❛r❡ t❤❡ ✈❡rt❡①
❢✉♥❝t✐♦♥s✱ t❤❡ t❤✐❝❦ ❧✐♥❡s ❛r❡ ♣r♦♣❛❣❛t♦rs ❛♥❞ t❤❡ ❝r♦ss ✐s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡
r❡❣✉❧❛t♦r✳ ❚❤❡ ❝❡♥tr❛❧ ♣r♦♣❡rt② ♦❢ t❤❡ r❡❣✉❧❛t♦r ✐s t❤❛t ✐t ❧✐♠✐ts t❤❡ ✇❛✈❡✲♥✉♠❜❡r
q t♦ ❜❡ ♦❢ ♦r❞❡r  ♦r ❧♦✇❡r✳ ❚❤✐s ❢❛❝t ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ✈❡rt❡①
❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡r✐✈❡ ❝♦♥tr♦❧❧❡❞ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥✳
❍❡r❡✱ ✇❡ ❢♦❧❧♦✇ t❤❡ st❛t❡❣② ♣✐♦♥❡❡r❡❞ ❜② ✭❇❧❛✐③♦t✱ ▼é♥❞❡③✲●❛❧❛✐♥✱ ❛♥❞ ❲s❝❤❡❜♦r
✷✵✵✻❀ ❇❡♥✐t❡③ ❡t ❛❧✳ ✷✵✶✷✮ ❛♥❞ t❤❛t ✇❛s ❛❧r❡❛❞② ✉s❡❞ ✐♥ ✭❈❛♥❡t✱ ❉❡❧❛♠♦tt❡✱ ❛♥❞
✺✳✹✳ ❊①♣❛♥s✐♦♥ ❛t ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ✶✵✾
  Γ
(2)
 (p) =  12
×q  q
 pp
+
p
p+ q
×q  q
 p
❋✐❣✉r❡ ✺✳✶✿ ❉✐❛❣r❛♠♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✢♦✇ ♦❢ Γ(2) 
Γ˜(3) Γ˜(3)
p
 p
q
 q
❋✐❣✉r❡ ✺✳✷✿ ❉✐❛❣r❛♠ ❝♦♥tr✐❜✉t✐♥❣ t♦ G˜(4)(q, q,p, p)
❲s❝❤❡❜♦r ✷✵✶✻✮ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t✉r❜✉❧❡♥❝❡✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ✉s❡ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣
♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡❣✉❧❛t♦r✿ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✐ts ✐♥s❡rt✐♦♥ ✐♥ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❧♦♦♣
♦♥ t❤❡ r✳❤✳s✳ ♦❢ ✭✺✳✺✼✮ ❧✐♠✐ts t❤❡ ✇❛✈❡✲♥✉♠❜❡r }q t♦ ❜❡ ♦❢ ♦r❞❡r  ♦r ❧♦✇❡r✳ ❆s ❛
❝♦♥s❡q✉❡♥❝❡✱ ✐❢ t❤❡ s②st❡♠ ✐s ♣r♦❜❡❞ ❛t s❝❛❧❡s ♠✉❝❤ ❤✐❣❤❡r ✐♥ ✇❛✈❡✲♥✉♠❜❡r t❤❛♥
t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ s❝❛❧❡✱ t❤❛t ✐s ✐❢ p   ✱ t❤❡r❡ ✐s ❛ ❝❧❡❛r s❡♣❛r❛t✐♦♥ ♦❢ s❝❛❧❡s ✐♥
t❤❡ ✢♦✇ ❡q✉❛t✐♦♥s✿ q/p  1✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ r❡❣✉❧❛t♦r ❡♥s✉r❡s ❛s ✇❡❧❧
t❤❛t t❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥s ❛r❡ s✉✣❝✐❡♥t❧② s♠♦♦t❤✱ ✇❤✐❝❤ ❛❧❧♦✇s ♦♥❡ t♦ ❛♣♣r♦①✐♠❛t❡
t❤❡♠ ❜② t❤❡✐r ❚❛②❧♦r s❡r✐❡s ✐♥ }q✳ ❚❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥s ❛r❡ ❡①♣❡❝t❡❞ t♦ ❞❡♣❡♥❞ ♦♥
t❤❡ ✐♥t❡r♥❛❧ ✇❛✈❡✲♥✉♠❜❡r ♦♥❧② t❤r♦✉❣❤ s❝❛❧❡ ✐♥✈❛r✐❛♥t r❛t✐♦s ♦❢ t❤❡ t②♣❡ q/p✳ ❆s
❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤✐s ❡①♣❛♥s✐♦♥ ✐s ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ❡①t❡r♥❛❧ ✇❛✈❡✲♥✉♠❜❡r ❛♥❞ ❛♥
❡①♣❛♥s✐♦♥ ✐♥ q ❛r♦✉♥❞ 0 ✐s ❡q✉✐✈❛❧❡♥t t♦ ❧♦♦❦✐♥❣ ❛t s♦♠❡ ❢♦r♠ ♦❢ ❡①♣❛♥s✐♦♥ ✐♥ p
❛r♦✉♥❞ ✐ts ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ✇❤❡♥ ❣♦✐♥❣ t♦ ✐♥✜♥✐t②✳
❆s ✐♥ ✭❈❛♥❡t✱ ❉❡❧❛♠♦tt❡✱ ❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✻✮✱ t❤❡ r❡s✉❧ts ✇❡ ♦❜t❛✐♥ ✐♥ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ❛r❡ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t❧② ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ✢♦✇ ♦❢ ❝♦♥♥❡❝t❡❞ ❝♦rr❡❧❛t✐♦♥
❢✉♥❝t✐♦♥s✱ t❤✉s ♦✉r st❛rt✐♥❣ ♣♦✐♥t ✐s t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ♦❢   ✿
    =  1
2
tr
 
     (G(2) + Φ Φ)
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❚❤❡ ❛❜♦✈❡ ❥✉st✐✜❝❛t✐♦♥ t♦ ❡①♣❛♥❞ t❤❡ r✳❤✳s✳ ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ✭✺✳✺✼✮ ❛♣♣❧✐❡s ❛s
✇❡❧❧ t♦ t❤❡ ✢♦✇ ♦❢ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❞❡r✐✈❡❞ ❢r♦♠ ✭✺✳✺✽✮✳ ❍♦✇❡✈❡r ✐t ♠✉st ❜❡
str❡ss❡❞ t❤❛t ✐t ✐s ♦♥❧② ✐♥ t❤❡ ✶✲P■ ✈❡rt❡① ❢✉♥❝t✐♦♥s Γ(k) ❝♦♠♣♦s✐♥❣ t❤❡ G(n) t❤❛t
t❤❡ ❡①♣❛♥s✐♦♥ ✐♥ }q ✐s ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ❡①t❡r♥❛❧ ♦♥❡s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❞✐❛❣r❛♠
♦❢ ❋✐❣✉r❡ ✺✳✷ ✐s ♣❛rt ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s G˜(4)(q, q,p, p)✳ ❖♥❡ s❡❡s t❤❛t
t❤❡ ❧❡❢t ♣❛rt ♦❢ t❤✐s ❞✐❛❣r❛♠ ❝♦♥t❛✐♥s ❛ ✇❛✈❡✲✈❡❝t♦r }q ✇❤✐❝❤ ✐s ♥♦t ❝♦♥tr♦❧❧❡❞ ❜② }p✳
❚❤✉s ♦♥❡ ❤❛s ✜rst t♦ ❞❡❝♦♠♣♦s❡ t❤❡ G(n) ✐♥t♦ Γ(k)✱ ✐♥ ♦r❞❡r t♦ ❞♦ t❤❡ ✇❛✈❡✲♥✉♠❜❡r
❡①♣❛♥s✐♦♥ ♦♥❧② ✇❤❡r❡ ✐t ✐s ❝♦♥tr♦❧❧❡❞✳
❇❡❢♦r❡ ✉s✐♥❣ t❤❡ ❇❧❛✐③♦t✲▼❡♥❞❡③✲❲s❝❤❡❜♦r ✭❇▼❲✮ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❧❡t ✉s ♦❜t❛✐♥
t❤❡ ✢♦✇ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ✐♥ s✉✐t❛❜❧❡ ❢♦r♠ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥s✳ ❆♣♣❧②✐♥❣
n ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s jik(xk)✱ ✇✐t❤ 1  k  n ❛♥❞ ik   1, 2 t❤❡ ✜❡❧❞ ✐♥❞❡①✱
❛♥❞ t❛❦✐♥❣ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✇✐t❤ r❡s♣❡❝t t♦ x1, . . .xn✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❘● ✢♦✇
❡q✉❛t✐♦♥ ❢♦r t❤❡ n✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ G˜(n)i1...in( p  )✳ ■♥ ❆♣♣❡♥❞✐① ❋✳✷ ✐t ✐s
✶✶✵ ❈❤❛♣t❡r ✺✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡
s❤♦✇♥ t❤❛t ✐♥ t❤❡ r❡❣✐♠❡ ♦❢ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡rs✱ t❤❛t ✐s ✇❤❡♥ ❛❧❧ t❤❡ p ✱ 1    n
❛r❡ ❧❛r❣❡ ❝♦♠♣❛r❡❞ t♦  ✱ ❛s ✇❡❧❧ ❛s ❛❧❧ t❤❡✐r ♣❛rt✐❛❧ s✉♠s✱ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ r❡❞✉❝❡s
t♦
  G˜
(n)
i1...in
( p  1   n) = 1
2
 
q1,q2
 ˜ G˜
(2)
ij ( q1, q2)
 
 2
 Φi(q1) Φj(q2)
G˜
(n)
i1...in
[ p  ; j]
 
Φ=0
.
✭✺✳✺✾✮
✇❤❡r❡ t❤❡ ❞❡♣❡♥❞❡♥❝② ♦❢ G¯(n) ✐♥ t❤❡ ✜❡❧❞s ❛♣♣❡❛rs t❤r♦✉❣❤ t❤❡ ✐♠♣❧✐❝✐t ❞❡♣❡♥❞❡♥❝②
j = j[Φ] ❛♥❞ ✇✐t❤ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r  ˜ ❞❡✜♥❡❞ ❛s✿
 ˜    R  
 R 
+   N 
 
 N 
. ✭✺✳✻✵✮
❚❤✐s r❡s✉❧t ✐s ❡①❛❝t ✉♣ t♦ t❡r♠s ❣♦✐♥❣ t♦ ③❡r♦ ❢❛st❡r t❤❛♥ ❛♥② ♣♦✇❡r ♦❢ t❤❡ p ❛♥❞
❤♦❧❞s ❢♦r ❜♦t❤ ❢♦r♠✉❧❛t✐♦♥s✱ ❡✐t❤❡r t❤❡ ✈❡❧♦❝✐t② ♦♥❡ ✇✐t❤
Φ =  }u, }¯u , ✭✺✳✻✶✮
♦r t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ♦♥❡
Φ =  Ψ, Ψ¯ . ✭✺✳✻✷✮
■♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ t❤❡ ✐♥❞✐❝❡s i ❝❛rr② ♦♥❧② t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ✜❡❧❞
✭♦❜s❡r✈❛❜❧❡ ♦r r❡s♣♦♥s❡✮ ✇❤✐❧❡ ✐♥ t❤❡ ❢♦r♠❡r✱ t❤❡② ❛❧s♦ ❝❛rr② t❤❡ ✈❡❝t♦r ❝♦♠♣♦♥❡♥t✳
❚❤❡ ❡①♣r❡ss✐♦♥ ✭✺✳✺✾✮ ✐s ✐♥ t❤❡ r✐❣❤t ❢♦r♠ t♦ ✉s❡ t❤❡ ❇▼❲ ❛♣♣r♦①✐♠❛t✐♦♥✳ ■♥❞❡❡❞✱
✐t ❡♥s✉r❡s t❤❛t ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ ✐♥ sq✉❛r❡ ❜r❛❝❦❡ts ✐♥ t❡r♠s ♦❢
✐ts ✶✲P■ ✈❡rt✐❝❡s✱ t❤❡ ✇❛✈❡✲♥✉♠❜❡rs q1 ❛♥❞ q2 ❛r❡ ❛❧✇❛②s ❝♦♥tr♦❧❧❡❞ ❜② ❛♥ ❡①t❡r♥❛❧
✇❛✈❡✲♥✉♠❜❡r ❛♥❞ t❤✉s ❝❛♥ ❜❡ s❡t t♦ ③❡r♦ t♦ ❣❡t t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r t❡r♠ ✐♥ ❛ ❧❛r❣❡
✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥✳
✺✳✺ ▲❡❛❞✐♥❣ ♦r❞❡r ❛t ✉♥❡q✉❛❧ t✐♠❡ ✐♥ ✷✲ ❛♥❞ ✸✲❉
▲❡t ✉s ✜rst ❡①❛♠✐♥❡ t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ♦❢ t❤❡ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ❛t ✉♥❡q✉❛❧
t✐♠❡s ❛♥❞ ✐♥ ❛♥② ❞✐♠❡♥s✐♦♥✳ ❚❤✐s ❡♥t✐r❡ s❡❝t✐♦♥ ✐s t❛❦❡♥ ❞✐r❡❝t❧② ❢r♦♠ ✭❚❛r♣✐♥✱
❈❛♥❡t✱ ❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✽✮✳ ❆s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✐t ❛♠♦✉♥ts t♦ s❡t
q1 ❛♥❞ q2 t♦ ③❡r♦ ✐♥ t❤❡ t❡r♠ ✐♥ sq✉❛r❡ ❜r❛❝❦❡t ♦❢ ✭✺✳✽✷✮✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ✐s ♠❛❞❡ ✐♥
❆♣♣❡♥❞✐① ❋✳✸ ❛♥❞ ♠❛❦❡s ✉s❡ ♦❢ t❤❡ ❲❛r❞ ✐❞❡♥t✐t✐❡s ✭✺✳✹✵✮ ❛♥❞ ✭✺✳✹✼✮✳ ❚❤❡ ❧❡❛❞✐♥❣
❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❢♦r ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡rs r❡❛❞s
  G¯
(n)
 1... n
(p1, . . . ,pn 1) =
d 1
2d
 
q
 ˜ C¯( , }q)  ( )  (  )G¯(n) 1... n(p1, . . . ,pn 1) ,
✭✺✳✻✸✮
✇❤❡r❡ C¯ ✐s t❤❡ tr❛♥s✈❡rs❡ ♣❛rt ♦❢ t❤❡ ✈❡❧♦❝✐t②✲✈❡❧♦❝✐t② ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ G¯(2)v v ✿
G¯
(2,0)
  (p) = P   (}p)C¯(p) ✇❤❡r❡ t❤❡ tr❛♥s✈❡rs❡ ♣r♦❥❡❝t♦r ✐s ❞❡✜♥❡❞ ❜②
P   (}p) =     
p p 
p2
. ✭✺✳✻✹✮
❚❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❢♦r ❛♥② ❣❡♥❡r❛❧✐③❡❞ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ G¯(n) ✐s ❤❡♥❝❡ ❝❧♦s❡❞✱ ✐♥
t❤❡ s❡♥s❡ t❤❛t ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ❛♥② ❧♦♥❣❡r ♦♥ ❤✐❣❤❡r✲♦r❞❡r ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s✳
❚❤✐s ❝❧♦s✉r❡ ✐s ❡①❛❝t ✐♥ t❤❡ ❧✐♠✐t ♦❢ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡rs✱ ✇❤❡♥ t❤❡ ♠♦❞✉❧✉s ♦❢ ❛❧❧
✺✳✺✳ ▲❡❛❞✐♥❣ ♦r❞❡r ❛t ✉♥❡q✉❛❧ t✐♠❡ ✐♥ ✷✲ ❛♥❞ ✸✲❉ ✶✶✶
✇❛✈❡✲✈❡❝t♦rs ❛♥❞ ♦❢ ❛❧❧ t❤❡✐r ♣❛rt✐❛❧ s✉♠s ❛r❡ ❧❛r❣❡ ❝♦♠♣❛r❡❞ t♦  ✱ ✇❤✐❝❤ ❡①❝❧✉❞❡s
❡①❝❡♣t✐♦♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ✇❤❡r❡ ❛ ♣❛rt✐❛❧ s✉♠ ✈❛♥✐s❤❡s✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❛t t❤✐s
❝❧♦s✉r❡ ✐♥✈♦❧✈❡s ♥♦ ❛r❜✐tr❛r② tr✉♥❝❛t✐♦♥ ♦r s❡❧❡❝t✐♦♥ ♦❢ ❝❡rt❛✐♥ ❞✐❛❣r❛♠s r❛t❤❡r t❤❛♥
♦t❤❡rs✳ ■ts r❛t✐♦♥❛❧❡ ✐s t♦ r❡t❛✐♥ ♦♥❧② t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ❝♦♥tr✐❜✉t✐♦♥ ❛t ❧❛r❣❡ ✇❛✈❡✲
♥✉♠❜❡r ✐♥ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥✱ ❛♥❞ t❤✐s ❝♦♥tr✐❜✉t✐♦♥ ✐s ❝❛❧❝✉❧❛t❡❞ ❡①❛❝t❧②✳ ◆♦t❡ t❤❛t
t❤❡ G(n) ✐♥ t❤❡ r✳❤✳s✳ ♦❢ ❊q✳ ✭✺✳✻✸✮ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✐♥t❡r♥❛❧ ✇❛✈❡✲✈❡❝t♦r }q✱ ❛♥❞
✐s ♦♥❧② ✐♥t❡❣r❛t❡❞ ♦✈❡r t❤❡ ✐♥t❡r♥❛❧ ❢r❡q✉❡♥❝②  ✳ ❚❤✐s r❡s✉❧t ❣❡♥❡r❛❧✐③❡s ❛ ♣r❡✈✐♦✉s
r❡s✉❧t ♦❜t❛✐♥❡❞ ✐♥ ✭❈❛♥❡t✱ ❉❡❧❛♠♦tt❡✱ ❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✻✮ ❢♦r 2 ♣♦✐♥t ❢✉♥❝t✐♦♥s t♦
❣❡♥❡r✐❝ n ♣♦✐♥t ❝♦♥♥❡❝t❡❞ ❢✉♥❝t✐♦♥s✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥s✱ ✇❡ st✉❞② s♦♠❡ ❛s♣❡❝ts
♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ✢♦✇ ❡q✉❛t✐♦♥ ❛t t❤❡ ✜①❡❞ ♣♦✐♥t✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❣❡♥❡r❛❧
❢♦r♠ ♦❢ t❤❡ s♣❛❝❡ ❛♥❞ t✐♠❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s✳
▲❡t ✉s ❛❧r❡❛❞② ❡♠♣❤❛s✐③❡ ❛ ✈❡r② ✉♥✉s✉❛❧ ❢❡❛t✉r❡ ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥s ♦❜t❛✐♥❡❞
✐♥ t❤✐s ♣❛♣❡r✳ ❚❤❡ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ♣❛rt ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ✭❞❡t❡r♠✐♥❡❞ ❡①❛❝t❧②
✉s✐♥❣ t❤❡ ❇▼❲ ❢r❛♠❡✇♦r❦✮ ✐s ♥♦t ♥❡❣❧✐❣✐❜❧❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ r❡st ♦❢ t❤❡ ✢♦✇✳
❚❤✐s ❜❡❤❛✈✐♦r ✐s r❡❢❡rr❡❞ t♦ ❛s ♥♦♥✲❞❡❝♦✉♣❧✐♥❣ ✭❈♦❧❧✐♥s ✶✾✽✹❀ ❈❛♥❡t✱ ❉❡❧❛♠♦tt❡✱ ❛♥❞
❲s❝❤❡❜♦r ✷✵✶✻❀ ❈❛♥❡t ❡t ❛❧✳ ✷✵✶✼✮✳ ■t ✐♠♣❧✐❡s t❤❛t t❤❡ ❘● ✢♦✇ ♦❢ t❤❡ ❯❱ ♠♦❞❡s
❞❡♣❡♥❞s ♦♥ t❤❡ ■❘ ♦♥❡s✳ ❚❤✐s ✐s ✐♥ s❤❛r♣ ❝♦♥tr❛st ✇✐t❤ ✇❤❛t ♦❝❝✉rs ✐♥ st❛♥❞❛r❞
❝r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛✱ ✇❤❡r❡ t❤❡ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ♣❛rt ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❞❡❝♦✉♣❧❡s
❢r♦♠ t❤❡ s♠❛❧❧ ✇❛✈❡✲♥✉♠❜❡r ♦♥❡✳ ❚❤✐s ❞❡❝♦✉♣❧✐♥❣ ♣r❡❝✐s❡❧② ❡♥t❛✐❧s st❛♥❞❛r❞ s❝❛❧❡
✐♥✈❛r✐❛♥❝❡✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝✳ ✸✳✹✳✸✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ ♥♦♥✲❞❡❝♦✉♣❧✐♥❣ ✐♥❞✉❝❡s
❛ ✈✐♦❧❛t✐♦♥ ♦❢ st❛♥❞❛r❞ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡✳ ■♥❞❡❡❞✱ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ ✭❚❛r♣✐♥✱ ❈❛♥❡t✱
❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✽✮ ✐s t♦ ❞❡r✐✈❡ t❤❡ ❡①❛❝t ❡q✉❛t✐♦♥ ✇❤✐❝❤ r❡♣❧❛❝❡s s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡
❢♦r ✉♥❡q✉❛❧✲t✐♠❡ q✉❛♥t✐t✐❡s ✐♥ t✉r❜✉❧❡♥❝❡✳
■t ✐s ✐♠♣♦rt❛♥t t♦ str❡ss t❤❛t✱ s✐♠✐❧❛r❧② t♦ st❛♥❞❛r❞ ❝r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ✇❤❡r❡
t❤❡r❡ ❛r❡ ✜♥✐t❡✲s✐③❡ ❝♦rr❡❝t✐♦♥s t♦ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡✱ t❤❡r❡ ❛r❡ ❛❧s♦ ✜♥✐t❡✲s✐③❡ ❝♦rr❡❝✲
t✐♦♥s t♦ t❤✐s ❡q✉❛t✐♦♥ ✐♥ t✉r❜✉❧❡♥❝❡✱ ❛♥❞ ❤❡♥❝❡ t♦ t❤❡ ❧❡❛❞✐♥❣ ❜❡❤❛✈✐♦✉r ❛t ❧❛r❣❡
✇❛✈❡✲♥✉♠❜❡rs ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥s ❢✉♥❝t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡s❡ ❝♦rr❡❝t✐♦♥s✱ ♥♦t
❝❛♣t✉r❡❞ ❜② t❤❡ ♣r❡s❡♥t ❛♥❛❧②s✐s✱ ♠❛② ❞❡t❡r♠✐♥❡ t❤❡ ✐♥t❡r♠✐tt❡♥❝② ❡✛❡❝ts ❛t ❡q✉❛❧
t✐♠❡✳ ■♥❞❡❡❞✱ ❛t ❡q✉❛❧ t✐♠❡s✱ t❤❡ r✳❤✳s✳ ♦❢ ✭✺✳✻✸✮ ✈❛♥✐s❤❡s✱ t❤✉s t❤❡ ❧❡❛❞✐♥❣ ❜❡❤❛✈✐♦r
✐s ♥♦t ❝❛♣t✉r❡❞✳
✺✳✺✳✶ ❙♦❧✉t✐♦♥ ❢♦r t❤❡ ✷✲♣♦✐♥t ❢✉♥❝t✐♦♥s ✐♥ ✸✲❉
❚❤❡ ❧❡❛❞✐♥❣ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ✷✲♣♦✐♥t ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❧✐♠✐t
♦❢ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡rs ✇❛s ❛❧r❡❛❞② ❞❡r✐✈❡❞ ✐♥ ✭❈❛♥❡t✱ ❉❡❧❛♠♦tt❡✱ ❛♥❞ ❲s❝❤❡❜♦r
✷✵✶✻✮✳ ■♥ t❤❡ ♥♦t❛t✐♦♥ ♦❢ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✱ ❊q✳ ✭✺✳✻✸✮✱ ✐t r❡❛❞s
  G¯
(2)
 1 2
(p) =
d 1
2d
 
 
  ( )  (  )G¯(2) 1 2(p)
 
}q
 ˜ C¯( , }q) . ✭✺✳✻✺✮
❚❤✐s ✢♦✇ ❡q✉❛t✐♦♥ ❡♥❝♦♠♣❛ss❡s ❜♦t❤ t❤❡ ✢♦✇ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ ♦❢
t❤❡ r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥✳ ▲❡t ✉s ❞❡♥♦t❡ G¯ t❤❡ tr❛♥s✈❡rs❡ ♣❛rt ♦❢ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥✱
t❤❛t ✐s G¯(1,1)  (p) = P   (}p)G¯(p)✳ ▲❡t ✉s ❢♦❝✉s ♦♥ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❢♦r t❤❡ tr❛♥s✈❡rs❡
✈❡❧♦❝✐t②✲✈❡❧♦❝✐t② ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥✳ ❯s✐♥❣ t❤❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ✭✺✳✹✵✮ ❢♦r   ✱
♦♥❡ ♦❜t❛✐♥s✿
   C¯( , }p) =  2
3
p2
 
 
C¯( +  , }p) C¯( , }p)
 2
J ( ) , ✭✺✳✻✻✮
✶✶✷ ❈❤❛♣t❡r ✺✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡
✇✐t❤ J ( )   
 
}q
 ˜ C¯( , }q) ❣✐✈❡♥ ❜②
J ( ) =  2
 
}q
 
   N (}q)  G¯( , }q) 2     R (}q) C¯( , }q) 
 
G¯( , }q)
  
, ✭✺✳✻✼✮
✭✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❡q✉❛t✐♦♥s ❣✐✈❡♥ ✐♥ ✭❈❛♥❡t ❡t ❛❧✳ ✷✵✶✼✮✮✳ ❆♥ ✐♠♣♦rt❛♥t
❢❡❛t✉r❡ ♦❢ ❊q✳ ✭✺✳✻✻✮✱ ❛❧r❡❛❞② ❡♠♣❤❛s✐③❡❞✱ ✐s t❤❡ ♥♦♥✲❞❡❝♦✉♣❧✐♥❣✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t
   C¯/C¯ ❞♦❡s ♥♦t ✈❛♥✐s❤ ✐♥ t❤❡ ❧✐♠✐t ♦❢ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡rs  }p   ✳ ❆s ❛ ❝♦♥✲
s❡q✉❡♥❝❡✱ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❛t t  = 0 s❤♦✇s ♥♦♥✲st❛♥❞❛r❞
s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛t ❡q✉❛❧ t✐♠❡s✱ t❤❛t ✐s ♦♥❝❡ ✐♥t❡❣r❛t❡❞ ♦✈❡r t❤❡
❡①t❡r♥❛❧ ❢r❡q✉❡♥❝②  ✱ t❤❡ ❧❡❛❞✐♥❣ ♥♦♥✲❞❡❝♦✉♣❧✐♥❣ ❜❡❤❛✈✐♦r ❝❛♥❝❡❧s ♦✉t ✭t❤❡ r✳❤✳s✳
♦❢ ❊q✳ ✭✺✳✻✻✮ ✈❛♥✐s❤❡s ✇❤❡♥ ✐♥t❡❣r❛t❡❞ ♦✈❡r  ✮✳ ❋♦r ❡q✉❛❧✲t✐♠❡s q✉❛♥t✐t✐❡s✱ ❛♥②
♣♦ss✐❜❧❡ ♥♦♥✲❞❡❝♦✉♣❧✐♥❣ ♠✉st ❝♦♠❡ ❢r♦♠ s✉❜✲❧❡❛❞✐♥❣ t❡r♠s ❛t ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡rs✳
❚❤✐s ✐♠♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t ✐♥t❡r♠✐tt❡♥❝② ❝♦rr❡❝t✐♦♥s t♦ ❡①♣♦♥❡♥ts ♦❢ ❡q✉❛❧✲t✐♠❡
q✉❛♥t✐t✐❡s✱ s✉❝❤ ❛s t❤❡ s❡❝♦♥❞ ♦r❞❡r str✉❝t✉r❡ ❢✉♥❝t✐♦♥✱ ❛r❡ ❛❜s❡♥t ✐♥ t❤❡ ❧❡❛❞✐♥❣
♦r❞❡r ❜❡❤❛✈✐♦r ❛t ❧❛r❣❡  }p ✱ ✐✳❡✳ ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ t❤❡s❡ ✢♦✇ ❡q✉❛t✐♦♥s✳ ❚❤✐s ✐s ♠❛❞❡
❡①♣❧✐❝✐t ✐♥ t❤❡ s♦❧✉t✐♦♥ ❜❡❧♦✇✳
▲❡t ✉s ❞❡r✐✈❡ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ✭✺✳✻✻✮ ❛t t❤❡ ✜①❡❞ ♣♦✐♥t✳ ■t ✐s
❝♦♥✈❡♥✐❡♥t t♦ ✜rst ♣❡r❢♦r♠ t❤❡ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦♥  ✱ ✇❤✐❝❤ ②✐❡❧❞s
   C(t, }p) =  2
3
p2C(t, }p)
 
 
cos( t) 1
 2
J ( ) . ✭✺✳✻✽✮
❚❤❡ r❡❣✐♠❡s ♦❢ s♠❛❧❧ t ❛♥❞ ❧❛r❣❡ t ❛r❡ st✉❞✐❡❞ s❡♣❛r❛t❡❧② ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❚❤❡
s♦❧✉t✐♦♥ ♦❢ ❊q✳ ✭✺✳✻✽✮ ❛t t❤❡ ✜①❡❞ ♣♦✐♥t ❛♥❞ ✐♥ t❤❡ ❧✐♠✐t ♦❢ s♠❛❧❧ t✐♠❡ ❞❡❧❛②s ✭♦r
❡q✉✐✈❛❧❡♥t❧② ❧❛r❣❡ ❢r❡q✉❡♥❝✐❡s✮ ❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞ ✐♥ ✭❈❛♥❡t ❡t ❛❧✳ ✷✵✶✼✮✳ ❋♦r s♠❛❧❧
t✱ (cos( t) 1)/ 2   t2/2 ✐♥ t❤❡ ✐♥t❡❣r❛♥❞✳ ❚❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣
✜①❡❞✲♣♦✐♥t ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ✇❡ ✐♥❞❡① ✇✐t❤ t❤❡ s✉❜s❝r✐♣t  ❙ ❢♦r ✬s❤♦rt t✐♠❡✬✱ ❢♦❧❧♦✇s✿
log
 CS(t, }p)
 2/3L11/3
 
=   S( L)2/3t2p2  11
3
log(pL) + FS( 
1/3p2/3t) + (pL) , ✭✺✳✻✾✮
✇❤❡r❡  ✐s t❤❡ ♠❡❛♥ ❡♥❡r❣② ✐♥❥❡❝t✐♦♥ r❛t❡✱ L t❤❡ ✐♥t❡❣r❛❧ s❝❛❧❡✱  S ❛ ♥♦♥✲✉♥✐✈❡rs❛❧
❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❢♦r❝✐♥❣ ♣r♦✜❧❡ ✭s❡❡ ❆♣♣❡♥❞✐① ❋✳✹✮✱ ❛♥❞ FS ✐s ❛ r❡❣✉❧❛r
❢✉♥❝t✐♦♥✱ ✉♥✐✈❡rs❛❧ ✉♣ t♦ ❛ ♣r❡✲❢❛❝t♦r✳ ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ ✐♥❝❧✉❞❡❞ ❡①♣❧✐❝✐t❧② ✐♥
✭✺✳✻✾✮ s✉❜✲❧❡❛❞✐♥❣ t❡r♠s st❡♠♠✐♥❣ ❢r♦♠ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ✜①❡❞✲♣♦✐♥t ❡q✉❛t✐♦♥
❛t ❧❡❛❞✐♥❣ ♦r❞❡r✱ ❛❧t❤♦✉❣❤ t❤❡② ❛r❡ ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ❛s t❤❡ ❡rr♦r t❡r♠  (pL)✳
❚❤❡ r❡❛s♦♥ ✐s t❤❛t t❤❡② ❝♦rr❡s♣♦♥❞ t♦ ❑♦❧♠♦❣♦r♦✈ s❝❛❧✐♥❣ s♦❧✉t✐♦♥✱ ❛♥❞ ❢❛❝✐❧✐t❛t❡
t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ r❡s✉❧t✳ ■♥❞❡❡❞✱ ❛t ❡q✉❛❧✲t✐♠❡✱ ♦♥❡ r❡❝♦✈❡rs ❢r♦♠ ✭✺✳✻✾✮ t❤❡
❑♦❧♠♦❣♦r♦✈ ♣r❡❞✐❝t✐♦♥ CS(t = 0, }p) = HS(0) 2/3p 11/3✳ ❍♦✇❡✈❡r✱ t❤❡s❡ t❡r♠s ❛r❡
♦♥❧② ❛♣♣r♦①✐♠❛t❡ ✐♥ t❤✐s ❝❛❧❝✉❧❛t✐♦♥✳ ■❢ t❤❡ s✉❜✲❧❡❛❞✐♥❣ t❡r♠s ✐♥ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥
✭✺✳✻✽✮✱ ♥❡❣❧❡❝t❡❞ ❤❡r❡✱ ❛r❡ ♥♦♥✲❞❡❝♦✉♣❧✐♥❣✱ t❤❡♥ t❤❡② ✇✐❧❧ ✐♥❞✉❝❡ ❝♦rr❡❝t✐♦♥s ✭♦❢ ♦r❞❡r
❛t ♠♦st pL✮ t♦ t❤✐s s❝❛❧✐♥❣✱ t❤❛t ✐s✱ ✐♥t❡r♠✐tt❡♥❝② ❝♦rr❡❝t✐♦♥s t♦ t❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡
str✉❝t✉r❡ ❢✉♥❝t✐♦♥✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛t ✜♥✐t❡ t✐♠❡ ❞❡❧❛②s t  = 0✱ t❤❡ ❧❡❛❞✐♥❣ t❡r♠ ✐♥ ✭✺✳✻✾✮ ❡①♣❧✐❝✐t❧②
❜r❡❛❦s s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡✳ ■♥❞❡❡❞✱ ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ s❝❛❧✐♥❣ ✈❛r✐❛❜❧❡ tpz✱
✇❤❡r❡ z ✐s t❤❡ ❞②♥❛♠✐❝❛❧ ❡①♣♦♥❡♥t z = 2/3 ❢♦r ◆❙ ✐♥ d = 3✱ ❛♥❞ t❤✉s ✐♥✈♦❧✈❡s
❛ s❝❛❧❡ L✳ ❚❤✐s ❧❡❛❞✐♥❣ t❡r♠ ❝♦♥✈❡②s ❛♥ ❡✛❡❝t✐✈❡ ❡①♣♦♥❡♥t z = 1✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s
s✐❣♥✐✜❝❛♥t ❝♦rr❡❝t✐♦♥s t♦ st❛♥❞❛r❞ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡✳ ■ts ♣❤②s✐❝❛❧ ♦r✐❣✐♥ ✐s t❤❡ s✇❡❡♣✐♥❣
❡✛❡❝t✱ ✇❤✐❝❤ ✐s t❤❡ r❛♥❞♦♠ ❛❞✈❡❝t✐♦♥ ♦❢ s♠❛❧❧✲s❝❛❧❡ ✈❡❧♦❝✐t✐❡s ❜② ❧❛r❣❡✲s❝❛❧❡ ❡❞❞✐❡s
✺✳✺✳ ▲❡❛❞✐♥❣ ♦r❞❡r ❛t ✉♥❡q✉❛❧ t✐♠❡ ✐♥ ✷✲ ❛♥❞ ✸✲❉ ✶✶✸
✭❚❡♥♥❡❦❡s ✶✾✼✺❀ ❨❛❦❤♦t✱ ❖rs③❛❣✱ ❛♥❞ ❙❤❡ ✶✾✽✾❀ ❈❤❡♥ ❛♥❞ ❑r❛✐❝❤♥❛♥ ✶✾✽✾❀ ◆❡❧❦✐♥
❛♥❞ ❚❛❜♦r ✶✾✾✵❀ ●♦t♦❤ ❡t ❛❧✳ ✶✾✾✸❀ ❈❤❡✈✐❧❧❛r❞ ❡t ❛❧✳ ✷✵✵✺✮✳ ❚❤❡ t②♣✐❝❛❧ t✐♠❡✲
s❝❛❧❡ ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ✭✺✳✻✾✮ ✐s t❤❡ s✇❡❡♣✐♥❣ t✐♠❡  S  ( L) 1/3p 1 =
1/(urmsp)✳ ❖♥❡ ♦❢ ✐ts ♠❛♥✐❢❡st❛t✐♦♥ ✐s t❤❛t t❤❡ s♣❡❝tr✉♠ ♠❡❛s✉r❡❞ ✐♥ ❢r❡q✉❡♥❝② ❤❛s
t❤❡ s❛♠❡ ❡①♣♦♥❡♥t ✲✺✴✸ ❛s ✇❤❡♥ ♠❡❛s✉r❡❞ ✐♥ ✇❛✈❡✲♥✉♠❜❡rs ✭✇❡ ❝♦♥s✐❞❡r ✢♦✇s ✇✐t❤
③❡r♦ ♠❡❛♥ ✈❡❧♦❝✐t②✱ t❤✐s ✐s ♥♦t r❡❧❛t❡❞ t♦ ❚❛②❧♦r✬s ❤②♣♦t❤❡s✐s ♦❢ ❢r♦③❡♥ t✉r❜✉❧❡♥❝❡✮✳
❚❤❡ ❜❡❤❛✈✐♦r ✭✺✳✻✾✮ ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ ✐♥ ♠❛♥② ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ◆❙
❡q✉❛t✐♦♥ ✭❖rs③❛❣ ❛♥❞ P❛tt❡rs♦♥ ✶✾✼✷❀ ❙❛♥❛❞❛ ❛♥❞ ❙❤❛♥♠✉❣❛s✉♥❞❛r❛♠ ✶✾✾✷❀ ❍❡✱
❲❛♥❣✱ ❛♥❞ ▲❡❧❡ ✷✵✵✹❀ ❋❛✈✐❡r✱ ●♦❞❡❢❡r❞✱ ❛♥❞ ❈❛♠❜♦♥ ✷✵✶✵❀ ❈❛♥❡t ❡t ❛❧✳ ✷✵✶✼✮ ❛s ✇❡❧❧
❛s ✐♥ ❡①♣❡r✐♠❡♥ts ✭P♦✉❧❛✐♥ ❡t ❛❧✳ ✷✵✵✻✮✳ ■♥❞❡❡❞✱ ✐♥ ❋✐❣✳ ✶ ♦❢ ✭❖rs③❛❣ ❛♥❞ P❛tt❡rs♦♥
✶✾✼✷✮✱ ❛♥❞ ❋✐❣✳ ✺ ♦❢ ✭❍❡✱ ❲❛♥❣✱ ❛♥❞ ▲❡❧❡ ✷✵✵✹✮✱ ❛ r❡❛s♦♥❛❜❧❡ ❝♦❧❧❛♣s❡ ✐s ♦❜t❛✐♥❡❞
❢♦r t❤❡ q✉❛♥t✐t② R(t, p) = C(t, p)/C(0, p) ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ p
 
t
urms ❢♦r ❞✐✛❡r❡♥t
t✐♠❡s ❛♥❞ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ✇❛✈❡✲♥✉♠❜❡rs r❡s♣❡❝t✐✈❡❧②✱ ❢r♦♠ s✐♠✉❧❛t✐♦♥s ♦❢ ❞❡❝❛②✐♥❣
t✉r❜✉❧❡♥❝❡✳ ■♥ ❋✐❣✳ ✻ ❛♥❞ ✼ ♦❢ ✭❙❛♥❛❞❛ ❛♥❞ ❙❤❛♥♠✉❣❛s✉♥❞❛r❛♠ ✶✾✾✷✮✱ t❤❡ ❝♦❧❧❛♣s❡
❢♦r t❤❡ s❛♠❡ q✉❛♥t✐t② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ ✐s q✉❛❧✐t❛t✐✈❡❧② ❜❡tt❡r ✇❤❡♥ ♥♦r♠❛❧✐③✐♥❣
❜② t❤❡ s✇❡❡♣✐♥❣ t✐♠❡  S r❛t❤❡r t❤❛♥ t❤❡ ❡❞❞② t✉r♥✲♦✈❡r t✐♠❡  e  1/( 1/3p2/3)✳ ■♥
❋✐❣✳ ✼✱ t❤❡ t②♣✐❝❛❧ t✐♠❡ s❝❛❧❡ ♦❢ R(t, p) ✐s s❤♦✇♥ t♦ s❝❛❧❡ ❧✐♥❡❛r❧② ✐♥ p ❢♦r ❧❛r❣❡
✇❛✈❡✲♥✉♠❜❡rs✳ ❚❤❡ s❛♠❡ ❛♥❛❧②s✐s ✐s ❝❛rr✐❡❞ ♦✉t ✐♥ ❋✐❣✳ ✹ ♦❢ ✭❋❛✈✐❡r✱ ●♦❞❡❢❡r❞✱ ❛♥❞
❈❛♠❜♦♥ ✷✵✶✵✮✳ ❚❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥ ✐s ❡①♣❧✐❝✐t❧② t❡st❡❞
✐♥ ✭❈❛♥❡t ❡t ❛❧✳ ✷✵✶✼✮✱ ✇❤❡r❡ ❛ ●❛✉ss✐❛♥ ❢♦r♠ ♦❢ R(t, p) ✐♥ t❤❡ ✈❛r✐❛❜❧❡ urms p t ✐s
✈❡r② ❛❝❝✉r❛t❡❧② ❢♦✉♥❞ ✐♥ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ ●❛✉ss✐❛♥ ❜❡❤❛✈✐♦r ❛♥❞ t❤❡
❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝② ✐♥ p ♦❢ t❤❡ ❞❡❝♦rr❡❧❛t✐♦♥ t✐♠❡ ♦❢ R(t, p) ✐s ❛❧s♦ ❢♦✉♥❞ ✐♥ ❛❝♦✉st✐❝
s❝❛tt❡r✐♥❣ ♠❡❛s✉r❡♠❡♥ts✱ s❡❡ ❋✐❣✳ ✺ ❛♥❞ ✻ ✐♥ ✭P♦✉❧❛✐♥ ❡t ❛❧✳ ✷✵✵✻✮✳ ❆s ♠❡♥t✐♦♥❡❞
✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ s✉❝❤ ❛ ●❛✉ss✐❛♥ ❞❡♣❡♥❞❡♥❝❡ ✐♥ tp ❢♦r ❧❛r❣❡ p ❛♥❞ s♠❛❧❧ t ✇❛s
♣r❡❞✐❝t❡❞ ❡❛r❧② ♦♥ ❜② ❑r❛✐❝❤♥❛♥ ✇✐t❤✐♥ t❤❡ ❉■❆ ❛♣♣r♦①✐♠❛t✐♦♥ ✭❑r❛✐❝❤♥❛♥ ✶✾✺✾✮✱
❛♥❞ ❧❛t❡r ❝♦♥✜r♠❡❞ ❜② ❘● ❛♣♣r♦❛❝❤❡s ✉♥❞❡r s♦♠❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❡✛❡❝t✐✈❡
✈✐s❝♦s✐t② ✭❆♥t♦♥♦✈ ✶✾✾✹✮✳
▲❡t ✉s ❜r✐❡✢② ♠❡♥t✐♦♥ ❛♥♦t❤❡r ❢❡❛t✉r❡ ♦❢ t❤❡ ✜①❡❞ ♣♦✐♥t s♦❧✉t✐♦♥ ♦❢ ❊q✳ ✭✺✳✻✻✮✳
■t ✇❛s s❤♦✇♥ ✐♥ ✭❈❛♥❡t ❡t ❛❧✳ ✷✵✶✼✮ t❤❛t✱ ✉♥❞❡r s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s✱ t❛❦✐♥❣
t❤❡ ❛♣♣r♦♣r✐❛t❡ t  0 ❧✐♠✐t✱ t❤✐s s♦❧✉t✐♦♥ ♣r❡❞✐❝ts ❢♦r t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② s♣❡❝tr✉♠✱
❛ ❝r♦ss♦✈❡r ❢r♦♠ t❤❡ p 5/3 ❞❡❝❛② ✐♥ t❤❡ ✐♥❡rt✐❛❧ r❛♥❣❡✱ t♦ ❛ str❡t❝❤❡❞ ❡①♣♦♥❡♥t✐❛❧
❞❡❝❛② ✐♥ t❤❡ ❞✐ss✐♣❛t✐✈❡ r❛♥❣❡✱ ♦♥ t❤❡ s❝❛❧❡ p2/3
E(}p)  p 5/3 exp    p2/3 , ✭✺✳✼✵✮
✇✐t❤  ❛ ♥♦♥✲✉♥✐✈❡rs❛❧ ❝♦♥st❛♥t✳ ❚❤✐s ♣r❡❞✐❝t✐♦♥ ✇❛s ♣r❡❝✐s❡❧② ❝♦♥✜r♠❡❞ ✐♥ ❞✐r❡❝t
♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ◆❙ ❡q✉❛t✐♦♥ ✭❈❛♥❡t ❡t ❛❧✳ ✷✵✶✼✮✱ ❛♥❞ ❛❧s♦ ♦❜s❡r✈❡❞ ✐♥ ❡①♣❡r✲
✐♠❡♥ts ♦♥ t✉r❜✉❧❡♥t s✇✐r❧✐♥❣ ✢♦✇s ✭❉❡❜✉❡ ❡t ❛❧✳ ✷✵✶✽✮✳ ■t ✇❛s ♣♦✐♥t❡❞ ♦✉t t❤❛t t❤✐s
♣r❡❞✐❝t✐♦♥ ❞♦❡s ♥♦t s❤♦✇ ❛♥② ❜♦tt❧❡♥❡❝❦ ❡✛❡❝t ✭▲♦❤s❡ ❛♥❞ ▼ü❧❧❡r✲●r♦❡❧✐♥❣ ✶✾✾✺✮✱
t❤✉s ✐t ♠❛② ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❤❛✈❡ ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❝r♦ss♦✈❡r ❜❡t✇❡❡♥
t❤❡ t✇♦ r❡❣✐♠❡s✳
❚❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ✭✺✳✻✽✮ ✐s ✈❛❧✐❞ ❢♦r ❛ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r p✱ ❜✉t ❢♦r ❛♥ ❛r❜✐tr❛r②
t✐♠❡ ❞❡❧❛② t✳ ◆♦✇✱ ✇❡ st✉❞② t❤❡ ♦♣♣♦s✐t❡ ❧✐♠✐t ♦❢ ❛s②♠♣t♦t✐❝❛❧❧② ❧❛r❣❡ t✱ ✇❤✐❝❤
✇❛s ♥♦t ❝♦♥s✐❞❡r❡❞ ♣r❡✈✐♦✉s❧②✳ ❆s s❤♦✇♥ ✐♥ ❆♣♣❡♥❞✐① ❋✳✹✱ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ✭✺✳✻✽✮
s✐♠♣❧✐✜❡s ✐♥ t❤❡ ❧✐♠✐t t  2/3 t♦
   C(t, }p) =
J (0)
3
 t p2 C(t, }p). ✭✺✳✼✶✮
✶✶✹ ❈❤❛♣t❡r ✺✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡
❆s ❢♦r t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❛t s♠❛❧❧ t✱ t❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ s♦❧✈❡❞ ❛t t❤❡ ✜①❡❞ ♣♦✐♥t
✭s❡❡ ❆♣♣❡♥❞✐① ❋✳✹✮✳ ❚❤❡ s♦❧✉t✐♦♥✱ ✐♥❞❡①❡❞ ❜② t❤❡ s✉❜s❝r✐♣t ✬L✬ ❢♦r ✬❧♦♥❣✬ t✐♠❡✱ r❡❛❞s
log
 CL(t, }p)
 2/3L11/3
 
=   L 1/3L4/3 t p2  11
3
log(pL) + FL( 
1/3k2/3t) + (pL) , ✭✺✳✼✷✮
✇✐t❤  L ❛ ♥♦♥✲✉♥✐✈❡rs❛❧ ❝♦♥st❛♥t✱ ❛♥❞ s✉❜✲❧❡❛❞✐♥❣ t❡r♠s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❑♦❧✲
♠♦❣♦r♦✈ s♦❧✉t✐♦♥ ❛❣❛✐♥ ✐♥❝❧✉❞❡❞ ❡①♣❧✐❝✐t❧②✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤✐s
r❡❣✐♠❡ ✇❛s ♥♦t ♣r❡❞✐❝t❡❞ ❜❡❢♦r❡✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t✐♠❡✲s❝❛❧❡ ✐♥ t❤❡ ❡①♣♦♥❡♥t✐❛❧
✐s  L = (urmsLp2) 1✳
■♥t❡r❡st✐♥❣❧②✱ ❛ s✐♠✐❧❛r ❝r♦ss♦✈❡r ❢r♦♠ t❤❡ ●❛✉ss✐❛♥ ✐♥ tp ❛t s❤♦rt t✐♠❡ t♦ ❛
❜❡❤❛✈✐♦r exp(  t / exp) ❛t ❧♦♥❣ t✐♠❡s ✇❛s ♦❜s❡r✈❡❞ ✐♥ ✭P♦✉❧❛✐♥ ❡t ❛❧✳ ✷✵✵✻✮✳ ❍♦✇❡✈❡r✱
✐♥ t❤✐s ♣❛♣❡r✱  exp  (urms) 1L✱ t❤❛t ✐s t❤❡ p2 ✐♥  L ✐s r❡♣❧❛❝❡❞ ❜② L 2✳ ❚❤✐s ✐♥❞✐❝❛t❡s
t❤❛t t❤❡ ❝r♦ss♦✈❡r s❡❡♥ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ s♠❛❧❧ ✇❛✈❡✲♥✉♠❜❡rs✱
s♦ ✐t ✐s ❧✐❦❡❧② t♦ ❞✐✛❡r ❢r♦♠ ♦✉rs✳ ❖♥❡ ❝❛♥ ❝♦♠♣❛r❡ t❤❡ r❡❧❛t❡❞ t✐♠❡✲s❝❛❧❡s ♦❢ t❤❡s❡
t✇♦ ❝r♦ss♦✈❡rs✳ ❚❤❡ ❝r♦ss♦✈❡r ❜❡t✇❡❡♥ t❤❡ t✇♦ ✭s❤♦rt ❛♥❞ ❧♦♥❣ t✐♠❡✮ r❡❣✐♠❡s ♦❝❝✉rs
t②♣✐❝❛❧❧② ✇❤❡♥ t❤❡ ❡①♣♦♥❡♥ts ✐♥ t❤❡ t✇♦ ❡①♣♦♥❡♥t✐❛❧s ❛r❡ ❡q✉❛❧✳ ❋♦r ♦✉r ✇♦r❦✱
♠❛t❝❤✐♥❣ t❤❡ ❡①♣♦♥❡♥ts ✐♥ ✭✺✳✻✾✮ ❛♥❞ ✭✺✳✼✷✮ ②✐❡❧❞s  cross  L✳ ■♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧
♣❛♣❡r✱ t❤❡ ❝r♦ss♦✈❡r t✐♠❡ ✐s ❣✐✈❡♥ ❜②  cross  L2/p = L/(pL 1)✳ ❍❡♥❝❡✱ ❛t ❧❛r❣❡
p L 1✱ t❤✐s ❝r♦ss♦✈❡r t✐♠❡ ✐s s❤♦rt❡r t❤❛♥ t❤❡ s❡❝♦♥❞ ❝r♦ss♦✈❡r✱ ❛♥❞ ♠❛② ❞♦♠✐♥❛t❡
♦✈❡r ✐t✳
✺✳✺✳✷ ❋♦r♠ ♦❢ t❤❡ s♦❧✉t✐♦♥ ❢♦r ❣❡♥❡r✐❝ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s
✐♥ ✸✲❉
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇♦r❦ ♦✉t t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ t❤❡ ✜①❡❞ ♣♦✐♥t s♦❧✉t✐♦♥ ♦❢ t❤❡ ✢♦✇
❡q✉❛t✐♦♥ ✭✺✳✻✸✮ ❢♦r ❛♥② ❣❡♥❡r❛❧✐③❡❞ n ♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s✳ ❋r♦♠ ❡q✉❛t✐♦♥
✭✺✳✻✸✮✱ t❤❡ ✜rst st❡♣ ✐s t♦ ♣❡r❢♦r♠ t❤❡ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐♥ ❢r❡q✉❡♥❝② ✐♥ ♦r❞❡r
t♦ ❣❡t t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❤②❜r✐❞ ✇❛✈❡✲✈❡❝t♦r ❛♥❞ t✐♠❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s✳
❖♥❡ ♦❜t❛✐♥s ❢♦r t❤❡ ❧❡❛❞✐♥❣ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❛t ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡rs
  G
(n)
 1... n
( ti, }pi ) = 1
3
G(n) 1... n( ti, }pi )
 
k, 
}pk  }p 
 
 
J ( )
ei (tk t )  ei tk  e i t + 1
 2
.
✭✺✳✼✸✮
❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✜①❡❞✲♣♦✐♥t ❡q✉❛t✐♦♥ ✐s ❞❡r✐✈❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥
❜♦t❤ ❧✐♠✐ts t 0 ❛♥❞ t  ✳
❋♦r ti    2/3✱ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ✭✺✳✼✸✮ s✐♠♣❧✐✜❡s t♦ ✭s❡❡ ❆♣♣❡♥❞✐① ❋✳✹✮
 
   I 
3
 }pktk 2
 
G(n) 1... n(t1, }p1,    , tn 1, }pn 1) = 0 , ✭✺✳✼✹✮
✇✐t❤ I =
 
 
J ( )✱ ❛♥❞ J ❞❡✜♥❡❞ ✐♥ ❊q✳ ✭✺✳✻✼✮✱ ❛♥❞ ✇✐t❤ ❊✐♥st❡✐♥ s✉♠♠❛t✐♦♥
❝♦♥✈❡♥t✐♦♥✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✜①❡❞ ♣♦✐♥t ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ s♦❧✈❡❞ ❡①❛❝t❧②✱ ❧❡❛✈✐♥❣
❛s ✉♥❦♥♦✇♥ ❛ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ ♣❛rt✐❝✉❧❛r ❞✐♠❡♥s✐♦♥❧❡ss ✈❛r✐❛❜❧❡s✳ ▲❡t ✉s ♣r❡s❡♥t
✺✳✺✳ ▲❡❛❞✐♥❣ ♦r❞❡r ❛t ✉♥❡q✉❛❧ t✐♠❡ ✐♥ ✷✲ ❛♥❞ ✸✲❉ ✶✶✺
t❤✐s s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ✐s ❞❡r✐✈❡❞ ✐♥ ❞❡t❛✐❧s ✐♥ ❆♣♣❡♥❞✐① ❋✳✹✱ ❛♥❞ ✇❤✐❝❤ r❡❛❞s
log
 
 
m¯ m
3 L dGG(n)S  1... n(t1, }p1,    , tn 1, }pn 1)
 
=   S 2/3L2/3  tk}pk 2  dG log( 1L)
+ F
(n)
S  1... n
 
 1/3 
2/3
1 t1,
} 1
 1
,    ,  1/3 2/31 tn 1,
} n 1
 1
 
+ (pmaxL) . ✭✺✳✼✺✮
■♥ t❤✐s ❡①♣r❡ss✐♦♥✱ dG ✐s t❤❡ s❝❛❧✐♥❣ ❞✐♠❡♥s✐♦♥ ♦❢ G(n) ✭❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❋✳✹✮✱ m
✭r❡s♣✳ m¯✮ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✈❡❧♦❝✐t② ✭r❡s♣✳ r❡s♣♦♥s❡ ✈❡❧♦❝✐t②✮ ✜❡❧❞s ✐♥ t❤✐s ❣❡♥❡r❛❧✐③❡❞
❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥✱ ✇✐t❤ m+ m¯ = n✱ ❛♥❞  S ✐s t❤❡ s❛♠❡ ♥♦♥✲✉♥✐✈❡rs❛❧ ❝♦♥st❛♥t ❛s
✐♥ ❊q✳ ✭✺✳✻✾✮✳ F (n)S ✐s ❛ r❡❣✉❧❛r ❢✉♥❝t✐♦♥ ♦❢ ✐ts ❛r❣✉♠❡♥ts✱ ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❞❡t❡r♠✐♥❡❞
❜② t❤❡ ✜①❡❞ ♣♦✐♥t ❡q✉❛t✐♦♥ ❛t ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❛❧♦♥❡✱ ❜✉t r❡q✉✐r❡s t❤❡ ✐♥t❡❣r❛t✐♦♥
♦❢ t❤❡ ❢✉❧❧ ✢♦✇ ❡q✉❛t✐♦♥✳ ❆s ❢♦r t❤❡ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥s✱ s✉❜✲❧❡❛❞✐♥❣ t❡r♠s ✇❤✐❝❤
❝♦rr❡s♣♦♥❞ t♦ ❑♦❧♠♦❣♦r♦✈ s❝❛❧✐♥❣ s♦❧✉t✐♦♥ ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤✐s ❡①♣r❡ss✐♦♥✱ ❛❧t❤♦✉❣❤
t❤❡② ❛r❡ ♦♥❧② ❛♣♣r♦①✐♠❛t❡ ❛♥❞ ❝♦✉❧❞ r❡❝❡✐✈❡ ❝♦rr❡❝t✐♦♥s ❢r♦♠ t❤❡ ♥❡❣❧❡❝t❡❞ (pmaxL)
t❡r♠s✳ ❚❤❡ ✈❛r✐❛❜❧❡s } k ❛r❡ ❞❡✜♥❡❞ ❜② }pi =  ij} j ✇❤❡r❡  ij ✐s ❛ r♦t❛t✐♦♥ ♠❛tr✐①
✇❤✐❝❤ ❤❛s t♦ ❜❡ ❡①♣❧✐❝✐t❧② ❝♦♥str✉❝t❡❞ ❢♦r ❡❛❝❤ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t
} 1 =
tk}pk 
t t 
. ✭✺✳✼✻✮
❋✐♥❛❧❧②✱ pmax ✐♥ ✭✺✳✼✺✮ ✐s t❤❡ ♠❛①✐♠✉♠ ♠♦❞✉❧✉s ♦❢ t❤❡ }pi ❛♥❞ t❤❡✐r ♣❛rt✐❛❧ s✉♠s✳
❚❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ♣r♦✈✐❞❡s t❤❡ ❧❡❛❞✐♥❣ t✐♠❡ ❛♥❞ ✇❛✈❡✲✈❡❝t♦r ❞❡♣❡♥❞❡♥❝❡ ♦❢ ❛♥②
❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ✐s ❡①❛❝t ✐♥ t❤❡ r❡❣✐♠❡ ♦❢ s♠❛❧❧ t✐♠❡ ❞✐✛❡r❡♥❝❡s ❛♥❞ ❧❛r❣❡
✇❛✈❡✲♥✉♠❜❡rs✳ ❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t✐♠❡ ❛♥❞ s♣❛❝❡ ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♣❛rt
♦❢ t❤❡ ❡①♣r❡ss✐♦♥ ✭✺✳✼✺✮ ✐s  }pktk 2✳ ❚❤✐s ❝♦♠❜✐♥❛t✐♦♥ ❜r❡❛❦s s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ❛♥❞ ✐s t❤❡
❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ ❣❡♥❡r✐❝ n✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ●❛✉ss✐❛♥ ❞❡♣❡♥❞❡♥❝❡
✐♥ t❤❡ ✈❛r✐❛❜❧❡ (p t) ❢♦r t❤❡ 2 ♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ✐s r❡❧❛t❡❞ t♦ t❤❡
s✇❡❡♣✐♥❣ ❡✛❡❝t✳ ❚❤✐s ❜r❡❛❦✐♥❣ ②✐❡❧❞s t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ✐♥t❡❣r❛❧ s❝❛❧❡ L ♦❢ t❤✐s
❧❡❛❞✐♥❣ t❡r♠✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥ t❤❡ r❛♥❣❡ ♦❢ ✈❛❧✐❞✐t② ♦❢ t❤✐s s♦❧✉t✐♦♥✱ ♦♥❡ ❤❛s p2/3t 
p t L1/3✳ ❍❡♥❝❡✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ r❡❣✉❧❛r✐t② ♦❢ F (n)S ✱ t❤❡ ❧❡❛❞✐♥❣ t✐♠❡ ❝♦♥tr✐❜✉t✐♦♥ ✐s
❞✉❡ ✐♥ t❤✐s r❡❣✐♠❡ t♦ t❤❡ ✈❛r✐❛❜❧❡ }pktk✱ ❡①❝❡♣t ❢♦r ❡①❝❡♣t✐♦♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ✇❤❡r❡
}pktk  0✳ ❚❤❡ ❧❡❛❞✐♥❣ t✐♠❡✲❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ❤❡♥❝❡ t❛❦❡s t❤❡
❢♦r♠ ♦❢ ❛ ●❛✉ss✐❛♥
G
(n)
S  e  S( L)
2/3 }pktk 2 . ✭✺✳✼✼✮
■❢ ✇❛✈❡✲✈❡❝t♦rs ❛r❡ ♠❡❛s✉r❡❞ ✐♥ ✉♥✐ts ♦❢   1 ❛s ✐s ✉s✉❛❧❧② t❤❡ ❝❛s❡✱ t❤❡ r❡s✉❧t✐♥❣
t②♣✐❝❛❧ t✐♠❡ s❝❛❧❡ ✐s t❤❡ s✇❡❡♣✐♥❣ t✐♠❡  s =  /urms =  /( L)1/3✱ ✇❤✐❝❤ ❞✐✛❡rs ❢r♦♠
t❤❡ ❑♦❧♠♦❣♦r♦✈ t✐♠❡  K = ( / )1/2✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛t ❡q✉❛❧ t✐♠❡s✱ ♦♥❡ ✐s ❧❡❢t ✇✐t❤
G
(n)
S  1... n
( 0, }pi ) =  m m¯3   dG1 expF (n)S  1... n
  
0,
} i
 1
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✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❑♦❧♠♦❣♦r♦✈✲❧✐❦❡ s♦❧✉t✐♦♥ ✿ ❛ ♣♦✇❡r✲❧❛✇ ❜❡❤❛✈✐♦r ✇✐t❤ ❛ ❞✐✲
♠❡♥s✐♦♥❛❧ ❡①♣♦♥❡♥t t✐♠❡s ❛ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥✳ ❍♦✇❡✈❡r✱ ♦✉r ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s t❤❛t
t❤✐s ✐s ♥♦t ❡①❛❝t ❛ ♣r✐♦r✐✱ ❛♥❞ ✐s t❤✉s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✐♥t❡r♠✐t✲
t❡♥❝② ❝♦rr❡❝t✐♦♥s✳ ■♥❞❡❡❞✱ t❤❡s❡ t❡r♠s ❝❛♥ r❡❝❡✐✈❡ ❝♦rr❡❝t✐♦♥s ❢r♦♠ t❤❡ ♥❡❣❧❡❝t❡❞
✶✶✻ ❈❤❛♣t❡r ✺✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡
 (pmaxL) t❡r♠s ✐♥ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥✳ ❚❤✐s t❡r♠s ❝♦✉❧❞ ✐♥ ♣❛rt✐❝✉❧❛r ♠♦❞✐❢② t❤❡
❡①♣♦♥❡♥t ♦❢ t❤❡ ♣♦✇❡r✲❧❛✇✱ t❤❛t ✐s ②✐❡❧❞ ✐♥t❡r♠✐tt❡♥❝② ❝♦rr❡❝t✐♦♥ t♦ t❤❡ str✉❝t✉r❡
❢✉♥❝t✐♦♥s✳ ❚❤❡s❡ ❝♦rr❡❝t✐♦♥s s❤♦✉❧❞ ❜❡ ❣✐✈❡♥ ❜② t❤❡ ♥❡①t ♦r❞❡r t❡r♠ ✐♥ t❤❡ ✢♦✇
❡q✉❛t✐♦♥✱ ♣r♦✈✐❞❡❞ ✐t ❞♦❡s ♥♦t t♦ ✈❛♥✐s❤ ❛t ❡q✉❛❧ t✐♠❡✳ ❚❤✐s ❞✐r❡❝t✐♦♥ ✐s ❧❡❢t ❢♦r
❢✉t✉r❡ ✇♦r❦✳
❲❡ ♥♦✇ s♣❡❝✐❛❧✐③❡ t♦ t❤❡ t❤r❡❡✲✈❡❧♦❝✐t② ❝♦rr❡❧❛t✐♦♥✳ ■♥ t❤❡ r❡❣✐♠❡ ♦❢ s♠❛❧❧ t✐♠❡
❞✐✛❡r❡♥❝❡s ❛♥❞ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡rs✱ ✇❡ ♦❜t❛✐♥
G
(3)
S    (t1, }p1, t2, }p2)  G(3)S    (0, }p1, 0, }p2) exp
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.
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❚❤✐s ♣r❡❞✐❝t✐♦♥ ❝❛♥ ❜❡ t❡st❡❞ ✐♥ ❞✐r❡❝t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ◆❙ ❡q✉❛t✐♦♥
♦r ✐♥ ❡①♣❡r✐♠❡♥ts✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥❡ ❝❛♥ ❝♦♥str✉❝t ❛ s❝❛❧❛r ❢✉♥❝t✐♦♥ ❢r♦♠ t❤❡ ✸✲
✈❡❧♦❝✐t② ❝♦rr❡❧❛t✐♦♥✱ s✉❝❤ ❛s p 1G
(3,0)
   (}p1, t, }p2, t)✱ ❛♥❞ ♠❡❛s✉r❡ ✐ts ❞❡♣❡♥❞❡♥❝❡ ✐♥ t❤❡
t✐♠❡ ❞✐✛❡r❡♥❝❡ t ✐♥ t❤❡ st❛t✐♦♥❛r② st❛t❡✳ ◆♦r♠❛❧✐③✐♥❣ t❤❡ ❝♦♥str✉❝t❡❞ ❢✉♥❝t✐♦♥ ❜② ✐ts
✈❛❧✉❡ ❛t t = 0✱ ♦♥❡ s❤♦✉❧❞ ♦❜t❛✐♥ ❛ ●❛✉ss✐❛♥ ❞❡♣❡♥❞❡♥❝❡ ✐♥ t❤❡ ✈❛r✐❛❜❧❡  }p1 + }p2 t✳
❲❡ ❝♦♥s✐❞❡r ❛❣❛✐♥ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❊q✳ ✭✺✳✼✸✮✳ ■♥ t❤❡ ❧✐♠✐t ♦❢ ❧❛r❣❡ t✐♠❡s✱ ✐✳❡✳
❛❧❧ t✐♠❡s tk   2/3 ❛s ✇❡❧❧ ❛s ❛❧❧ ❞✐✛❡r❡♥❝❡s (tk t )  2/3✱ t❤✐s ❡q✉❛t✐♦♥ s✐♠♣❧✐✜❡s
t♦ ✭s❡❡ ❆♣♣❡♥❞✐① ❋✳✹✮
  G
(n)
 1... n
( ti, }pi ) = J (0)
6
 
k, 
}pk  }p 
 
 tk +  t    tk  t  
 
G¯(n) 1... n( ti, }pi ) .
✭✺✳✽✵✮
❲❡ ❢♦❝✉s ♦♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡r❡ ❛❧❧ t❤❡ t✐♠❡ ❞❡❧❛②s ❛r❡ ❡q✉❛❧ tk  t ❢♦r k =
1, . . . , n  1✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✜①❡❞✲♣♦✐♥t
❡q✉❛t✐♦♥ ❝❛♥ ❜❡ str❛✐❣❤t❢♦r✇❛r❞❧② ❞❡r✐✈❡❞ ✭s❡❡ ❆♣♣❡♥❞✐① ❋✳✹✮✳ ❖♥❡ ♦❜t❛✐♥s✱ ❦❡❡♣✐♥❣
❛❣❛✐♥ t❤❡ s✉❜✲❧❡❛❞✐♥❣ ❑♦❧♠♦❣♦r♦✈ s❝❛❧✐♥❣ t❡r♠s✱
log
 
 
m¯ m
3 L dGG(n) 1... n(t, }p1,    , }pn 1)
 
=   L 1/3L4/3  t 
   }pk   2  dG log( 1L)
+ FL
(n)
 1... n
 
 
2/3
1  
1/3t,
} 1
 1
,    , } n 1
 1
 
+ (pmaxL) , ✭✺✳✽✶✮
✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡s } k ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡✲✈❡❝t♦rs s❛t✐s✲
❢②✐♥❣ } 1 =
 
}pk✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①♣❧✐❝✐t❧② ❝♦♥str✉❝t❡❞ ❢♦r ❡❛❝❤ n✳ ❚❤❡ ❡①❛♠♣❧❡ ♦❢
G(3) ✐s ❡①♣❧✐❝✐t❧② ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❋✳✹✳ ❚❤❡ ❝r♦ss♦✈❡r✱ ❡✈✐❞❡♥❝❡❞ ❢♦r t❤❡ t✇♦✲♣♦✐♥t
❢✉♥❝t✐♦♥✱ ❛❧s♦ ❡♠❡r❣❡s ❢♦r ❣❡♥❡r✐❝ n✲♣♦✐♥t ❢✉♥❝t✐♦♥s✳ ❚❤❡ q✉❛❞r❛t✐❝ ❞❡♣❡♥❞❡♥❝❡ ✐♥
t ✐♥ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❛t s♠❛❧❧ t✐♠❡ ❞❡❧❛②s ✐s ❝❤❛♥❣❡❞ ❛t ❧❛r❣❡ t✐♠❡ ❞❡❧❛②s t♦ ❛ ❧✐♥❡❛r
♦♥❡✳
■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ t❤❡ ❧❡❛❞✐♥❣ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s
♦❢ t✉r❜✉❧❡♥❝❡ ❛t ✉♥❡q✉❛❧ t✐♠❡s✳ ■t ❣❡♥❡r❛❧✐③❡s t♦ ❛♥② t✐♠❡ ❞✐✛❡r❡♥❝❡ ❛♥❞ ❢♦r ❛♥②
❣❡♥❡r❛❧✐③❡❞ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❛ ❦♥♦✇♥ ♣❡❝✉❧✐❛r✐t② ♦❢ t✉r❜✉❧❡♥❝❡✱ t❤❡ s✇❡❡♣✐♥❣
❡✛❡❝t✳ ❚❤✐s ❡✛❡❝t ❞✐s❛♣♣❡❛rs ❛t ❡q✉❛❧ t✐♠❡s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r
✐s ♥♦t s✉✣❝✐❡♥t t♦ ❡①♣❧❛✐♥ ❛ ♣♦ss✐❜❧❡ ❞❡✈✐❛t✐♦♥ t♦ ❑♦❧♠♦❣♦r♦✈ ❡①♣♦♥❡♥ts ❢♦r t❤❡
str✉❝t✉r❡ ❢✉♥❝t✐♦♥s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r t❡r♠s
✺✳✻✳ ▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ✐♥ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ❢♦r♠✉❧❛t✐♦♥ ✶✶✼
❛t ❡q✉❛❧ t✐♠❡ ✐♥ t❤❡ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ 2✲❉ t✉r❜✉❧❡♥❝❡✳
❚❤❡s❡ t❡r♠s ✇♦✉❧❞ ❜❡ r❡s♣♦♥s✐❜❧❡ ✐♥ ♦✉r s❝❡♥❛r✐♦ ❢♦r ✐♥t❡r♠✐tt❡♥❝② ♦❢ t❤❡ str✉❝t✉r❡
❢✉♥❝t✐♦♥s ✐♥ t✉r❜✉❧❡♥❝❡✳ ❚❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ♥❡①t✲t♦✲❧❡❛❞✐♥❣ t❡r♠s ❤❛s ♠♦r❡
♣♦t❡♥t✐❛❧ ❢♦r s✉❝❝❡ss ✐♥ 2✲❉ ❞✉❡ t♦ t❤❡ ✉s❡ ♦❢ t❤❡ ♥❡✇ ✉♥❝♦✈❡r❡❞ s②♠♠❡tr② ✭✺✳✸✶✮ ♦❢
t❤❡ ❙◆❙ ✜❡❧❞ t❤❡♦r② ✇❤✐❝❤ ✐s ♥♦t r❡❛❧✐③❡❞ ✐♥ 3✲❉✳
✺✳✻ ▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ✐♥ t❤❡ str❡❛♠
❢✉♥❝t✐♦♥ ❢♦r♠✉❧❛t✐♦♥
✺✳✻✳✶ ▲❡❛❞✐♥❣ ♦r❞❡r ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❛t ✉♥❡q✉❛❧ t✐♠❡s
❚❤❡ r❡s✉❧ts r❡❧❛t❡❞ t❤❡ ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✐♥ t❤❡ ✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥ ❤♦❧❞ ✐♥ ❜♦t❤ 2✲
❉ ❛♥❞ 3✲❉✳ ❍♦✇❡✈❡r✱ t♦ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ s✉♣♣❧❡♠❡♥t❛r② s②♠♠❡tr② ❡①✐st✐♥❣ ♦♥❧② ✐♥ 2✲
❉✱ ✐t ❛♣♣❡❛rs s✐♠♣❧❡r t♦ ✇♦r❦ ✐♥ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ❢♦r♠✉❧❛t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
♦✉r ✜rst t❛s❦ ✐s t♦ r❡❞❡r✐✈❡ t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r r❡s✉❧t ✐♥ t❤✐s ❢♦r♠✉❧❛t✐♦♥✳
▲❡t ✉s ✜rst r❡❝❛❧❧ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s✱ ♥♦✇ t♦ ❜❡
✉♥❞❡rst♦♦❞ ✐♥ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ❢♦r♠✉❧❛t✐♦♥
  G˜
(n)
i1...in
( p  1   n) = 1
2
 
q1,q2
 ˜ G˜
(2)
ij ( q1, q2)
 
 2
 Φi(q1) Φj(q2)
G˜
(n)
i1...in
[ p  ; j]
 
Φ=0
.
✭✺✳✽✷✮
❚❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r t❡r♠ ✐♥ ✇❛✈❡✲♥✉♠❜❡r ✇♦✉❧❞ ♥♦r♠❛❧❧② ❜❡ ♦❜t❛✐♥❡❞ ❜② s❡tt✐♥❣ q1, q2
t♦ ③❡r♦ ✐♥ t❤❡ t❡r♠s ✐♥ ❜r❛❝❦❡t ❛s ✐♥ t❤❡ ✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥✳ ■♥ ❢❛❝t✱ ❞✉❡ t❤❡ ❣❛✉❣❡
❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ❛❝t✐♦♥ ♠❛♥✐❢❡st❡❞ ❜② ❊q✳ ✭✺✳✸✸✮ ❧✐♥❡ a)✱
t❤❡r❡ ✐s ♥♦ ✐♥❢♦r♠❛t✐♦♥ ❛t t❤✐s ♦r❞❡r✳ ■♥❞❡❡❞✱ t❤❡ s②♠♠❡tr② ✐♠♣❧✐❡s t❤❛t t❤❡ ✈❡rt❡①
❢✉♥❝t✐♦♥s ❛r❡ ③❡r♦ ✐❢ ♦♥❡ ♦❢ t❤❡✐r ✇❛✈❡✲♥✉♠❜❡r ✐s s❡t t♦ ③❡r♦✱ ❊q✳ ✭✺✳✺✸✮ ❧✐♥❡ a)✳ ❚❤✉s✱
 
 2
  i(q1)  j(q2)
G˜
(n)
i1...in
[ p  1   n; j]
 
 =0
     
}q1=}q2=0
= 0 ✭✺✳✽✸✮
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❤❛s t♦ ❣♦ ❢✉rt❤❡r ✐♥ t❤❡ ❡①♣❛♥s✐♦♥ ✐♥ q1, q2 t♦ ❣❡t t❤❡ ❧❡❛❞✐♥❣
♦r❞❡r t❡r♠ ✐♥ t❤❡ ❤✐❣❤ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥✳ ❚❤❡ ♦❞❞ t❡r♠s ♦❢ t❤✐s ❡①♣❛♥s✐♦♥
✈❛♥✐s❤❡s ❛❢t❡r ✐♥t❡❣r❛t✐♦♥ ❞✉❡ t♦ t❤❡ ♣❛r✐t② ♦❢  ˜ G˜
(2)
ij ( q1, q2)✳ ❲❡ ❞❡❞✉❝❡ t❤❛t
t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r t❡r♠ ♦❢ t❤❡ ✢♦✇ ✐s
  G˜
(n)
i1...in
( p  1   n)
   
leading
=
1
2
 
q1,q2
 ˜ G˜
(2)
ij ( q1, q2)
 q
 
a q
 
b
2
 2
 q a  q
 
b
 
 2
  i(q1)  j(q2)
G˜
(n)
i1...in
[ p  ; j]
 
 =0
     
}q1=}q2=0
,
✭✺✳✽✹✮
✇❤❡r❡ a, b t❛❦❡ ✈❛❧✉❡ ✐♥  1, 2 ✳ ■t ✐s ❝❤❡❝❦❡❞ ✐♥ ❆♣♣❡♥❞✐① ❋✳✺ t❤❛t t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r
t❡r♠ ❛t ✉♥❡q✉❛❧ t✐♠❡s✱ ❛❧r❡❛❞② ❦♥♦✇♥ ✐♥ t❤❡ ✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥✱ ✐s r❡❝♦✈❡r❡❞ ✐♥
t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ❢♦r♠✉❧❛t✐♦♥✿
  G˜
(n)
i1...in
( p  1   n) = 1
2
 
q1,q2
 ˜ G˜
(2)
v v ( q1, q2) ˜ ( 1) ˜ ( 2)G˜(n)i1...in( p  ) .
✭✺✳✽✺✮
✶✶✽ ❈❤❛♣t❡r ✺✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡
❚❤❡s❡ ✢♦✇ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ s♦❧✈❡❞ ❛t t❤❡ ✜①❡❞ ♣♦✐♥t✱ ❛s ✇❛s ❞♦♥❡ ✐♥ t❤❡ 3✲❉
❝❛s❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐♥ 2✲❉ t❤❡ s❝❛❧✐♥❣ ❡①♣♦♥❡♥ts ❛r❡ ❝♦rr❡❝t❡❞
❜② ❧♦❣❛r✐t❤♠✐❝ ❢❛❝t♦rs✳ ❚❤✐s ❤❛s t❤❡ ❡✛❡❝t t♦ ♣r♦❞✉❝❡ ❛❞❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝✐❡s ✐♥
t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ✇❛✈❡✲♥✉♠❜❡rs ✐♥ t❤❡ ✜①❡❞ ♣♦✐♥t s♦❧✉t✐♦♥s✳ ❚❤❡s❡ s♦❧✉t✐♦♥s✱
❛ss✉♠✐♥❣ ♥♦ ✐♥t❡r♠✐tt❡♥❝② ❝♦rr❡❝t✐♦♥s✱ ❛r❡ ❣✐✈❡♥ ✐♥ ✭❚❛r♣✐♥ ❡t ❛❧✳ s✉❜♠✐tt❡❞✮✳
✺✳✻✳✷ ◆❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥
❋♦r ❡q✉❛❧ t✐♠❡s ✭♦r ❡q✉✐✈❛❧❡♥t❧② ✐♥ ❋♦✉r✐❡r s♣❛❝❡✱ ❛❢t❡r ✐♥t❡❣r❛t✐♥❣ ❛❧❧ ❡①t❡r♥❛❧ ❢r❡✲
q✉❡♥❝✐❡s✮ t❤❡ ❝❛❧❝✉❧❛t❡❞ ❧❡❛❞✐♥❣ t❡r♠ ✈❛♥✐s❤❡s✳ ❚❤✉s ♦♥❡ ❤❛s t♦ ❣♦ ❢✉rt❤❡r ✐♥ t❤❡
❤✐❣❤ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ✐♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❧❡❛❞✐♥❣ t❡r♠ ❛t ❡q✉❛❧ t✐♠❡s✳
❚❤✐s t❡r♠ ✐s ♣❛rt✐❛❧❧② ❝♦♥tr♦❧❧❡❞ ✐♥ 2✲❉ ❞✉❡ t♦ t❤❡ s✉♣♣❧❡♠❡♥t❛r② s②♠♠❡tr②✱ ♥❛♠❡❧②
t❤❡ t✐♠❡✲❣❛✉❣❡❞ r♦t❛t✐♦♥✳ ❈♦♥❝❡♥tr❛t✐♥❣ ♦♥ t❤❡ ❡q✉❛❧✲t✐♠❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥✱ ♦♥❡
❤❛s t♦ ❣♦ t♦ t❤❡ ♥❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r ✭◆▲❖✮ ✐♥ t❤❡ }q ❞❡r✐✈❛t✐✈❡s ❛♥❞ t❤❡ ❧❡❛❞✐♥❣
♦r❞❡r t❡r♠ ♦❢ t❤❡ ✢♦✇ r❡❛❞s
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✇❤❡r❡ ❛s ❜❡❢♦r❡ a, b, c, d t❛❦❡ ✈❛❧✉❡ ✐♥  1, 2 ✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ✇♦r❦ ✐s t♦ s❤♦✇
t❤❛t ♦♥❧② ❛ ❝❡rt❛✐♥ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ }q ❞❡r✐✈❛t✐✈❡s s✉r✈✐✈❡s ❛❢t❡r ✐♥t❡❣r❛t✐♦♥ ♦✈❡r t❤❡
❡①t❡r♥❛❧ ❢r❡q✉❡♥❝✐❡s✳ ❚❤❡ ✜rst st❡♣ ✐s t♦ s❤♦✇ t❤❛t ❛♠♦♥❣ t❤❡ ❞✐✛❡r❡♥t ❝♦♠❜✐♥❛t✐♦♥
♦❢ }q1 ❛♥❞ }q2 ❞❡r✐✈❛t✐✈❡s ♦♥❧② t❤❡ ♦♥❡s ✇✐t❤ t✇♦ }q1 ❛♥❞ t✇♦ }q2 s✉r✈✐✈❡s t❤❡ ✐♥t❡❣r❛t✐♦♥
♦✈❡r t❤❡ ❢r❡q✉❡♥❝✐❡s✳ ❚❤❡ t❡r♠s ✇✐t❤ ♦♥❧② }q1 ♦r ♦♥❧② }q2 ❞✐s❛♣♣❡❛r ❞✉❡ t♦ ✭✺✳✺✸✮✱ ❧✐♥❡
❛✮✱ st❛t✐♥❣ t❤❛t ❛ ✈❡rt❡① ❢✉♥❝t✐♦♥ ✇✐t❤ ❛ ✇❛✈❡✲♥✉♠❜❡r ❡✈❛❧✉❛t❡❞ ❛t ③❡r♦ ✐s ③❡r♦✳ ■♥
❆♣♣❡♥❞✐① ❋✳✻✱ ✐t ✐s s❤♦✇♥ t❤❛t t❤❡ t❡r♠s ✇✐t❤ ♦♥❧② ♦♥❡ }q1 ♦r ♦♥❧② ♦♥❡ }q2 ❞✐s❛♣♣❡❛r
❛s ✇❡❧❧✳ ❚❤✐s ✐s ❡ss❡♥t✐❛❧❧② ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤✐s ❞❡r✐✈❛t✐✈❡ tr❛♥s❧❛t❡s t♦ ❛♥ ♦✈❡r❛❧❧
 ˜ ♦♣❡r❛t♦r ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❤✐❝❤ ✈❛♥✐s❤❡s ❛❢t❡r ❢r❡q✉❡♥❝② ✐♥t❡❣r❛t✐♦♥✳
❚❤✉s ❛t t❤✐s ♣♦✐♥t ♦♥❡ ✐s ❧❡❢t ✇✐t❤
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❯s✐♥❣ s♣❛❝❡ tr❛♥s❧❛t✐♦♥s ❛♥❞ r♦t❛t✐♦♥s ✐♥✈❛r✐❛♥❝❡ ♦❢  ˜ G˜(2)✱ t❤❡ ❧❡❛❞✐♥❣ t❡r♠ ❝❛♥ ❜❡
r❡✇r✐tt❡♥ ❛s
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✺✳✻✳ ▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ✐♥ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ❢♦r♠✉❧❛t✐♦♥ ✶✶✾
✇✐t❤
K˜ij( 1,  2)  1
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❚❤❡ ❧❛st t✇♦ ♣❛rts ♦❢ ❆♣♣❡♥❞✐① ❋✳✻ ❛r❡ ❞❡✈♦t❡❞ t♦ s❤♦✇ t❤❛t
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❚❤✐s t❡r♠ ✈❛♥✐s❤❡s ❛❢t❡r ✐♥t❡❣r❛t✐♦♥ ♦✈❡r ❢r❡q✉❡♥❝✐❡s ❜② ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ❛♥❣✉❧❛r
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❚❤❡ ♠❡ss❛❣❡ ♦❢ t❤✐s ❞❡r✐✈❛t✐♦♥ ✐s t❤❛t ❛♠♦♥❣ ❛❧❧ t❤❡ t❡r♠s ❝♦♥tr✐❜✉t✐♥❣ t♦ t❤❡ ❧❛r❣❡
✇❛✈❡✲♥✉♠❜❡r ❧❡❛❞✐♥❣ ♦r❞❡r ❘● ✢♦✇ ❡q✉❛t✐♦♥✱ ❛❧❧ t❤❡ t❡r♠s ✇❤✐❝❤ ❛r❡ ❝♦♥tr♦❧❧❡❞ ❜②
t❤❡ s②♠♠❡tr✐❡s t✉r♥ ♦✉t t♦ ✈❛♥✐s❤ ❛❢t❡r ✐♥t❡❣r❛t✐♦♥ ♦✈❡r ❡①t❡r♥❛❧ ❢r❡q✉❡♥❝✐❡s✳ ❚❤✐s
❧❡❛✈❡s ❢♦r ♣♦ss✐❜❧❡ ❝❛♥❞✐❞❛t❡s ❢♦r ✐♥t❡r♠✐tt❡♥❝② ❛t ❡q✉❛❧ t✐♠❡s ♦♥❧② t❡r♠s ✇❤✐❝❤ ❝❛♥✲
♥♦t ❜❡ tr❡❛t❡❞ ❛♥❛❧②t✐❝❛❧❧② ❛s ♦❢ ♥♦✇✳ ❲❡ ❛r❡ ♥♦✇ ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ♣♦ss✐❜✐❧✐t② t❤❛t
t❤❡ ❡①♣r❡ss✐♦♥ ❛❜♦✈❡ ❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞ ❢♦r ♣❛rt✐❝✉❧❛r ♦❜❥❡❝ts✱ s✉❝❤ ❛s t❤❡ r❡❧❡✈❛♥t
str✉❝t✉r❡ ❢✉♥❝t✐♦♥s ❛♣♣❡❛r✐♥❣ ✐♥ 2✲❉ t✉r❜✉❧❡♥❝❡✳
■♥ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r✱ ❧❡t ✉s r❡❝❛♣✐t✉❧❛t❡ ♦✉r ✜♥❞✐♥❣s✳ ❈❡rt❛✐♥❧② t❤❡
❝❡♥tr❛❧ r❡s✉❧t ✐s t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❧✐♠✐t ♦❢ t❤❡ ❡①❛❝t ❘●
✢♦✇ ❡q✉❛t✐♦♥ ❢♦r ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ✐♥ t✉r❜✉❧❡♥❝❡✳ ❚❤✐s ❛❧❧♦✇❡❞ ✉s t♦ ♠❛❦❡ ♥❡✇
♣r❡❞✐❝t✐♦♥s ♦♥ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥❝❡ ♦❢ s✉❝❤ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ♦❜t❛✐♥❡❞ ❜❡❤❛✈✐♦r ❤❛s
❜❡❡♥ ✐❞❡♥t✐✜❡❞ t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ✇❡❧❧✲❦♥♦✇♥ s✇❡❡♣✐♥❣ ❡✛❡❝t ❛♥❞ ✐s ❛ ❝❧❡❛r ❡①❛♠♣❧❡ ♦❢
❜r❡❛❦✐♥❣ ♦❢ s❝❛❧❡✲✐♥✈❛r✐❛♥❝❡ ✐♥ t✉r❜✉❧❡♥❝❡✳ ❆t ❡q✉❛❧ t✐♠❡s✱ t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ✈❛♥✐s❤❡s
❛♥❞ t❤❡ r❡s✉❧t ✐s ♥♦t ❝♦♥tr♦❧❧❡❞ ❛♥②♠♦r❡✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✐♥ 2✲❉ ✇❡ ♠❛② ❜❡ ❛❜❧❡
t♦ ❝♦♥tr♦❧ ✐♥ t❤❡ s❛♠❡ ✇❛② t❤❡ ◆▲❖✳ ❚❤✐s ✇♦✉❧❞ ❣✐✈❡ str♦♥❣ ♣r❡❞✐❝t✐♦♥s ❝♦♥❝❡r♥✐♥❣
t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ✐♥t❡r♠✐tt❡♥❝② ✐♥ t❤❡ ❞✐r❡❝t ❝❛s❝❛❞❡ ♦❢ 2✲❉ t✉r❜✉❧❡♥❝❡✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ ✐❢ t❤❡ ◆▲❖ ✐s s❤♦✇♥ t♦ ✈❛♥✐s❤❡s ❛t ❡q✉❛❧ t✐♠❡s✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s
♥♦ ✐♥t❡r♠✐tt❡♥❝② ❝♦rr❡❝t✐♦♥✳ ❚❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❞✐❞ ♥♦t ❧❡❛❞ t♦ ❛ ❝♦♥❝❧✉s✐✈❡ ❛♥s✇❡r
❛t t❤❡ t✐♠❡ ♦❢ t❤❡ ✇r✐t✐♥❣ ♦❢ t❤❡s✐s✳ ❍♦✇❡✈❡r✱ t❤❡② ♠❛② ❣✐✈❡ ♣r❡❞✐❝t✐♦♥s ❢♦r ❛ ♠♦r❡
r❡str❛✐♥❡❞ s❡t ♦❢ ♦❜s❡r✈❛❜❧❡s ❛♥❞ ❣✉✐❞❡ ❢✉t✉r❡ ✐♥✈❡st✐❣❛t✐♦♥s✳
✶✷✵ ❈❤❛♣t❡r ✺✳ ❇r❡❛❦✐♥❣ ♦❢ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡
❱❡rs✐♦♥ ❢r❛♥☛❝❛✐s❡
❊♥ ❝♦♥❝❧✉s✐♦♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ré❝❛♣✐t✉❧♦♥s ♥♦s rés✉❧t❛ts✳ ▲❡ ♣❧✉s ✐♠♣♦rt❛♥t ❡st ❝❡r✲
t❛✐♥❡♠❡♥t ❧❛ ❞ér✐✈❛t✐♦♥ ❞❡ ❧❛ ❧✐♠✐t❡ à ❣r❛♥❞ ♥♦♠❜r❡ ❞✬♦♥❞❡s ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ✢♦t
❞❡ ❘● ❡①❛❝t❡ ♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s ❞❡ ❝♦rré❧❛t✐♦♥ ❡♥ t✉r❜✉❧❡♥❝❡✳ ❈❡❧❛ ♥♦✉s ❛ ♣❡r♠✐s
❞❡ ❢❛✐r❡ ❞❡ ♥♦✉✈❡❧❧❡s ♣ré❞✐❝t✐♦♥s s✉r ❧❛ ❞é♣❡♥❞❛♥❝❡ t❡♠♣♦r❡❧❧❡ ❞❡ ❝❡s ❢♦♥❝t✐♦♥s✳ ▲❡
❝♦♠♣♦rt❡♠❡♥t ♦❜t❡♥✉ ❛ été ✐❞❡♥t✐✜é ❝♦♠♠❡ ❣é♥ér❛❧✐s❛♥t ❧❡ ✧s✇❡❡♣✐♥❣ ❡✛❡❝t✧ ❜✐❡♥
❝♦♥♥✉ ❡t ❡st ✉♥ ❡①❡♠♣❧❡ ❝❧❛✐r ❞❡ ❜r✐s✉r❡ ❞❡ ❧✬✐♥✈❛r✐❛♥❝❡ ❞✬é❝❤❡❧❧❡ ❡♥ t✉r❜✉❧❡♥❝❡✳ ❆
t❡♠♣s é❣❛✉①✱ ❧✬♦r❞r❡ ❞♦♠✐♥❛♥t à ❣r❛♥❞ ♥♦♠❜r❡ ❞✬♦♥❞❡s ❞❡✈✐❡♥t ♥✉❧ ❡t ❧❡ rés✉❧t❛t ♥✬❡st
♣❧✉s ❝♦♥trô❧é✳ ◆♦✉s ❛✈♦♥s ♠♦♥tré q✉✬❡♥ 2✲❉ ♥♦✉s ♣♦✉rr✐♦♥s êtr❡ ❝❛♣❛❜❧❡s ❞❡ ❝♦♥✲
trô❧❡r ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ ❧❡ ◆▲❖✳ ❈❡❧❛ ❞♦♥♥❡r❛✐t ❞❡ ❢♦rt❡s ♣ré❞✐❝t✐♦♥s ❝♦♥❝❡r♥❛♥t
❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡ ❧✬✐♥t❡r♠✐tt❡♥❝❡ ❞❛♥s ❧❛ ❝❛s❝❛❞❡ ❞✐r❡❝t❡ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❞❡ 2✲❉✳
P❧✉s ♣ré❝✐sé♠❡♥t✱ s✬✐❧ ❡st ❞é♠♦♥tré q✉❡ ❧❡ ◆▲❖ ❞✐s♣❛r❛ît à ❞❡s t❡♠♣s é❣❛✉①✱ ❝❡❧❛
s✐❣♥✐✜❡ q✉✬✐❧ ♥✬② ❛ ♣❛s ❞❡ ❝♦rr❡❝t✐♦♥ ✐♥t❡r♠✐tt❡♥t❡✳ ▲❡s ❝❛❧❝✉❧s ♥✬♦♥t ♣❛s ❛❜♦✉t✐ à ✉♥❡
ré♣♦♥s❡ ❝♦♥❝❧✉❛♥t❡ ❛✉ ♠♦♠❡♥t ❞❡ ❧❛ ré❞❛❝t✐♦♥ ❞❡ ❧❛ t❤ès❡✳ ❚♦✉t❡❢♦✐s✱ ✐❧s ♣❡✉✈❡♥t
❞♦♥♥❡r ❞❡s ♣ré❞✐❝t✐♦♥s ♣♦✉r ❝❡rt❛✐♥❡s ♦❜s❡r✈❛❜❧❡s ❡t ❣✉✐❞❡r ❧❡s r❡❝❤❡r❝❤❡s ❢✉t✉r❡s✳
❈❤❛♣t❡r ✻
●❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥
✻✳✶ ❙✉♠♠❛r②
❚❤✐s ♠❛♥✉s❝r✐♣t ❞❡s❝r✐❜❡s t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ t♦♦❧s ♦❢ t❤❡ ◆P❘● ❢r❛♠❡✇♦r❦ t♦
t✇♦ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ s②st❡♠s✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✇❡ ✉s❡❞ t❤❡ ♠♦❞✐✜❡❞ ❧♦❝❛❧ ♣♦✲
t❡♥t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❛❜s♦r❜✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ♦❝❝✉r✐♥❣ ✐♥ t❤❡
❞✐✛✉s✐✈❡ ❡♣✐❞❡♠✐❝ ♣r♦❝❡ss ❛♥❞ ✐ts ❝♦❛rs❡✲❣r❛✐♥❡❞ ❝♦✉♥t❡r♣❛rt✱ t❤❡ ❞✐r❡❝t❡❞ ♣❡r❝♦✲
❧❛t✐♦♥ ✇✐t❤ ❛ ❝♦♥s❡r✈❡❞ q✉❛♥t✐t②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❧❛r❣❡
✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❡①❛❝t ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s
✐♥ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡✳
❋✐rst✱ t❤❡ st✉❞② ♦❢ ❉❊P ❛♥❞ ❉P✲❈ ✇❛s t❤❡ ♦❝❝❛s✐♦♥ t♦ ❞✐s❝✉ss ✐♥ ❞❡t❛✐❧s t❤❡
r❡s♣❡❝t✐✈❡ s②♠♠❡tr✐❡s ♦❢ ❜♦t❤ ♠♦❞❡❧s ❛♥❞ t♦ ❝❤❛❧❧❡♥❣❡ t❤❡ st❛♥❞❛r❞ ♣❡rt✉r❜❛t✐✈❡
❧♦r❡ ❝♦♥❝❡r♥✐♥❣ t❤❡♠✳ ◆❛♠❡❧②✱ ✐t ✇❛s ♣r❡❞✐❝t❡❞ t❤❛t ❜♦t❤ ♠♦❞❡❧s ❜❡❧♦♥❣❡❞ t♦ t❤❡
s❛♠❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss ❛♥❞ t❤❛t ❢♦r ❝❡rt❛✐♥ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡r  ♦❢ t❤❡ ♠♦❞❡❧s✱
t❤❡ tr❛♥s✐t✐♦♥ ✇❛s ♦❢ ✜rst ♦r❞❡r✳ ❲❡ r❡❝♦✈❡r❡❞ t❤❡ ♣r❡✈✐♦✉s ♣❡rt✉r❜❛t✐✈❡ r❡s✉❧ts ❛t
t❤❡ ❧♦✇❡st ♦r❞❡r ♦❢ ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥✳ ❆t ❤✐❣❤❡r ♦r❞❡rs✱ ✇❡ ♦❜t❛✐♥❡❞ ❤✐♥ts t❤❛t ❛
❝♦♥t✐♥✉♦✉s ♣❤❛s❡ tr❛♥s✐t✐♦♥ ❡①✐sts ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢  ✱ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ s✐♠✉❧❛t✐♦♥s✳
❲❡ ✇❡r❡ ❛❧s♦ ❛❜❧❡ t♦ ❡①♣❧♦r❡ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❉❊P ❛♥❞ ❉P✲❈ ✇✐t❤✐♥ t❤❡ ◆P❘●✳
❍♦✇❡✈❡r✱ t❤❡ ❝❤♦s❡♥ ❛♥s❛t③ ✇❛s ❞❡♠♦♥str❛t❡❞ ♥♦t t♦ ❜❡ ♣♦✇❡r❢✉❧ ❡♥♦✉❣❤ t♦ ❣✐✈❡ ❛
❞❡✜♥✐t✐✈❡ ❛♥s✇❡r t♦ t❤❡ q✉❡st✐♦♥s ✇❡ r❛✐s❡❞✳
❙❡❝♦♥❞✱ t❤❡ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❡①❛❝t ❘● ✢♦✇ ❡q✉❛t✐♦♥ ✐♥ ❤♦✲
♠♦❣❡♥❡♦✉s ✐s♦tr♦♣✐❝ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡ ❧❡❞ t♦ ❛ ❝❧♦s❡❞ ❡q✉❛t✐♦♥ s❛t✐s✜❡❞
❜② ❛♥② ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ✐♥ t❤✐s s②st❡♠✳ ❚❤✐s ❝❧♦s❡❞ ❡q✉❛t✐♦♥ ❤❛s ❛ ♣❡❝✉❧✐❛r
♣r♦♣❡rt② ♥❛♠❡❞ ♥♦♥✲❞❡❝♦✉♣❧✐♥❣✱ ✇❤✐❝❤ ✐♥❞✉❝❡s t❤❡ ❜r❡❛❦✐♥❣ ♦❢ s❝❛❧❡✲✐♥✈❛r✐❛♥❝❡ ✐♥
t❤❡ t❡♠♣♦r❛❧ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ✐♥ t✉r❜✉❧❡♥❝❡✳ ❚❤✐s ✐s t❤❡
❤✐❣❤❧✐❣❤t ♦❢ t❤❡ ♠❛♥✉s❝r✐♣t✳ ❚❤❡s❡ ❡q✉❛t✐♦♥s ✇❡r❡ s♦❧✈❡❞ ❜♦t❤ ✐♥ t❤❡ r❡❣✐♠❡ ♦❢
❧❛r❣❡ ❛♥❞ s♠❛❧❧ t✐♠❡✲❞❡❧❛②s t♦ ♦❜t❛✐♥ t❤❡ t❡♠♣♦r❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❋♦✉r✐❡r ♠♦❞❡s ♦❢
❛♥② ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s✳ ❋♦r s♠❛❧❧ t✐♠❡ ❞❡❧❛②s✱ t❤❡ t❡♠♣♦r❛❧ ❞❡❝❛② ♦❢ t❤❡ ❋♦✉r✐❡r
♠♦❞❡s ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ✐s ●❛✉ss✐❛♥✱ ✇✐t❤ ❛ ❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡ ❣♦✐♥❣ ❧✐❦❡
t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ✇❛✈❡✲♥✉♠❜❡r✳ ❚❤✐s ❜❡❤❛✈✐♦r ✐s ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ s✇❡❡♣✐♥❣ ❡✛❡❝t✿
t❤❡ r❛♥❞♦♠ ❛❞✈❡❝t✐♦♥ ♦❢ s♠❛❧❧ ❡❞❞✐❡s ❜② ❧❛r❣❡r ♦♥❡s✳ ❆t ❧❛r❣❡ t✐♠❡ ❞✐✛❡r❡♥❝❡s✱ t❤❡
❋♦✉r✐❡r ♠♦❞❡s ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥s ❤❛✈❡ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛②✳ ❆ s✐♠✐❧❛r ❜❡❤❛✈✐♦r
✇❛s ❛❧r❡❛❞② ♦❜s❡r✈❡❞ ✐♥ ❡①♣❡r✐♠❡♥ts ❜✉t ✐t ✐s t❤❡ ✜rst t✐♠❡ ✐t ✐s ♣r❡❞✐❝t❡❞ ❢r♦♠ t❤❡
◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥✳ ❋✐♥❛❧❧②✱ t❤❡ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ✇❛s ♣✉s❤❡❞ t♦
♥❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r ✐♥ 2✲❉✳ ❚❤❡ ♥❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r t❡r♠ s❤♦✉❧❞ ❣✐✈❡ ✐♥❢♦r♠❛t✐♦♥
♦♥ t❤❡ ❡q✉❛❧✲t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s✱ ❛♥❞ t❤✉s ♦♥ ✐♥t❡r♠✐tt❡♥❝②✱
✶✷✶
✶✷✷ ❈❤❛♣t❡r ✻✳ ●❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥
✐♥ t❤❡ ❞✐r❡❝t ❝❛s❝❛❞❡ ✐♥ 2✲❉ t✉r❜✉❧❡♥❝❡✳ ◆❡✇❧② ❞✐s❝♦✈❡r❡❞ s②♠♠❡tr✐❡s ❛❧❧♦✇❡❞ t♦
❝♦♥tr♦❧ ♣❛rt✐❛❧❧② t❤✐s t❡r♠✳ ❍♦✇❡✈❡r✱ ✉♥❝♦♥tr♦❧❧❡❞ t❡r♠s r❡♠❛✐♥✱ ♣r❡✈❡♥t✐♥❣ t♦ ❣✐✈❡
❛ ❞❡✜♥✐t✐✈❡ ❝♦♥❝❧✉s✐♦♥ ❛t t❤✐s ♣♦✐♥t✳
✻✳✷ Pr♦s♣❡❝ts
▲❡t ✉s ❡①♣♦✉♥❞ ♦♥ ♣♦ss✐❜❧❡ ❧❡❛❞s t♦ ❝♦♥t✐♥✉❡ t❤❡ ✇♦r❦ ✉♥❞❡rt❛❦❡♥ ✐♥ t❤✐s t❤❡s✐s✳
❈♦♥❝❡r♥✐♥❣ t❤❡ st✉❞② ♦❢ t❤❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ❉❊P ❛♥❞ ❉P✲❈✱ t❤❡ ♠♦st
str❛✐❣❤t❢♦r✇❛r❞ ❛♣♣r♦❛❝❤ ✇♦✉❧❞ ❜❡ t♦ ❞❡✈✐s❡ ❛♥ ❛♥s❛t③ ♠♦r❡ s✉✐t❡❞ t♦ ❝❛♣t✉r❡ t❤❡
♣♦ss✐❜❧❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠♦❞❡❧s✳ ■♥ ❛ ✜rst st❡♣✱ ♦♥❡ s❤♦✉❧❞ ✐♥✈❡st✐❣❛t❡
t❤❡ ❜❡♥❡✜t ♦❢ ❦❡❡♣✐♥❣ ❛ t♦t❛❧ ♦r ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ✐♥
t❤❡ ✜❡❧❞ ✐♥✈❛r✐❛♥ts ♦❢ t❤❡ t❤❡♦r②✱ ✐♥st❡❛❞ ♦❢ ❞♦✐♥❣ ❛ s②st❡♠❛t✐❝ tr✉♥❝❛t✐♦♥ ✐♥ t❤❡
✜❡❧❞s✳ ❚❤✐s q✉❡st✐♦♥ ✐s ❧✐♥❦❡❞ t♦ t❤❡ r♦❧❡ ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ♠✐♥✐♠✉♠ ❝♦♥✜❣✉r❛t✐♦♥
✐♥ t❤❡ ❛♥s❛t③ ❛♥❞ ♠❛②❜❡ ✇♦✉❧❞ ♣r♦✈✐❞❡ s♦♠❡ ❛♥s✇❡rs t♦ t❤❡ ✐♥st❛❜✐❧✐t✐❡s ♦❜s❡r✈❡❞
✐♥ t❤❡ ✢♦✇ ✐♥ ❧♦✇ ❞✐♠❡♥s✐♦♥s✳ ❍♦✇❡✈❡r✱ ❛♥♦t❤❡r ❛♣♣r♦❛❝❤ ✇♦✉❧❞ ❜❡ t♦ st❛rt ❢r♦♠
t❤❡ r❡s♣♦♥s❡ ✜❡❧❞ ❛❝t✐♦♥ ♦❢ ❉❊P✳ ❚❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ✜❡❧❞s✱ t❤❡ ✐♥t❡r❛❝t✐♦♥ t❡r♠s
❛♥❞ t❤❡ s②♠♠❡tr✐❡s ❛r❡ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ✐♥ t❤✐s ❝❛s❡ ❛♥❞ t❤❡② ✇♦✉❧❞ r❡q✉✐r❡ ❛
❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ❛♥s❛t③✳ ❆ ✇♦r❦ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ✉♥❞❡rt❛❦❡♥ t♦ ✉♥❞❡rst❛♥❞
t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❜♦t❤ ❛❝t✐♦♥s ❛♥❞ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ r❡s♣♦♥s❡ ✜❡❧❞ ❢♦r♠❛❧✐s♠ ❢♦r
P♦✐ss♦♥ ♣r♦❝❡ss ✐♥ ❣❡♥❡r❛❧ ✭●✉✐♦t❤✱ ▲❡❝♦♠t❡✱ ❛♥❞ ❚❛r♣✐♥ ✐♥ ♣r❡♣✳✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r
t❤❡ ♣❛r❛♠❡t❡r  s❡t t♦ ③❡r♦✱ ❛ t✐♠❡✲❣❛✉❣❡❞ t✐❧t s②♠♠❡tr② ✐s ♣r❡s❡♥t ✐♥ t❤❡ r❡s♣♦♥s❡
✜❡❧❞ ❛❝t✐♦♥✱ ✇❤✐❝❤ ✐s r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ t✐♠❡✲❣❛✉❣❡❞ t✐❧t s②♠♠❡tr② ✐♥ t❤❡ ❑P❩
❛❝t✐♦♥ ✭❈❛♥❡t ❡t ❛❧✳ ✷✵✶✶✮✳ ❚❤✐s ♣r♦♣❡rt② ♠❛② ❣✉✐❞❡ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛♥ ❛♥s❛t③ ❢♦r t❤✐s
❛❝t✐♦♥✳ ❚❤✐s ◆P❘● st✉❞② s❤♦✉❧❞ ❜❡ ♠❛❞❡ ✐♥ ♣❛r❛❧❧❡❧ ♦❢ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ▲❛♥❣❡✈✐♥
❡q✉❛t✐♦♥ ♦❢ t❤❡ ❉P✲❈ ♠♦❞❡❧ ❛♥❞ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❉❊P ♠♦❞❡❧ ✐♥ 3✲❉✱ ✇❤✐❝❤ ❛r❡
s♦r❡❧② ❧❛❝❦✐♥❣ ❢♦r t❤❡ ♠♦♠❡♥t✳
◆♦✇✱ ❧❡t ✉s t✉r♥ t♦ t❤❡ ♣♦ss✐❜❧❡ ✇❛②s t♦ ❣♦ ❢✉rt❤❡r ✐♥ t❤❡ st✉❞② ♦❢ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞
t✉r❜✉❧❡♥❝❡ ✉s✐♥❣ ◆P❘●✳ ❋✐rst✱ t❤❡ ❡①❛❝t ❝❧♦s✉r❡ ❢♦r t❤❡ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❧❡❛❞✐♥❣
♦r❞❡r ❘● ✢♦✇ ❡q✉❛t✐♦♥ ❝♦✉❧❞ ❜❡ ❝♦♠♣❧❡♠❡♥t❡❞ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ♦❜t❛✐♥❡❞
❜② ✐♥t❡❣r❛t✐♥❣ ♥✉♠❡r✐❝❛❧❧② t❤❡ ◆P❘● ✢♦✇ ✭❈❛♥❡t✱ ❉❡❧❛♠♦tt❡✱ ❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✻✮✳
❚❤✐s s❤♦✉❧❞ ❛❧❧♦✇ ✉s ❢♦r ❡①❛♠♣❧❡ t♦ ❣✐✈❡ ❛ ♣r❡❞✐❝t✐♦♥ ❢♦r t❤❡ ❝r♦ss♦✈❡r ❜❡t✇❡❡♥
t❤❡ ●❛✉ss✐❛♥ ❛♥❞ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝♦rr❡❧❛t✐♦♥ ✐♥ t✐♠❡✳ ■t ♠❛② ❜❡ ✐♥t❡r❡st✐♥❣ ❛❧s♦
t♦ ♠❛❦❡ ❛ ❜r✐❞❣❡ ❜❡t✇❡❡♥ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥❝❡ ♦❜t❛✐♥❡❞ ❤❡r❡ ❢♦r t❤❡ ❝♦rr❡❧❛t✐♦♥
❢✉♥❝t✐♦♥s ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥s ✇❤✐❝❤ ❛r❡ ♠❛❞❡ ✐♥ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❝❧♦s✉r❡ ♠♦❞❡❧s
s✉❝❤ ❛s t❤❡ ❊❉◗◆▼✳ ▼♦r❡ ❛♠❜✐t✐♦✉s❧②✱ ❛ ♥❡✇ ❛♥s❛t③ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥
♦❢ t❤❡ ✢♦✇ ❝♦✉❧❞ ❜❡ ♣r♦♣♦s❡❞✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ♦✉r ❡①❛❝t r❡s✉❧t✱ ✐♥ ♦r❞❡r t♦
✐♥✈❡st✐❣❛t❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ❞✐ss✐♣❛t✐✈❡ r❛♥❣❡ ✐♥ t✉r❜✉❧❡♥❝❡ ✇✐t❤ t❤❡ ◆P❘●✳ ■♥❞❡❡❞✱
✐t s❡❡♠s t❤❛t s♦♠❡ ♦❢ t❤❡s❡ ❢❡❛t✉r❡s✱ ♥♦t❛❜❧② t❤❡ str❡t❝❤✲❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢ t❤❡
❡♥❡r❣② s♣❡❝tr✉♠ ✐♥ t❤❡ ♠✐❞✲❞✐ss✐♣❛t✐✈❡ r❛♥❣❡✱ ❛r❡ ❛❧r❡❛❞② ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ✜①❡❞
♣♦✐♥t ❡q✉❛t✐♦♥ ✭❈❛♥❡t ❡t ❛❧✳ ✷✵✶✼✮✳ ❚❤✐s ❢❛❝t ❝❛❧❧s ❢♦r ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥s✱ ❢♦r
❡①❛♠♣❧❡ t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ♦✉r ❛♣♣r♦❛❝❤ ♣r❡❞✐❝t ❛ ❜♦tt❧❡♥❡❝❦ ❡✛❡❝t ✭▲♦❤s❡ ❛♥❞
▼ü❧❧❡r✲●r♦❡❧✐♥❣ ✶✾✾✺✮ ✐♥ t❤❡ s♣❡❝tr✉♠✳ ❙❡❝♦♥❞✱ ✇❡ ❤♦♣❡ t❤❛t t❤❡ ♣❛rt✐❛❧ ❝❧♦s✉r❡
♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❞✐r❡❝t ❝❛s❝❛❞❡ ♦❢ 2✲❉ t✉r❜✉❧❡♥❝❡ ❝♦✉❧❞ ❜❡
❡①♣❧♦✐t❡❞ ❢✉rt❤❡r✳ ❆❧t❤♦✉❣❤ ❛ ❝❧♦s✉r❡ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ t❡r♠ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ s❡❡♠s
♦✉t ♦❢ r❡❛❝❤✱ t❤❡ ♦❜t❛✐♥❡❞ ❡①♣r❡ss✐♦♥ ♠❛② s✐♠♣❧✐❢② ✐♥ ♣❛rt✐❝✉❧❛r ❝❛s❡s r❡❧❡✈❛♥t t♦ t❤❡
❡①♣❡r✐♠❡♥ts✳ ❚❤✐r❞✱ ❧❡t ✉s ♣♦✐♥t ♦✉t t❤❛t t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r
❡①♣❛♥s✐♦♥ ❢♦r t✉r❜✉❧❡♥❝❡ ❡①♣❧♦r❡❞ ✐♥ t❤✐s ✇♦r❦ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ♦t❤❡r ❝♦♥✈❡❝t✐✈❡
♠♦❞❡❧s✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ t❤✐♥❦ ✐t ❝♦✉❧❞ ❧❡❛❞ t♦ ♥❡✇ ♣r❡❞✐❝t✐♦♥s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡
✻✳✷✳ Pr♦s♣❡❝ts ✶✷✸
❑r❛✐❝❤♥❛♥ ♠♦❞❡❧ ♦❢ ❛❞✈❡❝t❡❞ ♣❛ss✐✈❡ s❝❛❧❛rs✳ ■t ♠❛② ❜❡ ❢r✉✐t❢✉❧ t♦ ♠❛❦❡ t❤❡ ❜r✐❞❣❡
✇✐t❤ ❛♥♦t❤❡r ❛♣♣r♦❛❝❤ ♦❢ t❤❡ ❑r❛✐❝❤♥❛♥ ♠♦❞❡❧ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ◆P❘●✱
✉s✐♥❣ ♦♣❡r❛t♦r ♣r♦❞✉❝t ❡①♣❛♥s✐♦♥ ✭P❛❣❛♥✐ ✷✵✶✺✮✳ ❆ ✇♦r❦ ❤❛s ❜❡❡♥ ✉♥❞❡rt❛❦❡♥
✐♥ t❤✐s ❞✐r❡❝t✐♦♥✳ ❋♦✉rt❤ ❛♥❞ ✜♥❛❧❧②✱ t❤❡r❡ ❡①✐sts ❛ t♦②✲♠♦❞❡❧ ♦❢ ✐♥t❡r♠✐tt❡♥❝② ✐♥
t✉r❜✉❧❡♥❝❡✱ ✐t ✐s t❤❡ ❇✉r❣❡rs ❡q✉❛t✐♦♥ ❞❡s❝r✐❜✐♥❣ 1✲❉ ❢✉❧❧② ❝♦♠♣r❡ss✐❜❧❡ ✢♦✇s✳ ■♥
t❤✐s ❝❛s❡✱ t❤❡ ✐♥t❡r♠✐tt❡♥❝② ✐s ✇❡❧❧✲✉♥❞❡rst♦♦❞ ❛♥❞ st❡♠s ❢r♦♠ t❤❡ s❤♦❝❦ ✇❛✈❡s
✇❤✐❝❤ ❞❡✈❡❧♦♣ ❛t ✜♥✐t❡ t✐♠❡s ✭❇❡❝ ❛♥❞ ❑❤❛♥✐♥ ✷✵✵✼✮✳ ❚♦ ❜❡ ❛❜❧❡ t♦ r❡❞❡r✐✈❡ t❤❡
✐♥t❡r♠✐tt❡♥❝② ❝♦rr❡❝t✐♦♥s ✐♥ t❤✐s ♠♦❞❡❧ ✇♦✉❧❞ ❝♦♥st✐t✉t❡ ❛ ♥✐❝❡ ♣r♦♦❢ ♦❢ ❝♦♥❝❡♣t ♦❢
♦✉r ❛♣♣r♦❛❝❤✳
❱❡rs✐♦♥ ❢r❛♥☛❝❛✐s❡
❚❤❡ ♠❛♥✉s❝r✐t ❞é❝r✐t ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡s ♦✉t✐❧s ❞✉ ◆P❘● à ❞❡✉① s②stè♠❡s ❤♦rs éq✉✐❧✐✲
❜r❡✳ ◆♦✉s ❛✈♦♥s ❞é❝r✐t ♣r❡♠✐èr❡♠❡♥t ❧✬✉t❧✐s❛t✐♦♥ ❞✬✉♥ ❛♥s❛t③ ♥♦♠♠é ❧✬❛♣♣r♦①✐♠❛t✐♦♥
❞✉ ♣♦t❡♥t✐❡❧ ❧♦❝❛❧ ♠♦❞✐✜é ♣♦✉r ét✉❞✐❡r ❧❛ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❛❜s♦r❜❛♥t❡ ♣rés❡♥t❡
❞❛♥s ❧❡ ♣r♦❝❡ss✉s ❞❡ ❞✐✛✉s✐♦♥ é♣✐❞é♠✐q✉❡✳ ❈❡❝✐ ♥♦✉s ❛ ❢❛✐t q✉❡st✐♦♥♥❡r ❝❡ q✉✐ ét❛✐t
❝♦♠♠✉♥é♠❡♥t ❛❞♠✐s à ♣r♦♣♦s ❞❡ ❝❡ s②stè♠❡✳ ◆♦t❛♠♠❡♥t✱ ♥♦✉s tr♦✉✈♦♥s ✉♥❡ tr❛♥✲
s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❝♦♥t✐♥✉❡ ♣♦✉r ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ✈❛❧❡✉r ❞✉ ♣❛r❛♠ètr❡  ✱ ❡t ❝❡ ❡♥ ❛❝❝♦r❞
❛✈❡❝ ❧❡s s✐♠✉❧❛t✐♦♥s✳ ❈❡ tr❛✈❛✐❧ r❡st❡ ♥é❛♥♠♦✐♥s ❡①♣❧♦r❛t♦✐r❡ ❡t ♥❡ ♣❡r♠❡t ♣❛s ❞❡
❞♦♥♥❡r ❞❡ ré♣♦♥s❡s ❞é✜♥✐t✐✈❡s ❛✉① q✉❡st✐♦♥s s♦✉❧❡✈é❡s✳ ◆♦✉s ❛✈♦♥s ❞❛♥s ✉♥ s❡❝✲
♦♥❞ ❞é❝r✐t ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t à ❣r❛♥❞ ♥♦♠❜r❡ ❞✬♦♥❞❡s ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ✢♦t ❞❡ ❘●
❡①❛❝t❡ ♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s ❞❡s ❝♦rré❧❛t✐♦♥ ❣é♥ér❛❧✐sé❡s ❞❛♥s ❧❛ t✉r❜✉❧❡♥❝❡ ♣❧❡✐♥❡♠❡♥t
❞é✈❡❧♦♣♣é❡✳ ❈❡ tr❛✈❛✐❧ ❛ ♣❡r♠✐s ❡♥ ♣❛rt✐❝✉❧✐❡r ❞✬♦❜t❡♥✐r ✉♥❡ éq✉❛t✐♦♥ ❢❡r♠é❡ ❞♦♥✲
♥❛♥t ❧❡ ❝♦♠♣♦rt❡♠❡♥t t❡♠♣♦r❡❧ ❞♦♠✐♥❛♥t à ❣r❛♥❞ ♥♦♠❜r❡ ❞✬♦♥❞❡s✱ ✐❞❡♥t✐✜é ❝♦♠♠❡
❧❡ ✧s✇❡❡♣✐♥❣ ❡✛❡❝t✧✳ ❊♥ 2✲❉✱ ❝❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❛ ♣✉ êtr❡ ♣♦✉ssé ❥✉sq✉✬à ❧✬♦r❞r❡
s♦✉s✲❞♦♠✐♥❛♥t ❣râ❝❡ à ❞❡ ♥♦✉✈❡❧❧❡s s②♠étr✐❡s ❞é❝♦✉✈❡rt❡s ❞✉r❛♥t ❝❡tt❡ ét✉❞❡✳ ▼❛❧✲
❤❡✉r❡✉s❡♠❡♥t✱ ❝❡rt❛✐♥s t❡r♠❡s ❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t ♥♦♥ ❝♦♥trô❧és ♣❛r ❝❡s s②♠étr✐❡s
❡♠♣ê❝❤❡♥t ❞❡ ❝♦♥❝❧✉r❡ ♣♦✉r ❧❡ ♠♦♠❡♥t✳
❉❛♥s ❧❡ ❢✉t✉r❡✱ ❝❡s ❞❡✉① tr❛✈❛✉① ♣❡✉✈❡♥t êtr❡ ❝♦♥t✐♥✉és ❞❛♥s ♣❧✉s✐❡✉rs ❞✐r❡❝t✐♦♥s✳
❈♦♥❝❡r♥❛♥t ❧❡ ♣r♦❝❡ss✉s ❞❡ ❞✐✛✉s✐♦♥ é♣✐❞é♠✐q✉❡✱ ❧✬❛♥s❛t③ ❞❡✈r❛✐t êtr❡ ❛♠é❧✐♦ré ❡♥
♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ✉♥❡ ❞é♣❡♥❞❛♥❝❡ ❢♦♥❝t✐♦♥❡❧❧❡ ❞✉ ♣♦t❡♥t✐❡❧ ❞❛♥s ❧❡s ❝❤❛♠♣s✱ ♦✉
❞✉ ♠♦✐♥s ❞❛♥s ❝❡rt❛✐♥s ✐♥✈❛r✐❛♥ts ❜✐❡♥ ❝❤♦✐s✐s✳ ▲✬✐♥tr♦❞✉❝t✐♦♥ ❞✬✉♥ ré❣✉❧❛t❡✉r ❡♥
❢réq✉❡♥❝❡ ♣♦✉rr❛✐t ❛✉ss✐ ❣r❛♥❞❡♠❡♥t ❛♠é❧✐♦r❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡s rés✉❧t❛ts✳ ❊♥✲
✜♥✱ ❝❤❛♥❣❡r ❞❡ ♣♦✐♥t ❞❡ ❞é♣❛rt ❡t ✉t✐❧✐s❡r ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❞❡ ❧✬❛❝t✐♦♥ ❡♥ t❡r♠❡ ❞❡
❝❤❛♠♣s ❞❡ ré♣♦♥s❡s ♣♦✉rr❛✐t s✬❛✈ér❡r ❢r✉❝t✉❡✉①✳ ❈♦♥❝❡r♥❛♥t ❧❛ t✉r❜✉❧❡♥❝❡✱ ♥♦tr❡
rés✉❧t❛t ♣♦✉rr❛✐t êtr❡ ✉t✐❧✐sé ❡♥ ❝♦♠♣❧é♠❡♥t ❞✬✐♥té❣r❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ ✢♦t ❞❡ ❘●✳
❈❡❝✐ ♣♦✉rr❛✐t ♠❡♥❡r à ❞❡ ♥♦✉✈❡❧❧❡s ♣ré❞✐❝t✐♦♥s ❝♦♥❝❡r♥❛♥t ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧❡s
❞❡✉① ❝♦♠♣♦rt❡♠❡♥ts t❡♠♣♦r❡❧s ❛s②♠♣t♦t✐q✉❡s q✉✐ ♦♥t été ❞é❝♦✉✈❡rts✳ ■❧ s❡r❛✐t très
✐♥tér❡ss❛♥t ❞❡ ❢❛✐r❡ ❧❡ ❧✐❡♥ ❡♥tr❡ ♥♦tr❡ ❛♣♣r♦❝❤❡ ❡t ❞✬❛✉tr❡s t❡❧ q✉❡ ❧✬❊❉◗◆▼ ❞❛♥s
❧❡ tr❛✐t❡♠❡♥t ❞❡s ❝♦rré❧❛t✐♦♥s t❡♠♣♦r❡❧❧❡s✳ ❊♥✜♥✱ ❧❡ ♠ê♠❡ ❢♦r♠❛❧✐s♠❡ ♣♦✉rr❛✐t êtr❡
t❡sté ❞❛♥s ❞❡s s②stè♠❡s ❛♥❛❧♦❣✉❡s ♠✐❡✉① ❝♦♥trô❧és t❡❧s q✉❡ ❧❡ ♠♦❞è❧❡ ❞❡ ❑r❛✐❝❤♥❛♥
♦✉ ❧❛ t✉r❜✉❧❡♥❝❡ ❞❡ ❇✉r❣❡rs✳

❆♣♣❡♥❞✐① ❆
▼❛st❡r ❡q✉❛t✐♦♥✱ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥
❛♥❞ ♠❡❛♥✲✜❡❧❞ ❡q✉❛t✐♦♥s ❢♦r
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s
■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ❡①♣♦✉♥❞ ♦♥ t❤❡ ❢♦r♠❛❧✐s♠ ♦❢ t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ t♦♦❧
♦❢ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❉P ❛♥❞ ❣✐✈❡ t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ♦❢
❉❊P✳ ❆ st❛t❡ ♦❢ ❉P ✐s ❣✐✈❡♥ ❜② t❤❡ ♦❝❝✉♣❛t✐♦♥ ♥✉♠❜❡r ♦♥ ❡❛❝❤ s✐t❡ ♦❢ t❤❡ ❧❛tt✐❝❡✳
❚❤❡ r❡❛❝t✐♦♥ ❞❡✜♥✐♥❣ ❉P✱ ♥❛♠❡❧②
❇r❛♥❝❤✐♥❣ X
  X + X
❉✐s✐♥t❡❣r❛t✐♦♥ X
   
❈♦❛❣✉❧❛t✐♦♥ 2X
2  X
❉✐✛✉s✐♦♥ X +  D  + X
✭❆✳✶✮
❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ✐♥ t❡r♠ ♦❢ t❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ❢♦r t❤❡ r❛♥❞♦♠ ♣r♦❝❡ss✳ ❚❤❡ ♠❛st❡r
❡q✉❛t✐♦♥ ✐s t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ✜♥❞ t❤❡ s②st❡♠ ✐♥ ❛ ♣❛rt✐❝✉❧❛r
st❛t❡✳ ❲❡ ♥♦t❡ L t❤❡ s✉❜s❡t ♦❢ Zd ✇❤✐❝❤ ✐♥❞✐❝❡s t❤❡ s✐t❡s ♦❢ t❤❡ ❧❛tt✐❝❡ ❛♥❞  N    L✱
✇✐t❤    L, N : t  N (t)  N✱ t❤❡ r❛♥❞♦♠ ♣r♦❝❡ss ❣✐✈❡♥ ❜② t❤❡ ♦❝❝✉♣❛t✐♦♥
♥✉♠❜❡r ❛t ❡❛❝❤ s✐t❡ ♦❢ t❤❡ ❧❛tt✐❝❡ ❛❧♦♥❣ t❤❡ t✐♠❡✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t  N    L
t❛❦❡s ❛ ❣✐✈❡♥ ✈❛❧✉❡  n    L ❛t t❤❡ t✐♠❡ t ✐s ❛❜❜r❡✈✐❛t❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✿
P
  N (t)   L =  n    L = Pt  n   . ✭❆✳✷✮
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ♥♦t❡  n  i =  n   i,    L✱ ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t
Pt
  n   ✐s ③❡r♦ ✐❢ ♦♥❡ ♦❢ t❤❡ ♦❝❝✉♣❛t✐♦♥ ♥✉♠❜❡r ✐s str✐❝t❧② ♥❡❣❛t✐✈❡✳ ❋✉rt❤❡r♠♦r❡✱
✇❡ ♥♦t❡ < i, j > ♥❡❛r❡st ♥❡✐❣❤❜♦r s✐t❡s ♦❢ t❤❡ ❧❛tt✐❝❡✳ ❲✐t❤ t❤❡s❡ ♥♦t❛t✐♦♥s✱ t❤❡
✶✷✺
✶✷✻
❆♣♣❡♥❞✐① ❆✳ ▼❛st❡r ❡q✉❛t✐♦♥✱ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ❛♥❞ ♠❡❛♥✲✜❡❧❞ ❡q✉❛t✐♦♥s ❢♦r
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s
♠❛st❡r ❡q✉❛t✐♦♥ r❡❛❞s
 tPt
  n   = 
i L
 
 
 
(ni  1)Pt
  n  i   niPt  n    
+  
 
(ni + 1)Pt
  n  i+  niPt  n    
+  
 
(ni + 1)niPt
  n  i+  ni(ni  1)Pt  n  i  
+ D
 
j/<i,j>
 
(nj + 1)Pt
  n  j+,i   njPt  n    
 
. ✭❆✳✸✮
❊❛❝❤ ❧✐♥❡ r❡♣r❡s❡♥ts ❛ ❞✐✛❡r❡♥t ❡❧❡♠❡♥t❛r② ♣r♦❝❡ss✳ ❋♦r ❡❛❝❤ ❧✐♥❡✱ t❤❡ ✜rst ❛♥❞
s❡❝♦♥❞ t❡r♠ r❡♣r❡s❡♥t r❡s♣❡❝t✐✈❡❧② t❤❡ ✐♥✢♦✇ ❛♥❞ ♦✉t✢♦✇ ♦❢ ♣r♦❜❛❜✐❧✐t② ❢♦r t❤❡
st❛t❡  n    L✳ ❚❤❡ ❢❛❝t♦rs ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♦❝❝✉♣❛t✐♦♥ ♥✉♠❜❡r s✐♠♣❧② ❝♦♠❡ ❢r♦♠
t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❡❛❝❤ ♣❛rt✐❝❧❡ ♣r❡s❡♥t ❛t ❡❛❝❤ s✐t❡ t♦ t❤❡ t♦t❛❧ r❡❛❝t✐♦♥✳ ❚❤✐s
❡q✉❛t✐♦♥ ❝♦♥s❡r✈❡s t❤❡ t♦t❛❧ ♣r♦❜❛❜✐❧✐t②✳ ■t ♠❡❛♥s t❤❛t t❤❡ r✳❤✳s✳ ✐s ③❡r♦ ✐❢ s✉♠♠❡❞
♦✈❡r t❤❡ st❛t❡s✿
 
 n  
 tPt
  n   = 0 , ✭❆✳✹✮
✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ ♣r♦❜❛❜✐❧✐t②
 
 n  Pt
  n   = 1✳ ❚❤❡ ♠❛st❡r
❡q✉❛t✐♦♥ ✭❆✳✸✮ ✐s t❤❡ st❛rt✐♥❣ ♣♦✐♥t t♦ ❞❡r✐✈❡ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ❢♦r ❛❧❧ t❤❡
❛✈❡r❛❣❡❞ ♦❜s❡r✈❛❜❧❡s ♦❢ ❉P✳ ❚❤✐s ❝♦✉❧❞ ❜❡ ❞♦♥❡ ❞✐r❡❝t❧②✳ ❋♦r ❡①❛♠♣❧❡✱ ♠✉❧t✐♣❧②✐♥❣
t❤❡ ❡q✉❛t✐♦♥ ❜② nk ❛♥❞ s✉♠♠✐♥❣ ♦✈❡r t❤❡ st❛t❡ s♣❛❝❡ ❣✐✈❡s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡
❛✈❡r❛❣❡ ♦❝❝✉♣❛t✐♦♥ ♥✉♠❜❡r ❛t t❤❡ s✐t❡ k✱ ♥♦t❡❞  Nk(t) ✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✇♦rt❤✇❤✐❧❡
❛t t❤✐s ♣♦✐♥t t♦ ♠❛❦❡ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ st❡♣ ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ♣r♦❝❡ss✿
Gt( z    L)   
 
  L
z
N (t)
  =
 
 n  
Pt
  n    
  L
z
n (t)
 . ✭❆✳✺✮
Gt ✐s ❛ ♠✉❧t✐✈❛r✐❛t❡ ❢✉♥❝t✐♦♥ ♦❢ CL t♦ C ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t Gt( 1   L) = 1✳
❚♦ ♦❜t❛✐♥ ❛✈❡r❛❣❡❞ ♦❜s❡r✈❛❜❧❡s✱ ♦♥❡ ❤❛s t♦ t❛❦❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❞❡r✐✈❛t✐✈❡s ♦❢ Gt
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ z ✬s ❛♥❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ r❡s✉❧t✐♥❣ ❡①♣r❡ss✐♦♥ ❛t  z  =  1 ✳ ❚❤❡
❣❡♥❡r❛❧ r✉❧❡ ❢♦r ❡q✉❛❧✲t✐♠❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ✐s ✇r✐tt❡♥ ♠♦r❡ s✐♠♣❧② ✐♥ t❡r♠s ♦❢
t❤❡ ❢❛❧❧✐♥❣ ❢❛❝t♦r✐❛❧ nk✠ = n!/(n k)!✿
 
m 
 =1
Ni (t)
k 
✠  =
m 
 =1
 k zi Gt( z  )
   
 z  = 1 
✭❆✳✻✮
✶✷✼
❖♥❡ ❝❛♥ ❞❡r✐✈❡ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ Gt✳ ❋r♦♠ ✭❆✳✸✮✱ ✐t r❡❛❞s
 tGt( z  ) =
 
 n  
 
i L
 
 
 
(ni  1)Pt
  n  i   niPt  n    
+  
 
(ni + 1)Pt
  n  i+  niPt  n    
+  
 
(ni + 1)niPt
  n  i+  ni(ni  1)Pt  n    
+ D
 
j/<i,j>
 
(nj + 1)Pt
  n  j+,i   njPt  n    
  
  L
zn  
=
 
 n  
 
i L
 
 
 
z2i  ziPt
  n  i  zni 1i  zi ziPt  n   znii   
  =i
zn  
+  
 
 ziPt
  n  i+ zni+1i  zi ziPt  n   znii   
  =i
zn  
+  
 
zi 
2
zi
Pt
  n  i+ zni+1i  z2i  2ziPt  n  i znii   
  =i
zn  
+ D
 
j/<i,j>
 
zi zjPt
  n  j+,i  znj+1j zni 1i  zj zjPt  n   znjj znii   
  =i,j
zn  
 
=
 
i L
 
 (z2i  zi) zi +  (1 zi) zi
+  (zi  z2i ) 2zi + D
 
j/<i,j>
(zi  zj) zj
 
Gt( z  )
 HDP
  z  ,   z   Gt( z  ) . ✭❆✳✼✮
❇❡❝❛✉s❡ t❤❡ ♦r✐❣✐♥❛❧ ♠❛st❡r ❡q✉❛t✐♦♥ ❝♦♥s❡r✈❡s t❤❡ ♣r♦❜❛❜✐❧✐t②✱ HDP✱ t❤❡ ❣❡♥❡r❛t♦r
♦❢ t❤❡ t✐♠❡✲❡✈♦❧✉t✐♦♥ ♦❢ Gt✱ ✐s ③❡r♦ ✇❤❡♥ ❡✈❛❧✉❛t❡❞ ❛t  z  =  1 ✳ ❚❤✐s ♣r♦♣❡rt②
❤❡❧♣s ✉s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r ♠❡❛♥ ✈❛❧✉❡s✳ ■♥❞❡❡❞✱ ✐t ✐♠♣❧✐❡s t❤❛t
t❤❡ t❡r♠s ✇❤❡r❡ ♥♦ z✲❞❡r✐✈❛t✐✈❡s ❤✐t ♦♥ HDP ❞♦ ♥♦t ❣✐✈❡ ❛♥② ❝♦♥tr✐❜✉t✐♦♥✳ ❋♦r
❡①❛♠♣❧❡✱
 t Nk(t) =
 
i L
 
 ik
 
 (2zi  1) zi    zi +  (1 2zi) 2zi
 
+ D
 
j/<i,j>
( ik   jk) zj
 
Gt( z  )
   
 z  = 1 
=
 
 (2zk  1) zk    zk +  (1 2zk) 2zk
+ D
  
j/<k,j>
 zj  2d  zk
  
Gt( z  )
   
 z  = 1 
=
 
(   ) Nk(t)    Nk(t)2✠ + D
  
j/<k,j>
 Nj(t)  2d  Nk(t) 
  
.
✭❆✳✽✮
◆♦✇✱ ❧❡t ✉s ♠❛❦❡ t❤❡ s❛♠❡ st❡♣s ❢♦r ❉❊P✳ ❲❡ ✜rst ✇r✐t❡ ❞♦✇♥ t❤❡ ♠❛st❡r
❡q✉❛t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss✳ ❲❡ ✇✐❧❧ ♥❡❡❞ t✇♦ ✐♥t❡❣❡rs ♣❡r s✐t❡✿ m ❛♥❞ n ❢♦r t❤❡
✶✷✽
❆♣♣❡♥❞✐① ❆✳ ▼❛st❡r ❡q✉❛t✐♦♥✱ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ❛♥❞ ♠❡❛♥✲✜❡❧❞ ❡q✉❛t✐♦♥s ❢♦r
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s
♦❝❝✉♣❛t✐♦♥ ♥✉♠❜❡rs ♦❢ A ❛♥❞ B r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♠❛st❡r ❡q✉❛t✐♦♥ ♦❢ ❉❊P r❡❛❞s
 tPt
  m  ,  n   = 
i L
 
k
 
(mi + 1)(ni  1)Pt
  m  i+,  n  i   miniPt  m  ,  n    
+   1
 
(ni + 1)Pt
  m  i ,  n  i+  niPt  m  ,  n    
+
 
j/<i,j>
 
DA
 
(mj + 1)Pt
  m  j+,i ,  n    mjPt  m  ,  n    
+ DB
 
(nj + 1)Pt
  m  ,  n  j+,i   njPt  m  ,  n  j+,i    
 
.
✭❆✳✾✮
❚❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ❞❡♣❡♥❞s ♦♥ t✇♦ ❝♦♠♣❧❡① ♥✉♠❜❡rs a ❛♥❞ b ❢♦r ❡❛❝❤ s✐t❡✱
❝♦rr❡s♣♦♥❞✐♥❣ t♦ m ❛♥❞ n r❡s♣❡❝t✐✈❡❧②✳ ■ts ❡q✉❛t✐♦♥ ♦❢ ❡✈♦❧✉t✐♦♥ r❡❛❞s
 tGt( a  ,  b  ) =
 
i L
 
k(b2i  aibi) ai bi +   1(ai  bi) bi
+
 
j/<i,j>
 
DA(ai  aj) aj + DB(bi  bj) bj
  
Gt( a  ,  b  )
 HDEP Gt( a  ,  b  ) . ✭❆✳✶✵✮
■♥t❡r❡st✐♥❣❧②✱ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐s ❡①♣r❡ss❡❞ ❛t t❤✐s
st❡♣ ❜② t❤❡ ❢❛❝t t❤❛t ✐♥ ❡❛❝❤ t❡r♠ ♦❢ HDEP✱ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t
t♦ a ♦r b ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② a ♦r b ✳ ❚❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥
❢♦r t❤❡ ♠❡❛♥ ♦❝❝✉♣❛t✐♦♥ ♥✉♠❜❡r  Mk ❛♥❞  Nk ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ ✇✐t❤
r❡s♣❡❝t t♦ ak ❛♥❞ bk r❡s♣❡❝t✐✈❡❧②✳ ❋r♦♠ t❤❡♠✱ t❤❡ ♠❡❛♥✲✜❡❧❞ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ♠❡❛♥
❞❡♥s✐t✐❡s  A(}x, t) ❛♥❞  B(}x, t) ❛r❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ❢♦r ❉P✳
❆♣♣❡♥❞✐① ❇
❖✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s ❛♥❞
◆P❘●
❇✳✶ ❚❤❡ ▼❛rt✐♥✲❙✐❣❣✐❛✲❘♦s❡✱ ❏❛♥ss❡♥✱ ❞❡
❉♦♠✐♥✐❝✐s ❢♦r♠❛❧✐s♠
▲❡t ✉s ❞❡s❝r✐❜❡ t❤❡ ▼❙❘❏❉ ❢♦r♠❛❧✐s♠ ❢♦r t❤❡ ❣❡♥❡r❛❧ s✐t✉❛t✐♦♥ ♦❢ ❛ s❡t ♦❢ n ❣❡♥❡r✐❝
st♦❝❤❛st✐❝ ✜❡❧❞s  Φi(x) 1 i n ❞❡✜♥❡❞ t❤r♦✉❣❤ ❛ s❡t ♦❢ m st♦❝❤❛st✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥✲
t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ n ❝♦♥str❛✐♥ts ❛♥❞ l ♥♦✐s❡s
 tΦi = Fi(Φ) + Gij(Φ) j , 1  i  m
Φi(0, }x) =  i,0(}x) , 1  i  m
Hi(Φ) = 0 , 1  i  n ✭❇✳✶✮
✇❤❡r❡ t❤❡ Fi✱ Gij ❛♥❞ Hi ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ Φi✬s ❛♥❞ t❤❡✐r s♣❛t✐❛❧ ❞❡r✐✈❛t✐✈❡s ❛♥❞
t❤❡   j 1 j l ❛r❡ ❝❡♥t❡r❡❞ st❛t✐♦♥❛r② ●❛✉ss✐❛♥ ✜❡❧❞s ♦❢ ❝♦rr❡❧❛t♦r Dij✿
  i(x) j(x ) = Dij(x,x ) . ✭❇✳✷✮
■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥❛❧ ♦❢ t❤❡ Φi✱ ❛s ✇❡❧❧ ❛s t❤❡✐r ❞②♥❛♠✐❝❛❧ r❡✲
s♣♦♥s❡s✱ ♦♥❡ ✐♥tr♦❞✉❝❡s ❧✐♥❡❛r s♦✉r❝❡ t❡r♠s j¯i, k¯i t♦ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡s ♦❢ ❡q✉❛t✐♦♥s
✭❇✳✶✮✿
 tΦi = Fi(Φ) + Gij(Φ) j + j¯i , 1  i  m
Hi(Φ) = k¯i , 1  i  n . ✭❇✳✸✮
❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣❡♥❡r❛❧✐③❡❞ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥❛❧ r❡❛❞s
 [j, j¯, k¯] =  e
 
x
jiΦi j¯,k¯ , ✭❇✳✹✮
✇❤❡r❡    j¯,k¯ ❞❡♥♦t❡s ❛ ♠❡❛♥ ♦♥ t❤❡ st♦❝❤❛st✐❝ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ s♦✉r❝❡s
j¯i, k¯i✳ ❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ st❡♣s ❛s ✐♥ t❤❡ ♠❛✐♥ t❡①t✱ ✇❡ ❤❛✈❡
 [j, j¯, k¯] =
 
 [ ]e
 
x
ji i [H( ) k¯]  [  Φ ] j¯ , ✭❇✳✺✮
✇❤❡r❡ Φ ✐s t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ✭❇✳✶✮ ❢♦r ❛ ❣✐✈❡♥  ✳ ❘❡♣❧❛❝✐♥❣ t❤❡ ❝♦♥str❛✐♥t
  [  Φ ] j¯ ❜② t❤❡ ❡①♣❧✐❝✐t ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ♦❢ Φ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ s♦✉r❝❡s
j¯i✱ ♥♦t❡❞  ( ) = 0✱ ✇✐t❤
 i(x) =  tΦi  Fi(Φ) Gij(Φ) j  j¯i , ✭❇✳✻✮
✶✷✾
✶✸✵ ❆♣♣❡♥❞✐① ❇✳ ❖✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠ ✜❡❧❞ t❤❡♦r✐❡s ❛♥❞ ◆P❘●
❛♥❞ ❜② t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ ♥♦t❡❞ ❝♦❧❧❡❝t✐✈❡❧② ❛s   t=0 =  0✱ ♦♥❡ t❤❡♥ ♦❜t❛✐♥s
 [j, j¯, k¯] =
 
 [ ]e
 
x
ji i [H( ) k¯] [  t=0   0]  [ ]   . ✭❇✳✼✮
 ✐s t❤❡ ❏❛❝♦❜✐❛♥ ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥✱  =  det    i(x)
  j(x )
  ✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡
❝❤♦✐❝❡ ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ✭❇✳✶✮✳ ■♥ ❛ ❢♦r✇❛r❞ ❞✐s❝r❡t✐③❛t✐♦♥✱  ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥
t❤❡ ✜❡❧❞s ✭❚ä✉❜❡r ✷✵✶✹✮✱ ❛♥❞ ❝❛♥ ❜❡ ❛❜s♦r❜❡❞ ✐♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ ♠❡❛s✉r❡✳
❋✐♥❛❧❧②✱ ✉s✐♥❣ t❤❡ ❋♦✉r✐❡r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❉✐r❛❝ ❞❡❧t❛s✿
 [j, j¯, k¯] =
 
 [ ,  ¯, h¯]e
 
x
ji ie i
 
x
 h¯i(Hi k¯i)+ (t) ¯i,0( i  i,0)  e i
 
x
 ¯i i 
=
 
 [ ,  ¯, h¯]e
 
x
 ji i+ij¯i ¯i+ik¯ih¯i e i
 
x
 h¯iHi+ (t) ¯i,0( i  i,0) e i
 
x
 ¯i( t i Fi) ei
 
x
 ¯iGij j 
=
 
 [ ,  ¯, h¯]e
 
x
 ji i+j¯i ¯i+k¯ih¯i e  
✇✐t❤  =
 
x
 
 ¯i(x)
 
 t i(x) Fi(x)
 
+ h¯iHi +  (t) ¯i,0( i   i,0)
 
 1
2
 
x,x 
( ¯iGij)(x)Djk(x x )(Gk  ¯ )(x ) , ✭❇✳✽✮
✉s✐♥❣ t❤❡ ♣r♦♣❡rt② ✭❇✳✷✮ t♦ ❝♦♠♣✉t❡ t❤❡ ❛✈❡r❛❣❡ ✈❛❧✉❡ ✐♥ t❤❡ s❡❝♦♥❞ ❧✐♥❡✳ ■♥ t❤❡
❧❛st ❧✐♥❡✱ t❤❡ r❡s♣♦♥s❡ ✜❡❧❞ ❤❛✈❡ ❜❡❡♥ r❡❞❡✜♥❡❞ t♦ ❛❜s♦r❜ t❤❡ i✳
❇✳✷ ❚❤❡ ♣r❡s❝r✐♣t✐♦♥ Θ(0) = 0 ✐♥ ♣❡rt✉r❜❛t✐♦♥
t❤❡♦r②
■t ✐s ♦❢t❡♥ st❛t❡❞✱ ♥♦t❛❜❧② ✐♥ ♣❡rt✉r❜❛t✐✈❡ ❘●✱ t❤❛t t❤❡ ■tô ♣r❡s❝r✐♣t✐♦♥ ❛♠♦✉♥ts t♦
t❛❦❡ t❤❡ ♣r❡s❝r✐♣t✐♦♥ Θ(0) = 0 ✇❤❡♥ ♥❡❝❡ss❛r② ✐♥ ❝❛❧❝✉❧❛t✐♥❣ ❧♦♦♣ ✐♥t❡❣r❛❧s✳ ❚❤✐s
♣r❡s❝r✐♣t✐♦♥ ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✐♥ t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❛❝t✐♦♥✱ t❤❡
r❡s♣♦♥s❡ ✜❡❧❞s ❛r❡ ❛❧✇❛②s ❡✈❛❧✉❛t❡❞ ❛t ❛ ❧❛t❡r t✐♠❡ t❤❛♥ t❤❡ ♦❜s❡r✈❛❜❧❡ ✜❡❧❞s✳ ❲❡ ❣♦
❜❛❝❦ t♦ t❤❡ ❣❡♥❡r❛❧ r❡s♣♦♥s❡ ✜❡❧❞ ❛❝t✐♦♥ ♦❢ ❙❡❝✳ ✸✳✸✳✸✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ▲❛♥❣❡✈✐♥
❡q✉❛t✐♦♥ ❢♦r ❛ s❝❛❧❛r ✜❡❧❞✳ ■ts ❞✐s❝r❡t✐③❡❞ ✈❡rs✐♦♥ r❡❛❞s
 [ ,  ¯] =
T 1 
t=0
 
}x
 
 ¯t+( t+   t) + dt
 
 ¯t+(  2 +  ) t  ∆( ax ¯t+)2
+ ¯t+ U
1( t) 1
2
 ¯2t+ U
2( t)
  
, ✭❇✳✾✮
✇✐t❤ t❤❡ ♥♦t❛t✐♦♥ t✲ = t  1 ❛♥❞ ✇✐t❤  , ∆ > 0✳ ▲❡t ✉s ❧♦♦❦ ❜❛❝❦ ❛t t❤❡ ✐♥t❡❣r❛❧s
❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ♣❡rt✉r❜❛t✐✈❡ ❝♦rr❡❝t✐♦♥s t♦ t❤❡ ♠❡❛♥ ✜❡❧❞ ❝❛❧❝✉❧❛t❡❞ ✐♥ ❙❡❝✳ ✸✳✸✳✸✱
❢♦r ❡①❛♠♣❧❡ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢
Γ¯
(2)
 ¯ 
(p)
  
4
=
1
2
 
q
 
Cqu1,3 + Rqu2,2 + c.c.
 
. ✭❇✳✶✵✮
❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✇❡ ❝❛♥ tr② t♦ ❝❛❧❝✉❧❛t❡ ❞✐r❡❝t❧② t❤❡ ✐♥t❡❣r❛❧ ✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s
❧✐♠✐t✳ ❯s✐♥❣ t❤❡ ♠❡❛♥ ✜❡❧❞ ♣r♦♣❛❣❛t♦r✱ ✇❤✐❝❤ r❡❛❞s
 
G
(2)
0
 
  ¯
(x,y) = Θ(t u)
 
}p
ei}p (}x }y) (p
2+ )(t u) ✭❇✳✶✶✮
❇✳✷✳ ❚❤❡ ♣r❡s❝r✐♣t✐♦♥ Θ(0) = 0 ✐♥ ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r② ✶✸✶
✇❡ ♦❜t❛✐♥
Γ¯
(2)
 ¯ 
(p)
  
2,2
 
 
q
Rq  
 
G
(2)
0
 
  ¯
(0)  Θ(0) . ✭❇✳✶✷✮
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❣♦✐♥❣ ❜❛❝❦ t♦ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡ ❛♥❞ ✉s✐♥❣ t❤❡
❞✐s❝r❡t✐③❛t✐♦♥✱ ✇❡ ❤❛✈❡
Γ¯
(2)
 ¯ 
(x,y)
  
2,2
=
1
2
 
z1,z2
 
G0
 
  ¯
(z1, z2) . (4)  ¯  ¯(z1, z2,x,y) . ✭❇✳✶✸✮
❉✉❡ t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ ❢♦r✇❛r❞ ❞✐s❝r❡t✐③❛t✐♦♥✱ t❤❡ ✐♥t❡r❛❝t✐♦♥ t❡r♠ ✐s ♥♦♥✲③❡r♦ ♦♥❧② ✐❢
t❤❡ t✐♠❡s ❛r❡ ✇❡❧❧ ♦r❞❡r❡❞✳ ❘❡❝❛❧❧✐♥❣ t❤❛t x = (t, }x)✱ y = (u, }y) ❛♥❞ z = (v, }z)✱ t❤❡
✐♥t❡r❛❝t✐♦♥ t❡r♠ ✐s ♥♦♥✲③❡r♦ ♦♥❧② ✐❢
v1 < v2 ❛♥❞ v1 < u ❛♥❞ t < v2 ❛♥❞ t < u . ✭❇✳✶✹✮
❍♦✇❡✈❡r✱ t❤❡ ♣r♦♣❛❣❛t♦r ✐s ♥♦♥✲③❡r♦ ♦♥❧② ✐❢ v1  v2 ❞✉❡ t♦ t❤❡ Θ✲❢✉♥❝t✐♦♥✳ ❚❤✉s t❤❡
✐♥t❡❣r❛❧ ✐s ③❡r♦✳ ❚❤✐s r❡s✉❧t ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ✐♥ t❤❡ ♣r❡s❝r✐♣t✐♦♥ ✧Θ(0) = 0✧✳ ❚❤❡ s❛♠❡
r❡s✉❧t ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❞✐r❡❝t❧② ✐♥ t❤❡ ❢r❡q✉❡♥❝② ✐♥t❡❣r❛❧✱ ❛❧t❤♦✉❣❤ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡
♠♦r❡ ❝✉♠❜❡rs♦♠❡✳ ❚♦ ❞♦ s♦✱ ✇❡ ♥❡❡❞ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t✐③❡❞ ♣r♦♣❛❣❛t♦r✳
❚❤❡ s♣❛❝❡✲t✐♠❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ ❍❡ss✐❛♥ ♦❢ t❤❡ ❞✐s❝r❡t✐③❡❞ ❛❝t✐♦♥ r❡❛❞s
 ¯(2)
 ¯ 
(p) =
1 + ei dt
  1 + (p2 +  ) dt 
dt
= ei dt
 
e i dt  1
dt
+ p2 +  
 
. ✭❇✳✶✺✮
❚❤✉s t❤❡ ❞✐s❝r❡t✐③❡❞ ♣r♦♣❛❣❛t♦r r❡❛❞s
 
G
(2)
0
 
  ¯
(p) =
e i dt
e i dt 1
dt
+ p2 +  
. ✭❇✳✶✻✮
P❧✉❣❣✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ ✭❇✳✶✵✮ ❛♥❞ r❡♣❧❛❝✐♥❣ t❤❡ ✈❡rt❡① ❜②
✐ts ❞✐s❝r❡t✐③❡❞ ✈❡rs✐♦♥✿
u2,2  u2,2 ei dt+i dt , ✭❇✳✶✼✮
t❤❡ ❢r❡q✉❡♥❝② ✐♥t❡❣r❛❧ t♦ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❜❡❝♦♠❡s 
 
u2,2Rq  u2,2 ei dt
 
   < /dt
1
e i dt 1
dt
+ p2 +  
. ✭❇✳✶✽✮
■♥ t❤❡ ❧✐♠✐t dt 0✱ t❤❡ ❢r❡q✉❡♥❝② ❝♦♥t♦✉r ❤❛s t♦ ❜❡ ❝❧♦s❡❞ ✐♥ t❤❡ ✉♣♣❡r✲❤❛❧❢ ❝♦♠♣❧❡①
♣❧❛♥❡ ❢♦r ❏♦r❞❛♥✬s ❧❡♠♠❛ t♦ ❛♣♣❧② ❛♥❞ t❤❡ ✐♥t❡❣r❛❧ ✈❛♥✐s❤❡s ❛s t❤❡ ✭❞✐s❝r❡t✐③❡❞✮
♣r♦♣❛❣❛t♦r ❤❛s ♦♥❧② ♣♦❧❡s ✐♥ t❤❡ ❧♦✇❡r✲❤❛❧❢ ❝♦♠♣❧❡① ♣❧❛♥❡✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✇♦rt❤✇❤✐❧❡
t♦ ♥♦t❡ t❤❛t t❤❡ ♣r❡s❝r✐♣t✐♦♥Θ(0) = 0 ❝❛♥♥♦t ❜❡ ❛♣♣❧✐❡❞ ♦✉ts✐❞❡ ♦❢ t❤❡ ❧♦♦♣ ✐♥t❡❣r❛❧s✳
■♥❞❡❡❞✱ t❤❡ ❡q✉❛❧✲t✐♠❡ ♣r♦♣❛❣❛t♦r ✐s
 
G
(2)
0
 
  ¯
(0, }x }y) =
 
}p
ei}p (}x }y) lim
dt 0
 
   < /dt
e i dt
e i dt 1
dt
+ p2 +  
.
❲❡ ❝❤❡❝❦ t❤❛t ❏♦r❞❛♥✬s ❧❡♠♠❛ ❛♣♣❧✐❡s ❜② ❝❧♦s✐♥❣ t❤❡ ❝♦♥t♦✉r ✐♥ t❤❡ ❧♦✇❡r✲❤❛❧❢ ♦❢
t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳ ❚❤❡ ✐♥t❡❣r❛♥❞ ❤❛s ♦♥❧② ♦♥❡ ♣♦❧❡✱ ❛t
  = i dt 1 ln
 
1 dt(p2 +  ) , ✭❇✳✶✾✮
✇❤✐❝❤ ✐s ✐♥ t❤❡ ❝♦♥t♦✉r✳ ❯s✐♥❣ t❤❡ r❡s✐❞✉❡ t❤❡♦r❡♠✱ t❤❡  ✐♥t❡❣r❛❧ ✐s ❝❛❧❝✉❧❛t❡❞ t♦
❜❡ ✉♥✐t② ❛♥❞ ♦♥❡ ✐s ❧❡❢t ✇✐t❤ 
G
(2)
0
 
  ¯
(0, }x }y) =
 
}p
ei}p (}x }y) =  d(}x }y)  = 0 . ✭❇✳✷✵✮

❆♣♣❡♥❞✐① ❈
▼❛♣♣✐♥❣s t♦ ✜❡❧❞ t❤❡♦r✐❡s
❈✳✶ ❚❤❡ ❉♦✐✲P❡❧✐t✐ ❝♦♥str✉❝t✐♦♥
■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ❡①♣♦✉♥❞ ♦♥ t❤❡ ❉♦✐✲P❡❧✐t✐ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❝♦❤❡r❡♥t ✜❡❧❞
❛❝t✐♦♥✱ ✇❤✐❝❤ ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ❢♦r♠❛❧✐s♠ ❢♦r ❝♦♥str✉❝t✐♥❣ ❛♥ ❛❝t✐♦♥ ❢r♦♠ t❤❡ ♠❛st❡r
❡q✉❛t✐♦♥ ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡
❡①❛♠♣❧❡ ♦❢ t❤❡ ♦♥❡✲s✐t❡ r❡❛❝t✐♦♥ 2A
  A✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ❆♣♣❡♥❞✐① ❆✱
♦♥❡ r❡❛❞✐❧② ✇r✐t❡s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛st❡r ❡q✉❛t✐♦♥ ❣✐✈✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡
♣r♦❜❛❜✐❧✐t✐❡s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♣r♦❝❡ss✿
 tPt
 
n
 
=  
 
(n + 1)nPt
 
n + 1
  n(n 1)Pt n  . ✭❈✳✶✮
❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥❛❧ G✱ ❞❡✜♥❡❞ ✐♥ ✭❆✳✺✮ ✐s ❣✐✈❡♥
❜②
 tG(t, z) =  (z  z2) 2zG(t, z)  H (z,  z)G(t, z) . ✭❈✳✷✮
❚❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♣r♦❜❛❜✐❧✐t② ✐s ❡♥❢♦r❝❡❞ ❜② t❤❡ ♣r♦♣❡rt② H (1,  z) = 0✳ ❚❤✐s
❡q✉❛t✐♦♥ ❝❛♥ ❜❡ r❡❛❞ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❇❛r❣♠❛♥♥ ❍✐❧❜❡rt s♣❛❝❡ H ♦❢ ❛♥❛❧②t✐❝
❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡ ✇✐t❤ ✜♥✐t❡ ♥♦r♠s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ s❝❛❧❛r ♣r♦❞✉❝t
(f1, f2) =
 
C
d2z
 
e z
 zf  1 (z)f2(z) =  f1 f2 . ✭❈✳✸✮
■♥ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t②✱ t❤❡ ❉✐r❛❝ ♥♦t❛t✐♦♥ ✐s ✉s❡❞✱ ✇✐t❤ t❤❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s ♦♥ H
❣✐✈❡♥ ❜② t❤❡✐r r❡♣r❡s❡♥t❛t✐♦♥s t❤r♦✉❣❤ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t✳ ❆ ❝♦♠♣❧❡t❡ ♦rt❤♦❣♦♥❛❧
❢❛♠✐❧② ❢♦r t❤✐s s❝❛❧❛r ♣r♦❞✉❝t ❛r❡ t❤❡ ♠♦♥♦♠❡s   n : z  zn n 0✱
 m n = n! m,n . ✭❈✳✹✮
❲❡ ♥♦t❡ cˆ ❛♥❞ aˆ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t♦rs ❛❝t✐♥❣ ♦♥ f  H ✱ ✇❤✐❝❤ ❛r❡ ❛❞❥♦✐♥t ♦❢ ♦♥❡
❛♥♦t❤❡r ❢♦r t❤❡ s❝❛❧❛r ♣r♦❞✉❝t✿
cˆ : f  zf ✭❈✳✺✮
aˆ : f   zf ✭❈✳✻✮
❚❤❡s❡ ♦♣❡r❛t♦rs ❛❝t ♦♥ t❤❡ ♠♦♥♦♠❡s ❛s cˆ  n =  n + 1 ❛♥❞ aˆ  n = n  n 1 ✳ ❆s
❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐t ✐s r❡❛❞✐❧② s❤♦✇♥ t❤❛t cˆ ❛♥❞ aˆ ✈❡r✐❢② t❤❡ ❝♦♠♠✉t❛t✐♦♥ r❡❧❛t✐♦♥ ♦❢
❧❛❞❞❡r ♦♣❡r❛t♦rs✿
[cˆ, aˆ] = 1 . ✭❈✳✼✮
✶✸✸
✶✸✹ ❆♣♣❡♥❞✐① ❈✳ ▼❛♣♣✐♥❣s t♦ ✜❡❧❞ t❤❡♦r✐❡s
❚❤❡ ♦♣❡r❛t♦r H ❣✐✈✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢  G(t) : z  G(t, z) ❝❛♥ ❜❡ r❡✐♥t❡r♣r❡t❡❞
r❡♣❧❛❝✐♥❣ t❤❡ z ❜② cˆ ❛♥❞ t❤❡  z ❜② aˆ t♦ ❣✐✈❡ t❤❡ ♦♣❡r❛t♦r H (cˆ, aˆ)✳ ❉✉❡ t♦ t❤❡ ✇❛②
✐t ✇❛s ♦❜t❛✐♥❡❞✱ ✐t ✐s ❛❧r❡❛❞② ♥♦r♠❛❧✲♦r❞❡r❡❞✱ t❤❛t ✐s ❛❧❧ t❤❡ ❛♥♥✐❤✐❧❛t✐♦♥ ♦♣❡r❛t♦rs
aˆ ❛❝t ❜❡❢♦r❡ t❤❡ ❝r❡❛t✐♦♥ ♦♣❡r❛t♦rs cˆ✳ ◆♦✇✱ ❧❡t ✉s ❝♦♥str✉❝t t❤❡ ❝♦❤❡r❡♥t st❛t❡s
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡s❡ ♦♣❡r❛t♦rs✱ t❤❛t ✐s ✈❡❝t♦r ♦❢ H ✇❤✐❝❤ ❛r❡ ❡✐❣❡♥st❛t❡s ♦❢ aˆ✿
❢♦r   C✱
aˆ    =     . ✭❈✳✽✮
❋✉♥❝t✐♦♥❛❧②✱ ✐t ❛♠♦✉♥ts t♦ ❧♦♦❦ ❢♦r f  H s✉❝❤ t❤❛t  zf =  f ✱ ✇❤✐❝❤ ✐s s♦❧✈❡❞ ❜②
   : z   0e z✳ ◆♦✇✱ ✇❡ ♠❛❦❡ t❤❡ ❝❤♦✐❝❡ ♦❢  0 = 1 ❢♦r ❝♦♠♠♦❞✐t②✳ ❚❤✐s ❝❤♦✐❝❡
❧❡❛❞s t♦ ❛ ❞✉❛❧ ❢❛♠✐❧② ♦❢ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s ✇❤✐❝❤ ❤❛✈❡ ❛ ✈❡r② s✐♠♣❧❡ ❡①♣r❡ss✐♦♥✿
   : f     f =
 
C
d2z
 
e z
 ze 
 z f(z) = f(  ) ✭❈✳✾✮
✇✐t❤ t❤❡ ♣r♦♣❡rt②
 f  H ,    cˆ  f =      f . ✭❈✳✶✵✮
❍♦✇❡✈❡r✱ ♥♦t❡ t❤❛t t❤✐s ❝❤♦✐❝❡ ♣r❡✈❡♥ts ✉s ❢r♦♠ ✐♥t❡r♣r❡t✐♥❣ t❤❡ ❝♦❤❡r❡♥t st❛t❡s ❛s
❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥❛❧s ♦❢ ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❛s t❤❡② ❛r❡ ♥♦t ❡q✉❛❧ t♦ 1 ❛t
z = 1✳ ❆ ♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧ ❝♦❤❡r❡♥t ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ✐s  1 ✳ ■♥❞❡❡❞✱ t❤❡ ♥♦r♠❛❧✐✲
s❛t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥❛❧ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s✱  1 G(t) = G(t, 1) = 1 ❛♥❞
t❤❡ ♣r♦♣❡rt② ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♣r♦❜❛❜✐❧✐t② ♦❢ H ❛♠♦✉♥ts t♦ ❤❛✈❡  1 H (cˆ, aˆ) =
 1 H (1, aˆ) = 0✳ ❚❤❡r❡ ✐s ❛ ♥♦♥✲③❡r♦ ♦✈❡r❧❛♣ ❜❡t✇❡❡♥ t❤❡ ❝♦❤❡r❡♥t st❛t❡s ❛♥❞ t❤❡✐r
❞✉❛❧s✿
  1  2 = e  1 2 . ✭❈✳✶✶✮
■t ✐s str❛✐❣❤t❢♦r✇❛r❞❧② s❤♦✇♥ t❤❛t t❤✐s ♦✈❡r❝♦♠♣❧❡t❡ ❢❛♠✐❧② ❣✐✈❡s ❛ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡
✐❞❡♥t✐t② ♦♥ H ✿ ❢♦r f  H
 f =
 
C
d2 
 
e  
        f . ✭❈✳✶✷✮
◆♦✇ t❤❛t t❤❡ ❢r❛♠❡✇♦r❦ ✐s ❢✉❧❧② s❡t✱ ✇❡ ❝❛♥ ✇r✐t❡  G(t) ❛s ❛ ♣❛t❤ ✐♥t❡❣r❛❧✳ ❋✐rst✱
❧❡t ✉s ♣❡rt✉r❜ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r ❜② ❛❞❞✐♥❣ ❛ ❝♦✉♣❧✐♥❣ t♦ s♦✉r❝❡s✿
H (cˆ, aˆ) H   (t, cˆ, aˆ) = H (cˆ, aˆ) + j (t)cˆ + j(t)aˆ . ✭❈✳✶✸✮
H   ❞♦❡s ♥♦t ❝♦♥s❡r✈❡ ♣r♦❜❛❜✐❧✐t② ❛♥❞  [j, j¯]   1 G(t)  = 1 ❜✉t t❤❡s❡ s♦✉r❝❡s ❛❧❧♦✇
♦♥❡ t♦ ❝❛❧❝✉❧❛t❡ ❛✈❡r❛❣❡s ♦♥ t❤❡ ✐♥✐t✐❛❧ ♣r♦❝❡ss✳ ❋♦r ❡①❛♠♣❧❡✱
  [j, j ]
 j(t )
   
j,j =0
=  1 e(t t )H (cˆ,aˆ) aˆ et H (cˆ,aˆ)  G(0) =  1 cˆaˆ  G(t ) , ✭❈✳✶✹✮
✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② t❤❛t  1 cˆ =  1 t♦ ❝❛♥❝❡❧ t❤❡ ❡✈♦❧✉t✐♦♥
❢r♦♠ t t♦ t ❛♥❞ t♦ ✐♥s❡rt ❛ cˆ✳ ❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ G(t)✱ ✇❡ ♦❜t❛✐♥
  [j, j ]
 j(t )
   
j,j =0
=  1 cˆaˆ
 
n 0
Pt 
 
n
  n = 
n 0
nPt 
 
n
 
=  N(t ) . ✭❈✳✶✺✮
❚❤✉s✱ ♦♥❡ ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ j(t ) ❣✐✈❡s t❤❡ ♠❡❛♥ ♦❝❝✉♣❛t✐♦♥
♥✉♠❜❡r ❛t t❤❡ t✐♠❡ t ✳ ❲❡ ❞♦ ♥♦t ✉♥❞❡r❛❦❡ ❛ ♠♦r❡ ❝♦♠♣❧❡t❡ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ r❡❧❛t✐♦♥
❈✳✶✳ ❚❤❡ ❉♦✐✲P❡❧✐t✐ ❝♦♥str✉❝t✐♦♥ ✶✸✺
❜❡t✇❡❡♥ ♦❜s❡r✈❛❜❧❡s ❛♥❞ t❤❡ ✐♥tr♦❞✉❝❡❞ s♦✉r❝❡s ❤❡r❡✳ ❚❤❡ ♠♦❞✐✜❡❞ ❣❡♥❡r❛t✐♥❣
✈❡❝t♦r  G(t) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s
 G(t) =  
 
e
 
t H
 
 (t,cˆ,aˆ)
 
 G(0) = lim
T  
 
 T 
t=1
 
1 + H   (t, cˆ, aˆ) 
   G(0) ✭❈✳✶✻✮
✇❤❡r❡ t❤❡  st❛♥❞s ❢♦r ✧t✐♠❡✲♦r❞❡r❡❞ ♣r♦❞✉❝t✧✱ t❤❛t ✐s t❤❡ t❡r♠s ♦❢ t❤❡ ♣r♦❞✉❝t ❛r❡
♦r❞❡r❡❞ ❢r♦♠ r✐❣❤t t♦ ❧❡❢t✱ ❢r♦♠ t❤❡ ♠♦st ❛♥t❡r✐♦r t♦ t❤❡ ♠♦st ♣♦st❡r✐♦r✳ ◆♦✇✱ ✉s✐♥❣
t❤✐s ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ ✐♥s❡rt✐♥❣ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐❞❡♥t✐t②
✭❈✳✶✷✮ ❛t ❡❛❝❤ t✐♠❡ s❧✐❝❡✱ ♦♥❡ ❣❡ts
 [j, j ]
=
 
C
d2 T
 
e  
 
T T  1  T  
   T   
 T 
t=1
 
1 + H   (t, cˆ, aˆ) 
  
C
d2 t 1
 
e  
 
t 1 t 1   t 1   t 1 
 
 G(0) 
=
 
 [ ,   ]  1  T  
 T 
t=1
e  
 
t t   t 
 
1 + H   (t, cˆ, aˆ) + o( )
   t 1  e   0 0   0 G(0) 
✭❈✳✶✼✮
✇❤❡r❡  
 [ ,   ] =
 
CT
T 
t=0
d2 t
 
. ✭❈✳✶✽✮
◆♦✇✱ ✉s✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝♦❤❡r❡♥t st❛t❡s✱ ✇❡ ❤❛✈❡
  t 
 
1 + H   (t, cˆ, aˆ) + o( )
   t 1 = e  t t 1 1 + H   (t,   t ,  t 1) + o( ) 
= e 
 
t t 1eH
 
 (t, 
 
t , t 1) +o( ) . ✭❈✳✶✾✮
■♥s❡rt✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥✱ ✇❡ r❡❛❞✐❧② ✜♥❞
 [j, j ] =
 
 [ ,   ]ei j    +i j  ✲e  [ ,  ] ✭❈✳✷✵✮
✇✐t❤
 [ ,   ] =   T +
T 
t=1
 
  t ( t   t 1) H(  t ,  t 1) 
 
+   0 0  ln  (  0)N0 + o( T )
j    =
T 
t=1
jt t ,
j   ✲ =
T 
t=1
jt t 1 , ✭❈✳✷✶✮
❛♥❞ N0 ❞❡♥♦t❡s t❤❡ ✭♣♦ss✐❜❧② r❛♥❞♦♠✮ ✐♥✐t✐❛❧ ♦❝❝✉♣❛t✐♦♥ ♥✉♠❜❡r✳ ■❢ N0 ✐s ❛ P♦✐ss♦♥
✈❛r✐❛❜❧❡ ♦❢ ♣❛r❛♠❡t❡r  0✱ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ s✐♠♣❧✐✜❡s ✐♥t♦
  0 0  ln  (  0)N0 =   0 0   0(  0  1) =   0( 0   0) +  0 . ✭❈✳✷✷✮
✶✸✻ ❆♣♣❡♥❞✐① ❈✳ ▼❛♣♣✐♥❣s t♦ ✜❡❧❞ t❤❡♦r✐❡s
❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❝♦❤❡r❡♥t ✜❡❧❞ ❛❝t✐♦♥ ❣❡♥❡r❛❧✐③❡s str❛✐❣❤t❢♦r✇❛r❞❧② t♦ m
t②♣❡s ♦❢ ♣❛rt✐❝❧❡ X1 i m ✭✇❤✐❝❤ ❝❛♥ r❡♣r❡s❡♥t s✐t❡s✮ ❛♥❞ r r❡❛❝t✐♦♥s✳ ■❢ t❤❡ r❡❛❝t✐♦♥s
❛r❡ ✇r✐tt❡♥ s②♠❜♦❧✐❝❛❧❧② ❛s
 k  r ,
m 
i=1
qikXi
qk! k    
m 
i=1
pikXi , ✭❈✳✷✸✮
t❤❡ ❛❝t✐♦♥ t❤❡♥ r❡❛❞s
 [  ,    ] =  
m 
i=1
 iT +
T 
t=1
 
  i,t( i,t   i,t 1) H(   t ,  t 1 ) 
 
+   i,0 i,0  ln  
m 
i=1
(  i,0)
N i0 + o( T ) , ✭❈✳✷✹✮
✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥
H(   t ,  t 1 ) =
r 
k=1
 k
 
m 
i=1
(  i,t)
pik  
m 
i=1
(  i,t)
qik
 
m 
i=1
( i,t 1)q
i
k . ✭❈✳✷✺✮
❚❤✐s ❛❝t✐♦♥ ♣♦ss❡ss❡s ❛ s✐♠✐❧❛r✐t② ✇✐t❤ t❤❡ ❛❝t✐♦♥ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ t❤❡ r❡s♣♦♥s❡
✜❡❧❞ ❢♦r♠❛❧✐s♠✱ ♥❛♠❡❧② t❤❡  ✜❡❧❞s ❛r❡ ❛❧✇❛②s ❡✈❛❧✉❛t❡❞ ❜❡❢♦r❡ t❤❡   ✭✐t ✐s ❛❧s♦ t❤❡
❝❛s❡ ❜❡t✇❡❡♥  ❛♥❞ ✐ts s♦✉r❝❡✱ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡ t❤✐s ♣❛rt✐❝✉❧❛r✐t② ❤❛s ♥❡✈❡r ❜❡❡♥
♠❡♥t✐♦♥❡❞✮✳ ❚❤✐s ❢❛❝t s✉❣❣❡sts t♦ ✐♥t❡r♣r❡t t❤❡  ✜❡❧❞s ❛s ♦❜s❡r✈❛❜❧❡ ✜❡❧❞s ❛♥❞ t❤❡
  ♦♥❡s ❛s r❡s♣♦♥s❡ ✜❡❧❞s✳ ❍♦✇❡✈❡r✱ t❤❡ ❛❜♦✈❡ ❛❝t✐♦♥ ✈❛♥✐s❤❡s ❢♦r   = 1 ❞✉❡ t♦
❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♣r♦❜❛❜✐❧✐t②✱ ❜✉t ❣❡♥❡r❛❧❧② ✐t ❞♦❡s ♥♦t ✈❛♥✐s❤ ❢♦r   = 0 ❛s ✐t ✐s t❤❡
❝❛s❡ ❢♦r r❡s♣♦♥s❡ ✜❡❧❞ ❛❝t✐♦♥s✳ ❚♦ ❝✉r❡ t❤✐s ♣r♦❜❧❡♠✱ ♦♥❡ ❝❛♥ s❤✐❢t t❤❡   ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ✇❛②✿
  =  ¯ + 1 , ✭❈✳✷✻✮
s✉❝❤ t❤❛t t❤❡ s❤✐❢t❡❞ ❛❝t✐♦♥ ✈❛♥✐s❤❡s ❢♦r  ¯ = 0✳ ❙♣❡❝✐❢②✐♥❣ t♦ ✐♥❞❡♣❡♥❞❡♥t P♦✐ss♦♥
❞✐str✐❜✉t❡❞ ✐♥✐t✐❛❧ ♦❝❝✉♣❛t✐♦♥ ♥✉♠❜❡rs✱ ✇✐t❤ ♣❛r❛♠❡t❡rs   i,0 1 i m✱ t❤❡ s❤✐❢t❡❞
❛❝t✐♦♥ r❡❛❞s
 [  ,  ¯ ] =
T 
t=1
 
 ¯i,t( i,t   i,t 1) H(  ¯t + 1,  t 1 ) 
 
+  ¯i,0( i,0   i,0) + o( T ) .
✭❈✳✷✼✮
▲❡t ✉s ♣♦✐♥t ♦✉t t❤❛t ❝♦♥tr❛r② t♦ t❤❡ r❡s♣♦♥s❡ ✜❡❧❞ ❢♦r♠❛❧✐s♠✱  ❛♥❞   ❛r❡
❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱  ❛♥❞  ¯ ❛r❡ ♥♦t ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❡❛❝❤ ♦t❤❡r✳
❲❤✐❧❡ ✐t ✐s ♣♦ss✐❜❧❡ t♦ s❤♦✇ ♣❡rt✉r❜❛t✐✈❡❧② t❤❛t ♦♥❡ ❝❛♥ ❞❡❢♦r♠ t❤❡ ✜❡❧❞s t♦ ❜❡ r❡❛❧
❛♥❞ ✐♠❛❣✐♥❛r② r❡s♣❡❝t✐✈❡❧②✱ t❤❡r❡ ✐s ♥♦ ❣❡♥❡r❛❧ ♥♦♥✲♣❡rt✉❜❛t✐✈❡ r❡s✉❧t ✐♥ t❤✐s ❞✐r❡❝✲
t✐♦♥✳ ■♥❞❡❡❞✱ ❛ ❝❛r❡❧❡ss ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s ❞❡❢♦r♠❛t✐♦♥ ❢❛♠♦✉s❧② ❧❡❛❞s t♦ ♥❡❣❛t✐✈❡
✈❛r✐❛♥❝❡s ❢♦r t❤❡ ●❛✉ss✐❛♥ ♥♦✐s❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✐♥ ❝❡rt❛✐♥
❝❛s❡s ✭❍♦✇❛r❞ ❛♥❞ ❚ä✉❜❡r ✶✾✾✼❀ ▼✉ñ♦③ ✶✾✾✽✮✳ ▲❡t ✉s ♥♦t❡ t❤❛t ✭❇❡♥✐t❡③ ❡t ❛❧✳
✷✵✶✻✮ ✇❡r❡ ❛❜❧❡ t♦ ❣✐✈❡ ❛ ❞❡❢♦r♠❛t✐♦♥ ❛♣♣❧✐❝❛❜❧❡ ❢♦r ♦♥❡ s♣❡❝✐❡s ❜✐♠♦❧❡❝✉❧❛r ♣r♦✲
❝❡ss❡s✱ ❜✉t ✇❤❡r❡   ♣❧❛②s t❤❡ r♦❧❡ ♦❢ t❤❡ ♦❜s❡r✈❛❜❧❡ ✜❡❧❞ ❛♥❞  t❤❛t ♦❢ t❤❡ r❡s♣♦♥s❡
✜❡❧❞ ♦❢ ❛ ❞✉❛❧ ♣r♦❝❡ss ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡✳ ◆♦♥❡t❤❡❧❡ss✱ ❛t t❤✐s ♣♦✐♥t ✇❡ ❝❤♦♦s❡ t♦
❧❡❛✈❡ t❤✐s ♣r♦❜❧❡♠ ❛s✐❞❡ ❛s ✐t ✐s ❞♦♥❡ tr❛❞✐t✐♦♥❛❧❧② ❛♥❞ ✐♥t❡r♣r❡t t❤❡ ❝♦❤❡r❡♥t ✜❡❧❞
❛❝t✐♦♥ ✐♥ t❤❡ s❛♠❡ s❡tt✐♥❣s ❛s ❛ r❡s♣♦♥s❡ ✜❡❧❞ ❛❝t✐♦♥ ✇✐t❤ r❡❛❧ ✜❡❧❞s✳
❈✳✷✳ ●❛r❞✐♥❡r✬s P♦✐ss♦♥ ❘❡♣r❡s❡♥t❛t✐♦♥ ✶✸✼
❆ ❢✉rt❤❡r st❡♣ t♦ ❣❡t ❛ ✇♦r❦❛❜❧❡ ❛❝t✐♦♥ ✐s t♦ t❛❦❡ t❤❡ ❝♦♥t✐♥✉♦✉s t✐♠❡ ❧✐♠✐t✱ t❤❛t
✐s t♦ t❛❦❡ T = tf/   ✱ ❦❡❡♣✐♥❣ tf ✜①❡❞✱ ♦r ❡q✉✐✈❛❧❡♥t❧② t♦ t❛❦❡   0✳ ❲❡
✐♥tr♦❞✉❝❡ ✐♥t❡r♣♦❧❛t✐♥❣ ✜❡❧❞s ♦❢  ❛♥❞  ¯✿
 i,t   ˜i(t˜) ,  ¯i,t  ˜¯ i(t˜) ,
✇✐t❤ t˜  tf t
T
. ✭❈✳✷✽✮
❆ss✉♠✐♥❣ t❤❛t ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❞✐✛❡r❡♥t✐❛❜❧❡ ♣❛t❤s✱ t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ r❡✇r✐t❡s
❛s
 i,t   i,t 1 =  t˜ ˜i(t˜) + o( ) . ✭❈✳✷✾✮
❚❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ ❡✈❛❧✉❛t✐♦♥ t✐♠❡ ❜❡t✇❡❡♥  ¯ ❛♥❞  ✐♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r ❛♥❞
❜❡t✇❡❡♥ j ❛♥❞  ✈❛♥✐s❤❡s ✐♥ t❤❡ ❧✐♠✐t   0✿
T 
t=1
H(  ¯t + 1,  t 1 ) =
T 
t=1
H( ˜¯ (t˜) + 1,  ˜(t˜) ) + o( T ) , j   ✲ = j   ˜+ o( T ) .
✭❈✳✸✵✮
❋✐♥❛❧❧②✱ t❤❡ t✐♠❡ ❝♦♥t✐♥✉♦✉s ❛❝t✐♦♥ r❡❛❞s✱ ❞r♦♣♣✐♥❣ t❤❡ t✐❧❞❡ s②♠❜♦❧
 [  ,    ] =
 tf
0
dt
 
 ¯i(t) t i(t) H[  ¯ + 1,   ](t)
 
+  ¯i(0)
 
 i(0)  i,0
 
. ✭❈✳✸✶✮
❈✳✷ ●❛r❞✐♥❡r✬s P♦✐ss♦♥ ❘❡♣r❡s❡♥t❛t✐♦♥
❲❡ ❣✐✈❡ ❤❡r❡ ❛ s❤♦rt ❛❝❝♦✉♥t ♦♥ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❝♦❤❡r❡♥t ✜❡❧❞ ✇❤✐❝❤
❝❛♥ s❤❡❞ ❧✐❣❤t ♦♥ t❤❡ ❉♦✐ s❤✐❢t✳ ❚❤✐s ❞❡r✐✈❛t✐♦♥ ✇❛s ❞❡✈❡❧♦♣❡❞ ✐♥ ✭●❛r❞✐♥❡r ❛♥❞
❈❤❛t✉r✈❡❞✐ ✶✾✼✼✮ ✭s❡❡ ●❛r❞✐♥❡r ✷✵✵✾ ❢♦r ❛ ♠♦r❡ ✐♥ ❞❡♣t❤ ♣r❡s❡♥t❛t✐♦♥✮✳ ❚♦ s✐♠♣❧✐❢②
t❤❡ ♥♦t❛t✐♦♥ ✇❡ ✇✐❧❧ ✇♦r❦ ✐♥ t❤❡ ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳ ❚❤❡ ✜rst st❡♣ ✐s t♦ ❞❡✜♥❡
t❤❡ ✭♣♦s✐t✐✈❡✮ P♦✐ss♦♥ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ ♥✉♠❜❡r ♦❢
♣❛rt✐❝❧❡s ❢♦r t❤❡ N s♣❡❝✐❡s✿
Pt[ n  ] =
 
CN
 
i
d2 i
2 
e  i nii
ni!
f(t,     ) . ✭❈✳✸✷✮
❚❤❛t ✐s✱ ✇❡ ❡①♣❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦♥ ❛ s✉♠ ♦❢ ✧❝♦♠♣❧❡① P♦✐ss♦♥ ❞✐s✲
tr✐❜✉t✐♦♥✧ ♦❢ ♣❛r❛♠❡t❡r    ✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✇❡ ❝❛♥ ❞✐r❡❝t❧② ✉s❡ t❤❡ P♦✐ss♦♥ r❡♣r❡✲
s❡♥t❛t✐♦♥ ♦♥ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥✿
G( z , t) =
 
 n 
Pt[ n  ]
 
i
znii =
 
CN
 
i
d2 i
2 
e i(zi 1)f(t,     ) . ✭❈✳✸✸✮
❯s✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ G✱ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛♥❞ ✉♥✐❝✐t② ♦❢
t❤❡ P♦✐ss♦♥ r❡♣r❡s❡♥t❛t✐♦♥✱ ♦♥❡ ♦❜t❛✐♥s ❛♥ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r f ✳ ❋♦r ❡①❛♠♣❧❡
❢♦r t❤❡ ♣✉r❡ ❢✉s✐♦♥ r✉❧❡ 2A
2  A✱ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ G r❡❛❞s
 tG(t, z) =  (z  z2) 2zG(t, z)  H (z,  z)G(t, z) , ✭❈✳✸✹✮
❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ f ✐s
 tf(t,  ) =  
 
(1   ) (1   )2
 
 2f(t,  ) = H (1   ,  )f(t,  ) . ✭❈✳✸✺✮
✶✸✽ ❆♣♣❡♥❞✐① ❈✳ ▼❛♣♣✐♥❣s t♦ ✜❡❧❞ t❤❡♦r✐❡s
■❢ t❤❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✐♥✈♦❧✈❡s ❛t ♠♦st ❜✐♠♦❧❡❝✉❧❛r r❡❛❝t✐♦♥s✱ t❤❡ ♠❛st❡r
❡q✉❛t✐♦♥ tr❛♥s❧❛t❡s ✐♥t♦ ❛ ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥ ❢♦r f ✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♣✉r❡
❢✉s✐♦♥✱ ✐t r❡❛❞s
 tf(t,  ) =  
 
    2 )
 
 2f(t,  ) =   [Af ](t,  ) +
1
2
 2 [B f ](t,  ) ✭❈✳✸✻✮
✇✐t❤ ✐♥ t❤✐s ❡①❛♠♣❧❡
A =   2 , B =  2  2 . ✭❈✳✸✼✮
■❢  ✐s ❝♦♥str❛✐♥❡❞ t♦ ❜❡ r❡❛❧✱ ✭❈✳✸✻✮ ✐s ♥♦t ❛ ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥ ❛s ✐t ✐s ✐♠✲
♣♦ss✐❜❧❡ t♦ ✜♥❞ ❛ r♦♦t ♦❢ t❤❡ ♥♦♥✲♣♦s✐t✐✈❡ B✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ✇r✐t❡ ❛ ▲❛♥❣❡✈✐♥
❡q✉❛t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ ✭❈✳✸✻✮ ❢♦r ❛ ❝♦♠♣❧❡① r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ■t r❡❛❞s
 t =    2 + i
 
2   
  (t) (t ) =  (t t ) ✭❈✳✸✽✮
✇❤❡r❡  ✐s ❛ r❡❛❧ ♥♦✐s❡✳ ❯s✐♥❣ t❤❡ ▼❙❘❏❉ ❢♦r♠❛❧✐s♠ ✭s❡❡ ❆♣♣❡♥❞✐① ❇✳✶✮ ♦♥ t❤✐s
▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❝t✐♦♥
 [ ,  ¯] =
 
t
 
 ¯( t +   
2) +   2 ¯2
 
, ✭❈✳✸✾✮
✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ ❉♦✐ s❤✐❢t❡❞ ❝♦❤❡r❡♥t ✜❡❧❞ ❛❝t✐♦♥ ❢♦r t❤❡ s❛♠❡ ♣r♦❝❡ss✳ ■♥ t❤❡
❝❛s❡ ♦❢ ♣r♦❝❡ss❡s ✐♥✈♦❧✈✐♥❣ ♠♦r❡ t❤❛♥ t✇♦ ♣❛rt✐❝❧❡s✱ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❤✐❣❤❡r ♦r❞❡r
♥♦✐s❡ ❤❛✈❡ ❜❡❡♥ ❡①♣❧♦r❡❞ ✐♥ ✭●❛r❞✐♥❡r ✷✵✵✾✮✳ ❚❤✐s s❦❡t❝❤ ♦❢ ❞❡r✐✈❛t✐♦♥ ❧❡❛✈❡s ❛ ❧♦t
♦❢ t❤✐♥❣s ✉♥❝❧❡❛r✱ ♥♦t❛❜❧② t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ ❜♦✉♥❞❛r② t❡r♠s ✐♥ t❤❡ ❝♦♠♣❧❡① ✐♥t❡❣r❛❧
❛♥❞ t❤❡ ✉♥✐❝✐t② ♦❢ t❤❡ P♦✐ss♦♥ r❡♣r❡s❡♥t❛t✐♦♥ ✭❉r♦③ ❛♥❞ ▼❝❑❛♥❡ ✶✾✾✹❀ ❉r✉♠♠♦♥❞
✷✵✵✹✮✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ ♥♦t ❞✇❡❧❧ ❢✉rt❤❡r ♦♥ t❤❡ s✉❜❥❡❝t ❛♥❞ s✐♠♣❧② ❝♦♠♠❡♥t t❤❛t
✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ t❤✐s ❞❡r✐✈❛t✐♦♥ ❝❛♥ ❜❡ ♣✉t ♦♥ ❛ ♠♦r❡ st❛❜❧❡ ❣r♦✉♥❞✱ ✐t ❣✐✈❡s ❛♥
✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❝♦❤❡r❡♥t ✜❡❧❞ ❛❝t✐♦♥ ✐♥ t❡r♠s ♦❢ ❛ ❞✉❛❧ ❝♦♥t✐♥✉♦✉s st♦❝❤❛st✐❝
♣r♦❝❡ss✳ ■❢  st❛②s ✐♥ t❤❡ ♣♦s✐t✐✈❡ r❡❛❧ ❧✐♥❡✱ ✐t ❝♦rr❡s♣♦♥❞s t♦ ❛ ♣r♦❝❡ss ✇❤♦s❡
✐♥st❛♥t❛♥❡♦✉s ♣r♦❜❛❜✐❧✐t② ❝❛♥ ❛❧✇❛②s ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥ ❛ ❜❛s✐s ♦❢ ✭r❡❛❧✮ P♦✐ss♦♥
❞✐str✐❜✉t✐♦♥✱ ✇❤✐❧❡ ❛ ❝♦♠♣❧❡①  ❝♦rr❡s♣♦♥❞s t♦ ❛ ♥❛rr♦✇❡r ❞✐str✐❜✉t✐♦♥ ❛s ♥♦t✐❝❡❞
✐♥ ✭❲✐❡s❡ ✷✵✶✻✮✳ ❆s ❛♥ ❛♣♣❧✐❝❛t✐♦♥✱ t❤✐s ❣✐✈❡s ❛ ❞❡✜♥✐t✐♦♥ ♦❢ ♠✉❧t✐✲t✐♠❡ ❡①♣❡❝t❛t✐♦♥
✈❛❧✉❡s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❝❡ss✱ ✇❤✐❝❤ ✐s ♠♦r❡ ❞✐✣❝✉❧t t♦ ❞❡✜♥❡ ✐♥ t❤❡ st❛♥❞❛r❞ ❉♦✐✲
P❡❧✐t✐ ❢♦r♠❛❧✐s♠ ✭❈❤❛t✉r✈❡❞✐ ❛♥❞ ●❛r❞✐♥❡r ✶✾✼✽✮✳
❆♣♣❡♥❞✐① ❉
❈♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❞✉❛❧✐t② ✐❞❡♥t✐t②
■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ❡①♣♦✉♥❞ ♦♥ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ❞✉❛❧✐t② ✐❞❡♥t✐t② ✭✹✳✹✵✮ ♦❢
❉P✲❈✱ ✇❤✐❝❤ r❡❛❞s
g   Γ =
 
x
 Γ 
  (x)
. ✭❉✳✶✮
▲❡t ✉s ♣❛rt✐❛❧❧② ❡①♣❛♥❞ Γ ✐♥ ♣♦✇❡rs ♦❢  ❛r♦✉♥❞ ❛ st❛t✐♦♥❛r② ❤♦♠♦❣❡♥❡♦✉s ✈❛❧✉❡
  ✳ ◆♦t✐♥❣
[    ] n( x  1   n) =
 
k
 
 (xk)   
 
, ✭❉✳✷✮
t❤❡ ❡①♣❛♥s✐♦♥ r❡❛❞s
Γ [Φ] =
 
n
1
n!
 
 x  
Γ(n) [ x  1   n; Φ]
  
    [    ]
 n( x  1   n) . ✭❉✳✸✮
P❧✉❣❣✐♥❣ t❤❡ ❡①♣❛♥s✐♦♥ ✐♥ t❤❡ ✐❞❡♥t✐t② ✭❉✳✶✮ ❣✐✈❡s ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ❢♦r t❤❡ ❧✳❤✳s✳
g   Γ =
 
n
1
n!
 
 x  
 
g   
 
Γ(n) [ x  1   n; Φ]
  
    
 
[    ] n( x  1   n)
+ nΓ(n) [ x  1   n; Φ]
  
    [    ]
 n 1( x  1   n 1)( g     )
 
.
✭❉✳✹✮
❛♥❞ t❤❡ ♦t❤❡r ❤❛♥❞ ❢♦r t❤❡ r✳❤✳s✳ 
x
 Γ 
  (x)
=
 
n
1
n!
 
 x  
nΓ(n) [ x  1   n; Φ]
  
    [    ]
 n 1( x  1   n 1) , ✭❉✳✺✮
✉s✐♥❣ t❤❡ s②♠♠❡tr② ♦❢ t❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥s✳ ❊q✉❛❧✐③✐♥❣ t❤❡ t✇♦ s✐❞❡s ❛♥❞ ✉s✐♥❣
✉♥✐❝✐t② ♦❢ t❤❡ ❡①♣❛♥s✐♦♥✱ ♦♥❡ ♦❜t❛✐♥s t❤❛t
 n,    ,  ¯,Ψ, Ψ¯ ,  x  1   n,
g   
 
Γ(n) [ x  1   n; Φ]
  
    
 
= (n + 1)(1 + g     )
 
xn+1
Γ(n+1) [ x  1   n+1; Φ]
  
    .
✭❉✳✻✮
✶✸✾
✶✹✵ ❆♣♣❡♥❞✐① ❉✳ ❈♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❞✉❛❧✐t② ✐❞❡♥t✐t②
◆♦✇✱ ✐❢ ✇❡ ❛ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿
 n,    ,  ¯,Ψ, Ψ¯ ,  x  1   n,
  
 
Γ(n) [ x  1   n; Φ]
  
    
 
= 0
❛♥❞
 
xn+1
Γ(n+1) [ x  1   n+1; Φ]
  
     = 0 , ✭❉✳✼✮
t❤❡♥ ❢r♦♠ ✭❉✳✻✮ ♦♥❡ ❣❡ts
1 + g     = 0 , ✭❉✳✽✮
❛♥❞ ✜♥❛❧❧②
 n,    ,  ¯,Ψ, Ψ¯ ,  x  1   n,   
 
Γ(n) [ x  1   n; Φ]
  
    
 
= 0 . ✭❉✳✾✮
❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❢r♦♠ ✭❉✳✽✮ ❛♥❞ t❤❡ s❝❛❧✐♥❣     d  (   c) d ✱ ♦♥❡ r❡❛❞✐❧②
♦❜t❛✐♥s
 d = 1 . ✭❉✳✶✵✮
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✭❉✳✾✮ st❛t❡s ❡①❛❝t❧② t❤❛t t❤❡ ♦♥❧② r❡❧❡✈❛♥t ❡✐❣❡♥♣❡rt✉r❜❛t✐♦♥ ✐s
  ✳ ❚❤❡ s❛♠❡ ❞❡r✐✈❛t✐♦♥ ❝❛♥ ❜❡ ❢♦❧❧♦✇❡❞ ❢♦r t❤❡ ❞✉❛❧✐t② ✐❞❡♥t✐t② ♦❢ ❉❊P✳ ■♥ ❙❡❝✳ ✹✳✸✱
✇❡ ✇✐❧❧ s❡❡ ❤♦✇ t❤❡ ❛ss✉♠♣t✐♦♥ ✭❉✳✼✮ tr❛♥s❧❛t❡s ✇✐t❤✐♥ t❤❡ ❝❤♦s❡♥ ❛♥s❛t③ ❢♦r Γ ✳
❆♣♣❡♥❞✐① ❊
▲P❆✬ ❢♦r ❉❊P ❛♥❞ ❉P✲❈
❊✳✶ Pr♦♦❢ ♦❢ t❤❡ ❛❝❝✐❞❡♥t❛❧ ♥♦♥✲r❡♥♦r♠❛❧✐③❛t✐♦♥
✇✐t❤✐♥ ▲P❆✬
■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ♣r♦✈❡ t❤❛t ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ▲P❆✬✱ ❢♦r ❜♦t❤ ❉❊P ❛♥❞
❉P✲❈✱ t❤❡  ¯ ♣r❡❢❛❝t♦r ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❜❛r❡ ♣♦t❡♥t✐❛❧ ✐s ♣r❡s❡r✈❡❞ ❜② t❤❡ r❡♥♦r♠❛❧✲
✐③❛t✐♦♥ ❛♥❞ t❤❛t ♦♥❧② t❤❡  ¯✲ ♣r♦♣❛❣❛t♦r ❝❛♥ ❜❡ r❡♥♦r♠❛❧✐③❡❞✳ ❲❡ ❝❛❧❧ t❤❡s❡ r❡s✉❧ts
❛❝❝✐❞❡♥t❛❧ ♥♦♥✲r❡♥♦r♠❛❧✐③❛t✐♦♥s ❜❡❝❛✉s❡ t❤❡② ❛r❡ ♥♦t ❞✐r❡❝t❧② ❧✐♥❦❡❞ ✇✐t❤ ✐❞❡♥t✐✜❡❞
s②♠♠❡tr✐❡s ♦❢ t❤❡ ♠♦❞❡❧✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥ t❤❡ ❝❛s❡ ♦❢ ❉❊P✳ ❚❤✉s t❤❡② ♠❛② ❜❡ ❛ s♣✉✲
r✐♦✉s ❡✛❡❝t ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ▲❡t ✉s ✜rst s❤♦✇ ❤♦✇ t❤❡s❡ ♥♦♥✲r❡♥♦r♠❛❧✐③❛t✐♦♥s
♦❝❝✉r ♣❡rt✉r❜❛t✐✈❡❧②✳
❊✳✶✳✶ P❡rt✉❜❛t✐✈❡ ♣r♦♦❢
❚❤❡ ♣r♦♣❛❣❛t♦rs ❛♥❞ ✈❡rt✐❝❡s ♦❢ t❤❡ ❉P✲❈ ❛♥❞ ❉❊P ❛❝t✐♦♥ ❛r❡ ❧✐st❡❞ ✐♥ ❋✐❣✳ ❊✳✶✳✶
❛♥❞ ❋✐❣✳ ❊✳✶✳✶ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡  ❛♥❞  ¯ ❧❡❣s ❛♥❞ ♣r♦♣❛❣❛t♦rs ❛r❡ ♥♦t❡❞ ✇✐t❤ ❛ ❢✉❧❧
❧✐♥❡✱ t❤❡  ❛♥❞  ¯ ❧❡❣s ❛♥❞ ♣r♦♣❛❣❛t♦rs ❛r❡ ♥♦t❡❞ ✇✐t❤ ❛ ❞❛s❤❡❞ ♦♥❡✳ ❚❤❡ r❡s♣♦♥s❡
✜❡❧❞ ❧❡❣s ❛r❡ ♥♦t❡❞ ✇✐t❤ ❛♥ ❛rr♦✇ ❛♥❞ ❛r❡ s❛✐❞ t♦ ❜❡ ❡①✐t✐♥❣ ❧❡❣s ✇❤✐❧❡ t❤❡ ♦❜s❡r✈❛❜❧❡
✜❡❧❞ ❧❡❣s ❞♦ ♥♦t ❤❛✈❡ ❛rr♦✇s ❛♥❞ ❛r❡ s❛✐❞ t♦ ❜❡ ❡♥t❡r✐♥❣ ❧❡❣s✳
❆♥② ♣❡rt✉r❜❛t✐✈❡ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r② ✐s ❣✐✈❡♥ ❜②
❛ ❣r❛♣❤ ✇❤♦s❡ ✈❡rt✐❝❡s ❛r❡ ❝❤♦s❡♥ ✐♥ t❤❡ ✈❡rt✐❝❡s ♦❢ ❋✐❣✳ ❊✳✶✳✶ ❛♥❞ ✇❤♦s❡ ♣♦ss✐❜❧❡
❡❞❣❡s ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ♣r♦♣❛❣❛t♦rs ♦❢ ❋✐❣✳ ❊✳✶✳✶✳ ❊①♣❧✐❝✐t❧②✱ ❛ ❢✉❧❧ ❧✐♥❡ ❡①✐t✐♥❣ ❧❡❣
❝❛♥ ❜❡ ❧✐♥❦❡❞ t♦ ❛ ❢✉❧❧ ❧✐♥❡ ♦r ❛ ❞❛s❤❡❞ ❧✐♥❡ ❡♥t❡r✐♥❣ ❧❡❣ ❛♥❞ ❛ ❞❛s❤❡❞ ❧✐♥❡ ❡①✐t✐♥❣
❧❡❣ ❝❛♥ ❜❡ ❧✐♥❦❡❞ t♦ ❛ ❞❛s❤❡❞ ❧✐♥❡ ❡♥t❡r✐♥❣ ❧❡❣✳ ❚❤❡ ❡①t❡r♥❛❧ ❡♥t❡r✐♥❣ ❛♥❞ ❡①✐t✐♥❣
❧❡❣s ♦❢ t❤❡ ❣r❛♣❤ ❣✐✈❡ t❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥ t♦ ✇❤✐❝❤ ✐t ❝♦♥tr✐❜✉t❡s✳ ❇❡❝❛✉s❡ ❡❛❝❤
❡❞❣❡ ❤❛s ❛ ❞✐r❡❝t✐♦♥ ✲ ❢r♦♠ ❛ r❡s♣♦♥s❡ ✜❡❧❞ t♦ ❛♥ ♦❜s❡r✈❛❜❧❡ ✜❡❧❞ ✲ t❤❡s❡ ❣r❛♣❤s
❛r❡ ♥❛t✉r❛❧❧② ❞✐r❡❝t❡❞✳ ❋✉rt❤❡r♠♦r❡✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♣r♦♣❡rt② ♦❢ ❝❛✉s❛❧✐t② ♦❢ t❤❡
❛✮  ¯ ✿ >
>❜✮  ¯ ✿
>❝✮  ¯ ✿
❋✐❣✉r❡ ❊✳✶✿ ▲✐st ♦❢ t❤❡ ♣r♦♣❛❣❛t♦rs ♦❢ t❤❡ ❉P✲❈ ❛♥❞ ❉❊P t❤❡♦r✐❡s
✶✹✶
✶✹✷ ❆♣♣❡♥❞✐① ❊✳ ▲P❆✬ ❢♦r ❉❊P ❛♥❞ ❉P✲❈
❛✮  ¯2 ✿ ❜✮  ¯ 2✿
❝✮  ¯ ¯ ✿ ❞✮  ¯  ✿
❡✮  ¯2 2✿ ❢✮  ¯ ¯ 2✿
❣✮  ¯2  ✿ ❤✮  ¯ ¯  ✿
❋✐❣✉r❡ ❊✳✷✿ ▲✐st ♦❢ t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ ❉P✲❈ ❛♥❞ ❉❊P t❤❡♦r✐❡s✳ ❚❤❡ q✉❛rt✐❝ ✈❡rt✐❝❡s
❡✮ t♦ ❤✮ ❛r❡ ♣r❡s❡♥t ♦♥❧② ✐♥ ❉❊P✳
t❤❡♦r②✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝✳ ✸✳✺✱ ♦♥❧② ❞✐r❡❝t❡❞ ❛❝②❝❧✐❝ ❣r❛♣❤s ❝♦♥tr✐❜✉t❡✳ ■t ♠❡❛♥s
t❤❛t ♦♥❡ ❝❛♥♥♦t st❛rt ❢r♦♠ ❛ ❣✐✈❡♥ ✈❡rt❡①✱ ❢♦❧❧♦✇ t❤❡ ❛rr♦✇s ❛♥❞ ❝♦♠❡ ❜❛❝❦ t♦ t❤❡
s❛♠❡ ✈❡rt❡①✳ ❋✐♥❛❧❧②✱ ♦♥❡ ♥♦t✐❝❡s t❤❛t ❞✉❡ t♦ t❤❡  ¯ ♣r❡❢❛❝t♦r ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ♦❢
t❤❡ ✐♥✐t✐❛❧ ❛❝t✐♦♥✱ ❛❧❧ ✈❡rt✐❝❡s ❤❛✈❡ ❛t ❧❡❛st ♦♥❡ ❢✉❧❧ ❧✐♥❡ ❡①✐t✐♥❣ ❧❡❣✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
❛  ¯ ✜❡❧❞✱ ❛♥❞ ♦♥❡ ❢✉❧❧ ❧✐♥❡ ❡♥t❡r✐♥❣ ❧❡❣✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛  ♦♥❡✳
❚❤❡s❡ ♣r♦♣❡rt✐❡s ❛r❡ ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t t❤❡  ¯ ♣r❡❢❛❝t♦r ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ✐s
♣r❡s❡r✈❡❞ ❜② t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❛♥❞ t❤❛t ♦♥❧② t❤❡  ¯✲ ♣r♦♣❛❣❛t♦r ❝❛♥ ❜❡ r❡♥♦r✲
♠❛❧✐③❡❞✳ ■♥❞❡❡❞✱ t❤❡ ✈❡rt✐❝❡s ♦❢ ❛ ❞✐r❡❝t❡❞ ❛❝②❝❧✐❝ ❣r❛♣❤s ❛r❡ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞✱ ✇✐t❤
t❤❡ ♦r❞❡r r❡❧❛t✐♦♥ ❞❡✜♥❡❞ ❛s u  v ❢♦r t✇♦ ✈❡rt✐❝❡s u ❛♥❞ v ✐❢ ♦♥❡ ❝❛♥ ❣♦ ❢r♦♠ u t♦
v ❢♦❧❧♦✇✐♥❣ t❤❡ ❛rr♦✇s✳ ❊✈❡r② ✜♥✐t❡ ❣r❛♣❤ ✇✐❧❧ ❤❛✈❡ ❛t ❧❡❛st ♦♥❡ ♠✐♥✐♠❛❧ ❡❧❡♠❡♥t✱
t❤❛t ✐s ❛ ✈❡rt❡① ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ r❡❛❝❤❡❞ ❢r♦♠ ❛♥② ♦t❤❡r ✈❡rt✐❝❡s ♦❢ t❤❡ ❣r❛♣❤✳ ❚❤✐s
✈❡rt❡① ❤❛s t❤❡ ♣r♦♣❡rt② t❤❛t ❛❧❧ ✐ts ❡♥t❡r✐♥❣ ❧❡❣s ❛r❡ ❡①t❡r♥❛❧✳ ❇❡❝❛✉s❡ ❡✈❡r② ❜❛r❡
✈❡rt❡① ❤❛s ❛t ❧❡❛st ♦♥❡ ❢✉❧❧ ❧✐♥❡ ❡♥t❡r✐♥❣ ❧❡❣✱ ❡✈❡r② ❞✐❛❣r❛♠ ❝♦♥tr✐❜✉t❡s t♦ ❛ ✈❡rt❡①
❢✉♥❝t✐♦♥ ✇✐t❤ ❛t ❧❡❛st ♦♥❡  ✜❡❧❞✳ ■♥ t❤❡ s❛♠❡ ♠❛♥♥❡r✱ ❡✈❡r② ✜♥✐t❡ ❣r❛♣❤ ✇✐❧❧ ❤❛✈❡
❛t ❧❡❛st ♦♥❡ ♠❛①✐♠❛❧ ❡❧❡♠❡♥t✱ t❤❛t ✐s ❛ ✈❡rt❡① ❢r♦♠ ✇❤✐❝❤ ♥♦ ✈❡rt✐❝❡s ♦❢ t❤❡ ❣r❛♣❤
❝❛♥ ❜❡ r❡❛❝❤❡❞✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛❧❧ t❤❡ ❡①✐t✐♥❣ ❧❡❣s ♦❢ s✉❝❤ ❛ ✈❡rt❡① ❛r❡ ❡①t❡r♥❛❧
❛♥❞ ❜❡❝❛✉s❡ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡♠ ✐s ❛ ❢✉❧❧ ❧✐♥❡✱ ✐t ❝♦♥tr✐❜✉t❡s t♦ ❛ ✈❡rt❡① ❢✉♥❝t✐♦♥
✇✐t❤ ❛t ❧❡❛st ♦♥❡  ¯ ✜❡❧❞✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱ ❡✈❡r② ✜♥✐t❡ ❣r❛♣❤ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ r❡♥♦r✲
♠❛❧✐③❛t✐♦♥ ♦❢ ❛ ✈❡rt❡① ❢✉♥❝t✐♦♥ ✇✐t❤ ❛t ❧❡❛st ♦♥❡  ¯ ❛♥❞ ♦♥❡  ✜❡❧❞✱ ✇❤✐❝❤ ✐s t❤❡
♣r♦♣❡rt② ✇❡ ✇❛♥t❡❞ t♦ ♣r♦✈❡✳
❊✳✶✳ Pr♦♦❢ ♦❢ t❤❡ ❛❝❝✐❞❡♥t❛❧ ♥♦♥✲r❡♥♦r♠❛❧✐③❛t✐♦♥ ✇✐t❤✐♥ ▲P❆✬ ✶✹✸
❊✳✶✳✷ ◆♦♥✲r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ Ψ¯Ψ ❢❛❝t♦r ♦❢ t❤❡ ▲P❆✬
♣♦t❡♥t✐❛❧
◆♦✇✱ ❧❡t ✉s s❡❡ ❤♦✇ t❤✐s tr❛♥s❧❛t❡s ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ▲P❆✬ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r
t❤❡ ◆P❘● ✢♦✇✳ ❋✐rst✱ ❧❡t ✉s s❤♦✇ t❤❛t t❤❡ ♣♦t❡♥t✐❛❧ U ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ Ψ¯✿
U ( ,  ¯,  ,  ) =  ¯A ( ,  ¯,  ,  ¯) . ✭❊✳✶✮
▲❡t ✉s r❡♠❡♠❜❡r t❤❛t ✇❡ ❤❛✈❡ s❤♦✇♥ ✐♥ ❙❡❝✳ ✸✳✺ ❢♦r ❛ ❣❡♥❡r✐❝ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠
✜❡❧❞ t❤❡♦r② t❤❛t t❤❡ ❛❝t✐♦♥ ✈❛♥✐s❤❡s ✇❤❡♥ t❤❡ r❡s♣♦♥s❡ ✜❡❧❞s ❛r❡ s❡t t♦ ③❡r♦✳ ❯s✐♥❣
t❤❡ ❛♥❛❧②t✐❝✐t② ♦❢ Γ ✱ t❤✐s ✐♠♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t U ✐s ♣r♦♣♦rt✐♦♥❛❧ ❡✐t❤❡r t♦ Ψ¯
♦r t♦  ¯✳ ◆♦✇ ✇❡ ✉s❡ t❤❡ r❡s♣❡❝t✐✈❡ s②♠♠❡tr✐❡s ♦❢ ❉P✲❈ ❛♥❞ ❉❊P✳ ❋♦r ❉P✲❈✱ t❤❡
s②♠♠❡tr② ✭✹✳✷✸✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ♣♦t❡♥t✐❛❧ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢  ❛♥❞  ¯ ♦♥❧② t❤r♦✉❣❤
t❤❡✐r s✉♠✿
U❉P✲❈ ( ,  ¯,  ,  ) = U ( +  ¯,  ,  ¯) . ✭❊✳✷✮
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐❢ U ✐s ♥♦t ♣r♦♣♦rt✐♦♥❛❧ t♦ Ψ¯✱ ✐t ✇✐❧❧ ♥♦t ✈❛♥✐s❤ ✇❤❡♥ t❤❡ r❡s♣♦♥s❡
✜❡❧❞s ❛r❡ s❡t t♦ ③❡r♦✳ ◆♦✇✱ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❉❊P✱ t❤❡ r❡s❝❛❧✐♥❣ s②♠♠❡tr② ❢♦r t❤❡
♣♦t❡♥t✐❛❧ r❡❛❞s✿   
 0 +  
 
   
  
 0 +  ¯
 
  ¯ +      ¯  ¯
 
U❉❊P ( ,  ¯,  ,  ¯) = 0 . ✭❊✳✸✮
■t ✐s r❡❛❧✐③❡❞ ❢♦r ❛♥ ❛♥❛❧②t✐❝ ♣♦t❡♥t✐❛❧ ❛s
U❉❊P ( ,  ¯,  ,  ¯) =
 
spqr
u❉❊Pspqr (
 
 0 +  )
s(
 
 0 +  ¯)
p q ¯r
✇✐t❤ s p + q  r = 0 . ✭❊✳✹✮
■❢ u❉❊Pspq0  = 0 ❢♦r s  p + q = 0✱ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ✇✐❧❧ ♥♦t ✈❛♥✐s❤ ✇❤❡♥ t❤❡
r❡s♣♦♥s❡ ✜❡❧❞s ❛r❡ s❡t t♦ ③❡r♦ ❚❤✉s ✇❡ ❤❛✈❡ ♣r♦✈❡♥ t❤❛t ❢♦r ❜♦t❤ ❉P✲❈ ❛♥❞ ❉❊P✱
t❤❡ ♣♦t❡♥t✐❛❧ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ Ψ¯✳
◆♦✇✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t ✇✐t❤✐♥ t❤❡ ▲P❆✬✱ ❜♦t❤ ❢♦r ❉P✲❈ ❛♥❞ ❉❊P✱ t❤❡ ♣♦t❡♥t✐❛❧
✐s ❛❧s♦ ♣r♦♣♦rt✐♦♥❛❧ t♦ Ψ✳ ❆ss✉♠✐♥❣ t❤❛t ❛t t❤❡ s❝❛❧❡  ✱ t❤❡ ♣♦t❡♥t✐❛❧ ❝❛♥ ❜❡ ✇r✐tt❡♥
❛s
U ( ) =  B ( ) ✭❊✳✺✮
✇❤❡r❡  =   ,  ¯,  ,  ¯ ✐s ❛♥ ❛r❜✐tr❛r② ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❝♦♥st❛♥t ✜❡❧❞s✱ ✇❡ ✇❛♥t t♦
s❤♦✇ t❤❛t t❤✐s ♣r♦♣❡rt② ✐s ♣r❡s❡r✈❡❞ ❜② t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ✢♦✇✿
 sU ( )
  
 =0
= 0 . ✭❊✳✻✮
❚❤❡ ❦✐♥❡t✐❝ ♣❛rt ♦❢ t❤❡ ▲P❆✬ ❛♥s❛t③ ❢♦r ❉P✲❈ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡ ▲P❆✬ ❛♥s❛t③
❢♦r ❉❊P✱ t❤✉s ✇❡ ✇♦r❦ ❞✐r❡❝t❧② ✇✐t❤ t❤❡ ❧❛tt❡r✱ ♦♥❧② s♣❡❝✐❢②✐♥❣ t❤❡ s②♠♠❡tr② ♦❢ t❤❡
♣♦t❡♥t✐❛❧ ✇❤❡♥ ✐t ✐s ♥❡❝❡sss❛r②✳ ❚❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ♣♦t❡♥t✐❛❧ r❡❛❞s
 sU ( ) =
 
}q
Res+
  
   ¯ 
 
  ¯
(q)G¯
(2)
  ¯(q,  ) +
 
   ¯ 
 
  ¯
(q)G¯
(2)
  ¯
(q,  )
 
. ✭❊✳✼✮
❋✐rst✱ ❧❡t ✉s ✇r✐t❡ ❞♦✇♥ t❤❡ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ r❡❣✉❧❛t❡❞ t✇♦✲♣♦✐♥t ✈❡rt❡①
❢✉♥❝t✐♦♥ ✐♥ t❤❡ ▲P❆✬ ❛♣♣r♦①✐♠❛t✐♦♥✿
Γ¯(2) (p,  ) +  ¯ (p) =
 
   
0   0 0
   0    D p2 0
0    D p2 0   
0 0    0
 
   +
 
 2U ( )
  i  j
 
i,j   , ¯, , ¯ 
✶✹✹ ❆♣♣❡♥❞✐① ❊✳ ▲P❆✬ ❢♦r ❉❊P ❛♥❞ ❉P✲❈
✇✐t❤ t❤❡ ❧✐♥❡s ❛♥❞ ❝♦❧✉♠♥s ♦r❞❡r❡❞ ❛s✿  ,  ¯,  ,  ¯ ❛♥❞ ✇❤❡r❡
  = Z
 
 
 
i + D p
2(1 + r)
 
  = Z
 
 
 
i +   D p
2(1 + r)
 
. ✭❊✳✽✮
■♠♣♦rt❛♥t❧②✱ ❜♦t❤ ♦❢ t❤❡s❡ ❡①♣r❡ss✐♦♥s ✈❛♥✐s❤ ❢♦r ❛ ✈❛❧✉❡ ♦❢  ✐♥ t❤❡ ✉♣♣❡r ❤❛❧❢
❝♦♠♣❧❡① ♣❧❛♥❡✳ ■♥ ♣r✐♥❝✐♣❧❡✱ ✇❡ ❝♦✉❧❞ ❤❛✈❡ ❝❤♦s❡♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❦✐♥❡t✐❝ str✉❝t✉r❡
✐♥ t❤❡ ❉❊P ❝❛s❡ ✭❢♦r ❡①❛♠♣❧❡ ❛❞❞✐♥❣ Ψ¯✲Ψ¯ ♦r Ψ¯✲ t❡r♠s✮ ❜✉t ✇❡ ✇✐❧❧ s❤♦✇ ✐♥ t❤❡
♥❡①t s❡❝t✐♦♥ t❤❛t t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ Γ¯(2) ♠❛tr✐① ✭❊✳✽✮ ✐s ✐♥ ❢❛❝t ♣r♦t❡❝t❡❞ ❜② t❤❡
r❡♥♦r♠❛❧✐③❛t✐♦♥ ✢♦✇ ❛s ✇❡❧❧✳ ❋♦r t❤❡ ♠❛ss ♦❢ t❤❡ ♣r♦♣❛❣❛t♦rs✱ ✉s✐♥❣ t❤❡ ❤②♣♦t❤❡s✐s
✭❊✳✺✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐①
 
 2U ( )
  i  j
 
i,j
     
 =0
=
 
   
0 0 u ,0 0
0 0 u ¯,0 0
u ,0 u ¯,0 2u ,0 u ¯,0
0 0 u ¯,0 0
 
   
, ✭❊✳✾✮
✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ s❤♦rt❤❛♥❞ ♥♦t❛t✐♦♥ u i,0 =   iB ( )  =0✳ ❚❤❡ ✐♥✈❡rs✐♦♥
♦❢ t❤❡ t✇♦✲♣♦✐♥t ✈❡rt❡① ❢✉♥❝t✐♦♥ ✐s ❡❛s② ❛s t❤❡ ❧❛st ❧✐♥❡ ❛♥❞ t❤❡ ❧❛st ❝♦❧✉♠♥ ♦♥❧②
❝♦♥t❛✐♥ ♦♥❡ ♥♦♥✲③❡r♦ ❡♥tr②✱ t❤❡ ♣r♦♣❛❣❛t♦rs t❤✉s r❡❛❞ s✐♠♣❧②
G¯
(2)
  ¯(q,  )  =0 =
 
   
  1
❛♥❞ G¯(2)
  ¯
(q,  )  =0 =
 
   + u ¯,0
  1
. ✭❊✳✶✵✮
❚❤❡ ♣♦❧❡ ♦❢ t❤❡ ✜rst ♣r♦♣❛❣❛t♦r ✐s ✐♥ t❤❡ ❧♦✇❡r ❤❛❧❢✲♣❧❛♥❡✱ s✉❝❤ t❤❛t t❤❡ ❢r❡q✉❡♥❝②
✐♥t❡❣r❛t✐♦♥ ❣✐✈❡s ③❡r♦✳ ❲❡ ❛r❡ t❤✉s ❧❡❢t ✇✐t❤
 sU ( )
  
 =0
=
 
}q
 
   ¯ 
 
  ¯
(q) Res+
  
   + u ¯,0
  1 
. ✭❊✳✶✶✮
❆t t❤✐s ♣♦✐♥t✱ ✇❡ ✉s❡ t❤❡ ❛♥❛❧②t✐❝✐t② ♦❢ Γ ❛♥❞ t❤❡ ♠✐♥✐♠✉♠ ❝♦♥✜❣✉r❛t✐♦♥ ▼✐♥
❞❡✜♥❡❞ ❛s
 2  ¯U  ▼✐♥ = 0 ✭❊✳✶✷✮
t♦ ✇r✐t❡ U ( )
  
 =0
❛s ❛♥ ❛♥❛❧②t✐❝ s❡r✐❡s✳ ■♥ t❤❡ ❉P✲❈ ❝❛s❡✱ ✐t r❡❛❞s
U❉P✲❈ ( )
  
 =0
=
 
km
u❉P✲❈km ( +  ¯  ❉P✲❈ )k ¯m ✭❊✳✶✸✮
✇✐t❤
 k,m, u❉P✲❈km =
1
k!m!
 k+m
 k ¯m
U❉P✲❈ ( )
  
▼✐♥
. ✭❊✳✶✹✮
■♥ t❤❡ ❝❛s❡ ♦❢ ❉❊P✱ ✇❡ ❤❛✈❡
U❉❊P ( )
  
 =0
=
 
klm
u❉❊Pklm ( ¯  ❉❊P )k(   ❉❊P )l ¯m ✭❊✳✶✺✮
s✉❝❤ t❤❛t ✭❊✳✸✮ ✐s ✈❡r✐✜❡❞ ❛♥❞ ✇✐t❤
 k, l,m, u❉❊Pklm =
1
k!l!m!
 k+l+m
 k ¯l ¯m
U❉❊P ( )
  
▼✐♥
. ✭❊✳✶✻✮
❊✳✶✳ Pr♦♦❢ ♦❢ t❤❡ ❛❝❝✐❞❡♥t❛❧ ♥♦♥✲r❡♥♦r♠❛❧✐③❛t✐♦♥ ✇✐t❤✐♥ ▲P❆✬ ✶✹✺
❇❡❝❛✉s❡ ♦❢ ❛♥❛❧②t✐❝✐t②✱ t♦ s❤♦✇ t❤❛t  sU ( )
  
 =0
= 0 ✐s ❡q✉✐✈❛❧❡♥t t♦ s❤♦✇ t❤❛t
 su
❉P✲❈
km = 0 ❢♦r ❛❧❧ k,m ✭r❡s♣✳  su
❉❊P
klm = 0 ❢♦r ❛❧❧ k, l,m✮✳ ❆♣♣❧②✐♥❣ ❛  ✲❞❡r✐✈❛t✐✈❡
t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣s ✭❊✳✶✹✮ ❢♦r ❉P✲❈ ♦r ✭❊✳✶✺✮ ❢♦r ❉❊P ❛♥❞ ✉s✐♥❣ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♠✐♥✐♠✉♠ ❝♦♥✜❣✉r❛t✐♦♥ ✭❊✳✶✷✮✱ ✇❡ ❤❛✈❡ r❡s♣❡❝t✐✈❡❧②
 k,m,   u❉P✲❈km =
 
1
k!m!
 s
 
 k+m
 k ¯m
U❉P✲❈ ( )
  
 =0
  
▼✐♥
+ (k + 1)u❉P✲❈k+1m s 
❉P✲❈
 
✭❊✳✶✼✮
❛♥❞
 k, l,m,   u❉❊Pklm =
 
1
k!l!m!
  
 
 k+l+m
 k ¯l ¯m
U❉❊P ( )
  
 =0
  
▼✐♥
+
 
(k + 1)u❉❊Pk+1lm + (l + 1)u
❉❊P
kl+1m
 
   
❉❊P
 . ✭❊✳✶✽✮
■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ t❤❡ r✳❤✳s✳ ✐s ③❡r♦ ❜❡❝❛✉s❡ ✇❡ ❛ss✉♠❡❞
U ( )
  
 =0
= 0 . ✭❊✳✶✾✮
◆♦✇✱ ❧❡t ✉s ❡①❛♠✐♥❛t❡ t❤❡ ✜rst t❡r♠ ♦❢ ❡❛❝❤ ❡q✉❛t✐♦♥✳ ❚❛❦✐♥❣ t❤❡ ❛❞❡q✉❛t❡
❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ✭❊✳✶✶✮✱ ✇❡ ♦❜t❛✐♥
 k, l,m,   
 
 k+l+m
 k ¯l ¯m
U ( )
  
 =0
 
=
 
}q
 
   ¯ 
 
  ¯
(q)Res+
  
n 2
Vn( )
(   + u ¯,0)n
 
,
✭❊✳✷✵✮
✇❤❡r❡ t❤❡ Vn ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ✜❡❧❞ ❝♦♥✜❣✉r❛t✐♦♥ ✇❤♦s❡ ❡①❛❝t ❢♦r♠ ✐s ♥♦t ♥❡❝✲
❡ss❛r② t♦ s♣❡❝✐❢②✳ ❊✈❛❧✉❛t✐♥❣ ❛t ▼✐♥ ❛♥❞ ✉s✐♥❣ ✭❊✳✶✷✮✱ t❤❡ ❞❡♥♦♠✐♥❛t♦rs ❛♣♣❡❛r✐♥❣
✐♥ t❤❡ ✐♥t❡❣r❛♥❞ ❛r❡ s✐♠♣❧② ✐♥t❡❣❡r ♣♦✇❡rs ♦❢ (   )
 1✱ ✇❤♦s❡ ♣♦❧❡ ✐s ✐♥ t❤❡ ❧♦✇❡r ❤❛❧❢
♣❧❛♥❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ r✳❤✳s✳ ♦❢ ✭❊✳✶✼✮ ❛♥❞ ✭❊✳✶✽✮ ✈❛♥✐s❤❡s
❛s ✇❡❧❧✳ ❚❤✐s ✜♥✐s❤❡s t♦ ♣r♦✈❡ t❤❛t ✐♥ t❤❡ ▲P❆✬ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❜♦t❤ ❢♦r ❉❊P ❛♥❞
❉P✲❈✱ t❤❡ ♣r❡❢❛❝t♦r  ¯ ✐s ♣r❡s❡r✈❡❞ ❜② t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥✿
U ( ) =  ¯ V ( ) . ✭❊✳✷✶✮
❊✳✶✳✸ ❆❝❝✐❞❡♥t❛❧ ♥♦♥✲r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ▲P❆✬ ❦✐♥❡t✐❝
♣❛rt
▲❡t ✉s s❤♦✇ t❤❛t ✇✐t❤✐♥ t❤❡ ▲P❆✬ ❛♣♣r♦①✐♠❛t✐♦♥✱ ♦♥❧② t❤❡ Ψ¯✲Ψ ♣r♦♣❛❣❛t♦r ❝❛♥ ❜❡
r❡♥♦r♠❛❧✐③❡❞✳ ❋♦r ❉P✲❈✱ t❤✐s ❢❛❝t ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ s②♠♠❡tr✐❡s ♦❢ t❤❡
❛❝t✐♦♥✳ ❍♦✇❡✈❡r✱ ❢♦r ❉❊P t❤❡r❡ ✐s ♥♦ ✐❞❡♥t✐✜❡❞ s②♠♠❡tr② ✇❤✐❝❤ ✇♦✉❧❞ ❡♥❢♦r❝❡ t❤✐s
r❡s✉❧t✳ ❲❡ ❛ss✉♠❡ t❤❛t ❛t t❤❡ s❝❛❧❡  ✱ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ t❡r♠s ♦❢ Γ¯(2) (p)
✐s ❣✐✈❡♥ ❜② t❤❡ ♠❛tr✐① ✭❊✳✽✮ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❲❡ ✇❛♥t t♦ s❤♦✇ t❤❛t ❜♦t❤ ❢♦r
❉P✲❈ ❛♥❞ ❉❊P✱
 sΓ¯
(2)
ij (p,  )
  
▼✐♥
= 0 . ✭❊✳✷✷✮
✶✹✻ ❆♣♣❡♥❞✐① ❊✳ ▲P❆✬ ❢♦r ❉❊P ❛♥❞ ❉P✲❈
✐❢ ij  =  ¯ ✳ ❯s✐♥❣ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ r❡❣✉❧❛t♦r ❣✐✈❡♥ ✐♥ ❙❡❝✳ ✹✳✸✳✸✱ t❤❡ ✢♦✇ ♦❢ ❛
❣❡♥❡r❛❧ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t❡❞ ❛t ❛♥ ❛r❜✐tr❛r② ✜❡❧❞ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②
 sΓ¯
(2)
mn(p,  ) = 2
 
}q
❘❡s+
 
 
 s ¯
 
  ¯
(q)G¯
(2)
 k (q,  )
 
 1
2
U
(4)
klmn( ) + U
(3)
kms( )G¯
(2)
st (q+ p,  )U
(3)
tnl ( )
 
G¯
(2)
l ¯ (q,  )
+
 
 s ¯
 
  ¯
(q)G¯
(2)
 k(q,  )
 
 1
2
U
(4)
klmn( ) + U
(3)
kms( )G¯
(2)
st (q+ p,  )U
(3)
tnl ( )
 
G¯
(2)
l ¯
(q,  )
 
.
✭❊✳✷✸✮
◆♦✇✱ ❧❡t ✉s ❡✈❛❧✉❛t❡ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ▼✐♥✳ ❋✐rst✱ ✇❡ ✐♥✈❡rt
t❤❡ ❦✐♥❡t✐❝ ♣❛rt ♦❢ ✭❊✳✽✮ t♦ ♦❜t❛✐♥
G¯(2) (q,  )
  
▼✐♥
 G▼✐♥(q) =
 
     
0 1
   
0   D p
2
    
 
 
1
  
0 0 0
0 0 0 1
   
  D p2
    
 
 
0 1
   
0
 
     ,
✇❤✐❝❤ ✐s s✐♠♣❧② t❤❡ ❜❛r❡ ♣r♦♣❛❣❛t♦r ✇✐t❤ s❝❛❧✐♥❣ ❢❛❝t♦rs✳ ❆❧❧ t❤❡ ♣♦❧❡s ♦❢ t❤❡ ✉♣♣❡r
tr✐❛♥❣✉❧❛r ❡❧❡♠❡♥ts ♦❢ t❤❡ ♠❛tr✐① ❛❜♦✈❡ ❛r❡ s✐t✉❛t❡❞ ✐♥ t❤❡ ❧♦✇❡r ❤❛❧❢ ♣❧❛♥❡✳ ❆s ❛
✜rst ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤❡ ✢♦✇ ♣r♦♣♦rt✐♦♥❛❧ t♦ U (4) ✈❛♥✐s❤ ❛♥❞ ✇❡
❛r❡ ❧❡❢t ✇✐t❤
 sΓ¯
(2)
mn(p,  )
  
▼✐♥
= 2
 
}q
❘❡s+
 
+
 
 s ¯
 
  ¯
(q)G▼✐♥ k (q)U
(3)
kms( )
  
▼✐♥
G▼✐♥st (q+ p)U
(3)
tnl ( )
  
▼✐♥
G▼✐♥l ¯ (q)
+
 
 s ¯
 
  ¯
(q)G▼✐♥ k (q)U
(3)
kms( )
  
▼✐♥
G▼✐♥st (q+ p)U
(3)
tnl ( )
  
▼✐♥
G▼✐♥l ¯ (q)
 
.
✭❊✳✷✹✮
❙❡❝♦♥❞❧②✱ ❞✉❡ t♦ t❤❡  ¯ ❢❛❝t♦r ✐♥ t❤❡ ♣♦t❡♥t✐❛❧✱ ♠♦st ❝♦♥tr✐❜✉t✐♦♥s ♣r♦♣♦rt✐♦♥❛❧ t♦
U (3) ✈❛♥✐s❤ ❛s ✇❡❧❧✳ ❲❡ ❦♥♦✇ ❛❧r❡❛❞② t❤❛t ❞✉❡ t♦ ❝❛✉s❛❧✐t②✱ ❛t ❧❡❛st ♦♥❡ ♦❢ m,n
♠✉st ❜❡ ❛ r❡s♣♦♥s❡ ✜❡❧❞✱ s❛② n✳ ▲❡t ✉s ❛ss✉♠❡ m  =  ✳ ■♥ ❜♦t❤ ❧✐♥❡s✱ ❛s k  =  
❞✉❡ t♦ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♣r♦♣❛❣❛t♦r✱ ✇❡ ♠✉st ❤❛✈❡ s =  ❛♥❞ t❤❡♥✱ t =  ¯✳ ❆s ❛
❝♦♥s❡q✉❡♥❝❡✱ ✐♥ ❜♦t❤ ❧✐♥❡s ❛❧❧ t❤❡ ♣r♦♣❛❣❛t♦rs ❜❡❧♦♥❣ t♦ t❤❡ ✉♣♣❡r tr✐❛♥❣✉❧❛r ♣❛rt
♦❢ ✭❊✳✷✹✮ ❛♥❞ ❤❛✈❡ t❤❡✐r ♣♦❧❡s ✐♥ t❤❡ ❧♦✇❡r ❤❛❧❢ ♣❧❛♥❡✳ ❚❤✉s ❜♦t❤ ❧✐♥❡s ✈❛♥✐s❤✳ ◆♦✇✱
❧❡t ✉s ❛ss✉♠❡ m =  ❛♥❞ n =  ¯✳ ■♥ t❤❡ ✜rst ❧✐♥❡✱ l =  ✱ s✉❝❤ t❤❛t
U
(3)
tnl ( )
  
▼✐♥
= U
(3)
t ¯ ( )
  
▼✐♥
= 0 . ✭❊✳✷✺✮
■♥ t❤❡ s❡❝♦♥❞ ❧✐♥❡✱ l =  ❛♥❞ t❤✉s t =  ¯✳ ❆❣❛✐♥✱ ❛❧❧ t❤❡ ♣r♦♣❛❣❛t♦rs ❤❛✈❡ t❤❡✐r
r❡s♣❡❝t✐✈❡ ♣♦❧❡s ✐♥ t❤❡ ❧♦✇❡r ❤❛❧❢ ♣❧❛♥❡ ❛♥❞ t❤❡ ✢♦✇ ✐s ③❡r♦✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ♣r♦✈❡❞
t❤❛t ♦♥❧② Γ¯(2)
  ¯
❤❛s ❛ r❡♥♦r♠❛❧✐③❛t✐♦♥ ✢♦✇ ✇✐t❤✐♥ t❤❡ ▲P❆✬✳
❊✳✷✳ ❉❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ◆P❘● ✢♦✇ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣s ✶✹✼
❊✳✷ ❉❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ◆P❘● ✢♦✇ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣s
■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ❡①♣❧✐❝✐t❧② ✇r✐t❡ ❞♦✇♥ t❤❡ st❡♣s ♥❡❝❡sss❛r② t♦ ♦❜t❛✐♥ t❤❡ ✢♦✇ ♦❢
t❤❡ ❝♦✉♣❧✐♥❣s✳ ❲❡ ❞♦ t❤✐s ♦♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ ✢♦✇ ♦❢   ✐♥ t❤❡ ❉P✲❈ ❝❛s❡✳ ❚❤❡
st❛rt✐♥❣ ♣♦✐♥t ✐s t❤❡ ✢♦✇ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧
 sU (Φ0) =
 
}q
Res+
  
   ¯ 
 
  ¯
(q)G¯
(2)
  ¯(q,Φ0) +
 
   ¯ 
 
  ¯
(q)G¯
(2)
  ¯
(q,Φ0)
 
. ✭❊✳✷✻✮
❚♦ ♦❜t❛✐♥ t❤❡ ♣r♦♣❛❣❛t♦rs✱ ✇❡ ✐♥✈❡rt t❤❡ ♠❛tr✐① Γ¯(2) + ✇r✐tt❡♥ ✐♥ ✭❊✳✽✮✳ ❙♣❡❝✲
✐❢②✐♥❣ t♦ t❤❡ ❉P✲❈ ❛♥s❛t③✱ ✇❡ s❡t
Z  = D = 1 ,
  =  , ✭❊✳✷✼✮
❛♥❞ ✇❡ ❛❜❜r❡✈✐❛t❡ Z  = Z ✳ ❋✐♥❛❧❧②✱ ✇❡ ✇r✐t❡ ❡①♣❧✐❝✐t❧② t❤❡ s❝❛❧✐♥❣ ❢❛❝t♦rs ♦❢ t❤❡
r❡❣✉❧❛t♦rs ❛s ✐♥ ✭✹✳✶✵✹✮✿  ¯   ¯ (q) = q2r q2/ 2 ,   ¯   ¯ (q) =   Z  q2r q2/ 2 , ✭❊✳✷✽✮
✇❤❡r❡ r ✐s t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss Θ r❡❣✉❧❛t♦r ❞❡✜♥❡❞ ✐♥ ✭✹✳✶✵✺✮✳ ❚❤❡ ✢♦✇ ❡q✉❛t✐♦♥ r❡❛❞s
  U
❉P✲❈
 (Φ0) =
 
}q
Res+
 
q2  r
∆
  
i + q2(1 + r) + U (2,0,0) 
 
PΨ
+  q2
 
U (1,0,1) 
  Z i + h  U (0,0,2) U (1,1,0)  + Q 
+
q2  (  Z r)
∆
  
Z i + h
 
PΦ +  q
2U (1,0,1) 
  i 
+ q2(1 + r)
  2q2(1 + r)U (1,0,1) U (1,1,0)  
 
, ✭❊✳✷✾✮
✇✐t❤
U (k,l,m) =
 k+l+m
  k0 Ψ
l
0 Ψ¯
m
0
U❉P✲❈ (Φ0) , ✭❊✳✸✵✮
❛♥❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s❤♦rt❤❛♥❞ ♥♦t❛t✐♦♥s✿
h =   Z q
2(1 + r) + U (1,1,0) ,
Q = U (0,2,0) 
 
U (1,0,1) 
 2
+ U (0,0,2) 
 
U (1,1,0) 
 2  2hU (1,1,0) U (1,0,1) ,
PΦ =  
2 + q2(1 + r)
 
q2(1 + r) + 2U (2,0,0) 
 
,
PΨ =
 
Z  
 2
+ h2  U (0,0,2) U (0,2,0) ,
∆ = PΨPΦ  2Z U (1,0,1)  q2 2 + 2q2Q(1 + r)
+ 2 q4(1 + r)
 
hU (1,0,1)  U (0,0,2) U (1,1,0) 
 
+  2q4
 
(U (1,0,1) )
2  U (0,0,2) U (2,0,0) 
 
.
✭❊✳✸✶✮
❇② ❞✐✛❡r❡♥t✐❛t✐♥❣ U ❛♥❞ ❡✈❛❧✉❛t✐♥❣ t❤❡ r❡s✉❧t ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ▼✐♥✱ ♦♥❡ ✐s
❧❡❢t ✇✐t❤ ♦♥❧② t✇♦ ♣♦ss✐❜❧❡ ♣♦❧❡s✿ iq2(1 + r) ❛♥❞ i  q2(1 + r)✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡  
❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ✐♥t❡❣r❛♥❞ ✐s ❛s ❛ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ ♦❢
 = i + q2(1 + r) ,   = i +   q
2(1 + r) , ✭❊✳✸✷✮
✶✹✽ ❆♣♣❡♥❞✐① ❊✳ ▲P❆✬ ❢♦r ❉❊P ❛♥❞ ❉P✲❈
❛♥❞ t❤❡✐r r❡s♣❡❝t✐✈❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡✳ ❚❤❡ ♥♦♥✲③❡r♦ ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ✐♥t❡❣r❛❧
❛r✐s❡ ❢r♦♠ ♦♥❡ ♦r ♠♦r❡  ( ) ❢❛❝t♦rs ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r✳ ❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥
uklm  1
k!l!m!
U (k,l,m) 
   
▼✐♥
, ✭❊✳✸✸✮
♦♥❡ ♦❜t❛✐♥s ❢♦r ❡①❛♠♣❧❡ ❢♦r u011
 
  u011
 
▼✐♥
=
 
q
Res+
 
q2  r
 q2u2111   2 (r + 1)Z  2Z    u211Z   +  q2u112 
Z2
 
   
 
2
 
  
 2
+
2u111
 
 q2u012 
 
 + 2 
2q4(r + 1)2u111Z
 
  Z2
 
   
 2 
  
 2  
+ q2  (  Zr)
 2q2u111 2 u012   +   2  1 q2(r + 1)2u111Z 
 (  1)Z3     3  
+
4u012
 
(  1)u021    q2u111
 
(  1)  Z3
 
   
 2
  
 2Z 
 
 
 
u121 
 +  q2u112
 
+ q2u2111
 
(r + 1)Z    
Z3
 
   
 3
  
  
=
 
q
 
q2  r
u111
 
 (r + 1)u111Z +  u012
 
 ( + 1)2q4(r + 1)3Z2
+ q2  ( Zr)
 2(r + 1)u2111Z + u012
 
( + 1)2(r + 1)u021 + (2 + 1) u111
 
 2( + 1)2q4(r + 1)3Z3
 
,
✭❊✳✸✹✮
✇❤❡r❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ✐♥  ✐s ✐♠♣❧✐❝✐t ❢♦r ♥♦t❛t✐♦♥❛❧ s✐♠♣❧✐❝✐t②✳ ❆t t❤✐s ♣♦✐♥t✱ t❤❡
♣r♦❝❡❞✉r❡ ✐s t❤❡ s❛♠❡ ❛s ❢♦r ◆P❘● ❛♣♣❧✐❡❞ t♦ ❡q✉✐❧✐❜r✐✉♠ s②st❡♠s✳ ❲✐t❤ ♦✉r ❝❤♦✐❝❡
♦❢ r❡❣✉❧❛t♦r✱ t❤❡ ♠♦♠❡♥t✉♠ ✐♥t❡❣r❛❧ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❛♥❛❧②t✐❝❛❧❧② ❛♥❞✱ ❢♦❧❧♦✇✐♥❣
t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡✱ ♦♥❡ ✐s ❧❡❢t ✇✐t❤
 
 su011
 
▼✐♥
= 8 d 2vd
  u012u111   8 + 2d  ¯ + 2 s    + 2 2 4 + d  ¯    +  s  
(d + 2)(d + 4) 2( + 1)2Z2
+
u012u021
 
 
 
2 + d  ¯    +  s  
d(d + 2) 2Z2
+
u2111
 
 
 
2 + d  ¯    + d +  s + 2 
d(d + 2)( + 1)2Z
 
,
✭❊✳✸✺✮
✇❤❡r❡ s = ln( /Λ)✱ d ✐s t❤❡ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥ ❛♥❞ vd = 1/(2d+1 
d
2Γ(d
2
))✳ ❋r♦♠ t❤❡
❛❜♦✈❡ ❡q✉❛t✐♦♥✱ ♦♥❡ ❞❡❞✉❝❡s t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♠✐♥✐♠✉♠ ✉s✐♥❣ ✭✹✳✶✵✵✮✿
 s 
❉P✲❈ =  1
u111
 
 su011
 
▼✐♥
. ✭❊✳✸✻✮
❚❤❡ ❧❛st st❡♣ ✐s t♦ ✐♥tr♦❞✉❝❡ ❞✐♠❡♥s✐♦♥❧❡ss ✈❛r✐❛❜❧❡s✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝✳ ✸✳✹✳✸✿
uijl =
 
Z
j+l
2  2+d (i+j+l)
d
2 uˆijl, ✐❢  = 0
Z l 2+d (i+j+l)
d
2 uˆijl, ♦t❤❡r✇✐s❡
 ❉P✲❈ =  
d
2  ˆ❉P✲❈ . ✭❊✳✸✼✮
❊✳✷✳ ❉❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ◆P❘● ✢♦✇ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣s ✶✹✾
❋♦r  = 0✱ ♦♥❡ ♦❜t❛✐♥s
 s ˆ = d
2
 ˆ 8vd
 
uˆ111(2 + d +  (2 + d 2 ) +  s )
d(d + 2)( + 1)2
 uˆ
2
021( (2 + d 2 ) +  s )
d(d + 2) 2uˆ111
 
. ✭❊✳✸✽✮
■♥ t❤❡ ❝❛s❡   = 0✱ ♦♥❡ ♦❜t❛✐♥s
 s ˆ =  d
2
 ˆ 8vd
 
uˆ111
 
2 + d +  
 
2 + d  ¯ +  s  
d(d + 2)( + 1)2
+
uˆ021uˆ012
 
 
 
2 + d  ¯ +  s  
d(d + 2) 2uˆ111
+
 uˆ012
 
2(d + 4) ( + 1) + (2 + 1)( s    ¯)
 
(d + 2)(d + 4) 2( + 1)2
 
. ✭❊✳✸✾✮
❚♦ ❣❡t t❤❡ ❢✉❧❧ s❡t ♦❢ ❝♦✉♣❧❡❞ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❝♦❡✣❝✐❡♥ts
uˆijl ✉♣ t♦ t❤❡ tr✉♥❝❛t✐♦♥ ♦r❞❡r✱ t❤❡ ❛❜♦✈❡ ♣r♦❝❡❞✉r❡ ✐s s②st❡♠❛t✐❝❛❧❧② ✐♠♣❧❡♠❡♥t❡❞
✉s✐♥❣ ▼❛t❤❡♠❛t✐❝❛✳

❆♣♣❡♥❞✐① ❋
▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡
❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ ❙◆❙
❋✳✶ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❢♦r t❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥s
❋✳✶✳✶ ❲❛r❞ ✐❞❡♥t✐t✐❡s ✐♥ ✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥
❲❡ ❞❡r✐✈❡ t❤❡ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❢♦r t❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡①t❡♥❞❡❞
●❛❧✐❧❡❛♥ s②♠♠❡tr② ❢♦r ❛♥ ❛r❜✐tr❛r② ✈❡rt❡① ❢✉♥❝t✐♦♥ Γ(m,n)✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝✲
t✐♦♥❛❧ ❲❛r❞ ✐❞❡♥t✐t② ✭✺✳✹✵✮ ❞❡r✐✈❡❞ ✐♥ ❙❡❝✳ ✺✳✸✳✶
 
}x
  
    t +   u 
  Γ 
 u 
+   u¯ 
 Γ 
 u¯ 
 
=  
 
}x
 2t u¯ ,
✇❤❡r❡ t❤❡ ♣r❡ss✉r❡ t❡r♠s ❛r❡ ♦♠✐tt❡❞ s✐♥❝❡ t❤❡② ❣✐✈❡ ♥♦ ❝♦♥tr✐❜✉t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
❞❡r✐✈❛t✐♦♥✳ ❚❛❦✐♥❣ m ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤✐s ✐❞❡♥t✐t② ✇✐t❤ r❡s♣❡❝t t♦ ✈❡❧♦❝✐t②
✜❡❧❞s u i(xi) ✕ i = 1, . . . ,m ✕ ❛♥❞ n ✇✐t❤ r❡s♣❡❝t t♦ r❡s♣♦♥s❡ ✈❡❧♦❝✐t② ✜❡❧❞s u¯ j(xj)
✕ j = m, . . . ,m + n ✕✱ ❛♥❞ s❡tt✐♥❣ t❤❡ ✜❡❧❞s t♦ ③❡r♦ ②✐❡❧❞s 
}x
 tΓ
(m+1,n)
  1... m+n
(x,  x  1   m+n)
=
 
}x
m+n 
k=1
 (t tk) d(}x }xk)  Γ(m,n) 1... m+n( x  1   k 1, x,  x  k+1   m+n) . ✭❋✳✶✮
❚❤✐s ✐❞❡♥t✐t② ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❋♦✉r✐❡r s♣❛❝❡✳ ■t ②✐❡❧❞s ✐♥ t❡r♠s ♦❢ t❤❡ ❋♦✉r✐❡r
tr❛♥s❢♦r♠s Γ˜(k, )
 
}x
 
q,pi
 
 i Γ˜(m+1,n)  1... m+n(q,  p  1   m+n)ei(}q }x  t)+i
 m+n
i=1 (}pi }xi  iti)
 ip 
m+n 
k=1
ei}pk(}x }xk) i k(t tk)
 Γ˜(m,n) 1... m+n( p  1   k 1, q,  p  k+1   m+n)e
i(}q }x  t)+i m+n
i=1
i  =k
(}pi }xi  iti)
 
= 0 .
✭❋✳✷✮
✶✺✶
✶✺✷ ❆♣♣❡♥❞✐① ❋✳ ▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ ❙◆❙
P❡r❢♦r♠✐♥❣ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦✈❡r }x ❛♥❞ }p✱ ❛♥❞ s❤✐❢t✐♥❣ t❤❡ ❢r❡q✉❡♥❝②  k ❜②  ✱ ♦♥❡
♦❜t❛✐♥s
Γ˜(m+1,n)  1... n+m( , }q,  p  1   m+n)
  
}q=0
=  
m+n 
k=1
p k
 
Γ˜(m,n) 1... n+m( p  1   k 1,  k +  , }pk,  p  k+1   m+n)
=  ˜ ( )Γ˜(m,n) 1... n+m( p  1   m+n) . ✭❋✳✸✮
❋✳✶✳✷ ❲❛r❞ ✐❞❡♥t✐t✐❡s ✐♥ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ❢♦r♠✉❧❛t✐♦♥
❋✳✶✳✷✳✶ ❚✐♠❡✲❣❛✉❣❡❞ ●❛❧✐❧❡❛♥ ✐❞❡♥t✐t②
❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❲❛r❞ ✐❞❡♥t✐t✐❡s ✐s ❛ ❜✐t ❧❡ss ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ str❡❛♠
❢♦r♠✉❧❛t✐♦♥ ❜❡❝❛✉s❡ t❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥s ❛r❡ s❝❛❧❛r ♦r ♣s❡✉❞♦✲s❝❛❧❛r ❛♥❞ ♥♦t t❡♥s♦rs✳
▲❡t ✉s ✜rst ❝♦♥s✐❞❡r t❤❡ t✐♠❡✲❣❛✉❣❡❞ ●❛❧✐❧❡❛♥ ✐❞❡♥t✐t② ❊q✳ ✭✺✳✺✷✮✱ ❧✐♥❡ d)
 
}x
      x  t +   Ψ  Γ 
 Ψ(x)
+   Ψ¯
 Γ 
 Ψ¯(x)
 
= 0 . ✭❋✳✹✮
▼✉❧t✐♣❧②✐♥❣ ❜②    ✱ t❛❦✐♥❣ m ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ str❡❛♠ ❢✉♥❝✲
t✐♦♥ Ψ(xi) ✕ i = 1, . . . ,m ✕ ❛♥❞ n ✇✐t❤ r❡s♣❡❝t t♦ r❡s♣♦♥s❡ r❡s♣♦♥s❡ str❡❛♠ Ψ¯(xj) ✕
j = m, . . . ,m + n ✕✱ ❛♥❞ s❡tt✐♥❣ t❤❡ ✜❡❧❞s t♦ ③❡r♦ ②✐❡❧❞s
 
}x
 
 x  tΓ(m+1,n) (x,  x  1   m+n)
    
m+n 
k=1
 (t tk) d(}x }xk)  Γ(m,n) ( x  1   k 1, x,  x  k+1   m+n)
 
= 0 .
✭❋✳✺✮
●♦✐♥❣ t♦ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠s ♦❢ t❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥s ❛♥❞ ♦❢ t❤❡ ❞❡❧t❛ ❢✉♥❝t✐♦♥s
❣✐✈❡s
 
}x
 
q,pi
 
i x e
i(}q }x  t)+i m+ni=1 (}pi }xi  iti)Γ˜(m+1,n) (q,  p  1   m+n)
 i   q 
m+n 
k=1
e
i[}pk(}x }xk)  k(t tk)+}q }x  t+
 m+n
i=1
i  =k
(}pi }xi  iti)]
 Γ˜(m,n) ( p  1   k 1, q,  p  k+1   m+n)
 
= 0 . ✭❋✳✻✮
■♥ t❤❡ ✜rst ❧✐♥❡✱ ✉s✐♥❣
 
}q
x e
i}q }xf(}q) =
 
}q
1
i
 
 q 
ei}q }xf(}q) =
 
}q
ei}q }xi
 
 q 
f(}q), ✭❋✳✼✮
❋✳✶✳ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❢♦r t❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥s ✶✺✸
t❤❡♥ ✐♥t❡❣r❛t✐♥❣ ♦♥ }x, }q✱ s❤✐❢t✐♥❣ t❤❡ ❢r❡q✉❡♥❝✐❡s  k ❜②  ✐♥ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ❛♥❞
✐❞❡♥t✐❢②✐♥❣ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠s✱ ♦♥❡ ✜♥❛❧❧② ❣❡ts
 
 q 
Γ˜(m+1,n) ( , }q,  p  1   m+n)
   
}q=0
=  i   
m+n 
k=1
p k
 
Γ˜(m,n) ( p  1   k 1,  k +  , }pk,  p  k+1   m+n)
= i    ˜ ( )Γ˜(m,n) ( p  1   m+n) . ✭❋✳✽✮
❚♦ s❤♦✇ t❤❛t t❤❡ ❧✐♠✐t   0 ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ✐s ✜♥✐t❡✱ ♦♥❡ ❤❛s t♦ ♠❛❦❡ ✉s❡
♦❢ t❤❡ ✐♥✈❛r✐❛♥❝❡ ✉♥❞❡r ♣✉r❡ tr❛♥s❧❛t✐♦♥✱ ✇❤✐❝❤ st❛t❡s t❤❛t
Γ˜(m,n) ( p  1   m+n) =  d
 m+n 
k=1
}pk
 
 
 m+n 
k=1
 k
 
Γ¯(m,n) ( p  1   m+n 1) , ✭❋✳✾✮
❚❤❡ ❧✳❤✳s✳ ♦❢ ❊q✳ ✭❋✳✽✮ t❤✉s r❡❛❞s
 
 q 
Γ˜(m+1,n) ( , }q,  p  1   m+n)
   
}q=0
=
 
 q 
 
 d
 
}q +
m+n 
k=1
}pk
 
 
 
 +
m+n 
k=1
 k
 
Γ¯(m+1,n) ( , }q,  p  1   m+n 1)
    
}q=0
=
 
 q 
 d
 
}q +
m+n 
k=1
}pk
    
}q=0
 
 
 +
m+n 
k=1
 k
 
Γ¯(m+1,n) ( ,}0,  p  1   m+n 1)
+  d
 m+n 
k=1
}pk
 
 
 
 +
m+n 
k=1
 k
  
 q 
Γ¯(m+1,n) ( , }q,  p  1   m+n 1)
   
}q=0
=  d
 m+n 
k=1
}pk
 
 
 
 +
m+n 
k=1
 k
  
 q 
Γ¯(m+1,n) ( , }q,  p  1   m+n 1)
   
}q=0
. ✭❋✳✶✵✮
■♥ t❤❡ ❧❛st ❧✐♥❡✱ ✇❡ ❤❛✈❡ ✉s❡❞ ❊q✳ ✭✺✳✺✺✮✱ ❧✐♥❡ a)✱ ✐✳❡✳ t❤❛t
Γ¯(m+1,n) ( ,}0,  p  1   m+n 1) = 0 . ✭❋✳✶✶✮
❆s ❢♦r t❤❡ r✳❤✳s✳ ♦❢ ❊q✳ ✭❋✳✽✮✱ ✇❡ ❤❛✈❡
 i   
m+n 
k=1
p k
 
Γ˜(m,n) ( p  1   k 1,  k +  , }pk,  p  k+1   m+n)
=  i    d
 m+n 
k=1
}pk
 
 
 
 +
m+n 
k=1
 k
 
 
 m+n 1 
k=1
p k
 
Γ¯(m,n) ( p  1   k 1,  k +  , }pk,  p  k+1   m+n 1)
 
 m+n 1
k=1 p
 
k
 
Γ¯(m,n) ( p  1   m+n 1)
 
=  d
 m+n 
k=1
}pk
 
 
 
 +
m+n 
k=1
 k
 
i     ( )Γ¯(m,n) ( p  1   m+n 1) . ✭❋✳✶✷✮
✶✺✹ ❆♣♣❡♥❞✐① ❋✳ ▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ ❙◆❙
■❞❡♥t✐❢②✐♥❣ ✐♥ ❜♦t❤ s✐❞❡s t❤❡ r❡❣✉❧❛r ♣❛rt✱ ♦♥❡ ♦❜t❛✐♥s ✜♥❛❧❧②
 
 q 
Γ¯(m+1,n) ( , }q,  p  1   m+n 1)
   
}q=0
= i     ( )Γ¯(m,n) ( p  1   m+n 1) . ✭❋✳✶✸✮
❋✳✶✳✷✳✷ ❚✐♠❡✲❣❛✉❣❡❞ r♦t❛t✐♦♥ ✐❞❡♥t✐t②
◆♦✇✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ t✐♠❡✲❣❛✉❣❡❞ r♦t❛t✐♦♥ ❊q✳ ✭✺✳✺✷✮✱ ❧✐♥❡ e)
 
}x
  x2
2
 t +    x   Ψ
  Γ 
 Ψ(x)
+    x   Ψ¯
 Γ 
 Ψ¯(x)
 
= 2
 
}x
 2t Ψ¯ . ✭❋✳✶✹✮
❋✐rst✱ ❧❡t ✉s st✉❞② t❤❡ ❝❛s❡ ♦❢ ♦♥❡ Ψ¯(x ) ❞❡r✐✈❛t✐✈❡✳ ❆❢t❡r s❡tt✐♥❣ t❤❡ ✜❡❧❞s t♦ ③❡r♦✱
♦♥❡ ❣❡ts
 
}x
 x2
2
 tΓ
(1,1)
 (x,x
 )  d(}x }x ) (t t )   x   Γ(0,1) (x)
 
= 2
 
}x
 d(}x }x ) 2t  (t t ) .
✭❋✳✶✺✮
❚❤❡ ✐♥✈❛r✐❛♥❝❡ ✉♥❞❡r tr❛♥s❧❛t✐♦♥ ❣✐✈❡s   Γ
(0,1)
 (x) = 0✳ ●♦✐♥❣ t♦ ❋♦✉r✐❡r s♣❛❝❡ ②✐❡❧❞s
 
}x
 
p,p 
i 
x2
2
ei[}p }x+}p
  }x   t   t ]Γ˜(1,1) (p,p
 ) =  2
 
}x
 
p
 2ei[}p (}x }x
 )  (t t )] ✭❋✳✶✻✮
❛♥❞ ❜② ✉♥✐❝✐t② ♦❢ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠✱ ♦♥❡ ♦❜t❛✐♥s
 2
 p2
Γ˜(1,1) (p,p
 )
   
}p=0
=  4i  d(}p  ) ( +   ) . ✭❋✳✶✼✮
❚❤✐s r❡s✉❧t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ♥♦♥✲r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❦✐♥❡t✐❝ t❡r♠ ✐♥ t❤❡
❜❛r❡ ❛❝t✐♦♥✳ ◆♦✇✱ ❣♦✐♥❣ t♦ ❤✐❣❤❡r ❞❡r✐✈❛t✐✈❡s ❛s ✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ s❡❝t✐♦♥✱
 
}x
 x2
2
 tΓ
(m+1,n)
 (x,  x  1   m+n)
 
m+n 
k=1
 (t tk) d(}x }xk)   x   Γ(m,n) ( x  1   k 1, x,  x  k+1   m+n)
 
= 0 .
✭❋✳✶✽✮
●♦✐♥❣ t♦ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠s ♦❢ t❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥s ❛♥❞ ♦❢ t❤❡ ❞❡❧t❛ ❢✉♥❝t✐♦♥s
❣✐✈❡s
 
}x
 
q,pi
 
 i x
2
2
ei(}q }x  t)+i
 m+n
i=1 (}pi }xi  iti)Γ˜(m+1,n) (q,  p  1   m+n)
 i   x q 
m+n 
k=1
e
i[}pk(}x }xk)  k(t tk)+}q }x  t+
 m+n
i=1
i  =k
(}pi }xi  iti)]
 Γ˜(m,n) ( p  1   k 1, q,  p  k+1   m+n)
 
= 0 . ✭❋✳✶✾✮
❋✳✶✳ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❢♦r t❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥s ✶✺✺
❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ st❡♣s ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤❡ ✐❞❡♥t✐t② ❢♦r t❤❡ ❋♦✉r✐❡r
tr❛♥s❢♦r♠ r❡❛❞s
 2
 q2
Γ˜(m+1,n) (q,  p  1   m+n)
   
}q=0
=
2i   
 
m+n 
k=1
p k
 
 p k
Γ˜(m,n) ( p  1   k 1,  k +  ,pk,  p  k+1   m+n)
  ˜( )Γ˜(m,n) ( p  1   m+n) . ✭❋✳✷✵✮
❆s ❢♦r t❤❡ t✐♠❡✲❣❛✉❣❡❞ ●❛❧✐❧❡❛♥ ✐❞❡♥t✐t②✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡①♣r❡ss t❤✐s ✐❞❡♥t✐t② ❛s
✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ❡①tr❛❝t✐♥❣ t❤❡ ❞❡❧t❛ ♦❢ ❝♦♥s❡r✈❛t✐♦♥✳ ❋♦r t❤❡ ❧✳❤✳s✳✱ ✐t r❡❛❞s
 
 q2
Γ˜(m+1,n) ( , }q,  p  1   m+n)
   
}q=0
=
 2
 q2
 
 d
 
}q +
m+n 
k=1
}pk
 
 
 
 +
m+n 
k=1
 k
 
Γ¯(m+1,n) ( , }q,  p  1   m+n 1)
    
}q=0
=  d
 m+n 
k=1
}pk
 
 
 
 +
m+n 
k=1
 k
  2
 q2
Γ¯(m+1,n) ( , }q,  p  1   m+n 1)
   
}q=0
+ 2
 
 q 
 d
 
}q +
m+n 
k=1
}pk
    
}q=0
 
 
 +
m+n 
k=1
 k
  
 q 
Γ¯(m+1,n) ( , }q,  p  1   m+n 1)
   
}q=0
+
 2
 q2
 d
 
}q +
m+n 
k=1
}pk
    
}q=0
 
 
 +
m+n 
k=1
 k
 
Γ¯(m+1,n) ( ,}0,  p  1   m+n 1)
=  d
 m+n 
k=1
}pk
 
 
 
 +
m+n 
k=1
 k
  2
 q2
Γ¯(m+1,n) ( , }q,  p  1   m+n 1)
   
}q=0
+ 2
 
 q 
 d
 
}q +
m+n 
k=1
}pk
    
}q=0
 
 
 +
m+n 
k=1
 k
 
i     ( )Γ¯(m,n) ( p  1   m+n 1) ,
✭❋✳✷✶✮
✇❤❡r❡ ✐♥ t❤❡ ❧❛st ❡q✉❛❧✐t② a) ❛♥❞ d) ♦❢ ❊q✳ ✭✺✳✺✺✮ ❤❛✈❡ ❜❡❡♥ ✉s❡❞✳ ❆s ❢♦r t❤❡ r✳❤✳s✳✱
t❤❡ s✉❜st✐t✉t✐♦♥ r❡❛❞s
2i   
 
m+n 
k=1
p k
 
 p k
Γ˜(m,n) ( p  1   k 1,  k +  ,pk,  p  k+1   m+n)
=  
 
 +
m+n 
k=1
 k
 2i   
 
 
m+n 1 
k=1
p k
 
 
 p k
 d
 m+n 
k=1
}pk
 
Γ¯(m,n) ( p  1   k 1,  k +  , }pk,  p  k+1   m+n 1)
+  d
 m+n 
k=1
}pk
  
 p k
Γ¯(m,n) ( p  1   k 1,  k +  , }pk,  p  k+1   m+n 1)
 
+ p m+n
 
 p m+n
 d
 m+n 
k=1
}pk
 
Γ¯(m,n) ( p  1   m+n)
 
. ✭❋✳✷✷✮
✶✺✻ ❆♣♣❡♥❞✐① ❋✳ ▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ ❙◆❙
❯s✐♥❣ t❤❡ ❞❡❧t❛ ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ♦♥ p m+n ✐♥ t❤❡ ❧❛st ❧✐♥❡ ❛♥❞ r❡✇r✐t✐♥❣
 
 p k
 d
 m+n 
k=1
}pk
 
=
 
 q 
 d
 
}q +
m+n 
k=1
}pk
    
}q=0
, ✭❋✳✷✸✮
♦♥❡ ♦❜t❛✐♥s
2i   
 
m+n 
k=1
p k
 
 p k
Γ˜(m,n) ( p  1   k 1,  k +  ,pk,  p  k+1   m+n)
=  
 
 +
m+n 
k=1
 k
 
 d
 m+n 
k=1
}pk
 2i   
 
 
m+n 1 
k=1
p k
 
 p k
Γ¯(m,n) ( p  1   k 1,  k +  , }pk,  p  k+1   m+n 1)
+
2i   
 
 
 
 +
m+n 
k=1
 k
  
 q 
 d
 
}q +
m+n 
k=1
}pk
    
}q=0
 
m+n 1 
k=1
p k
 
Γ¯(m,n) ( p  1   k 1,  k +  , }pk,  p  k+1   m+n 1) Γ¯(m,n) ( p  1   m+n)
 
=  
 
 +
m+n 
k=1
 k
 
 d
 m+n 
k=1
}pk
  ˜( )Γ¯(m,n) ( p  1   m+n 1)
+ 2 
 
 +
m+n 
k=1
 k
  
 q 
 d
 
}q +
m+n 
k=1
}pk
    
}q=0
i     ( )Γ¯(m,n) ( p  1   m+n) . ✭❋✳✷✹✮
❚❤✉s t❤❡ s❡❝♦♥❞ ❧✐♥❡s ♦❢ ❡❛❝❤ s✐❞❡ ❝❛♥❝❡❧ ❡❛❝❤ ♦t❤❡r ❛♥❞ ✇❡ ❛r❡ ❧❡❢t ✇✐t❤
 2
 q2
Γ¯(m+1,n) ( , }q,  p  1   m+n 1)
   
}q=0
=  ˜( )Γ¯(m,n) ( p  1   m+n 1) . ✭❋✳✷✺✮
❈♦♥tr❛r② t♦ t❤❡ ❝❛s❡ ♦❢ ●❛❧✐❧❡❛♥ s②♠♠❡tr②✱ t❤✐s st❡♣ ✐s ♥♦t ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t
t❤❡ ❧✐♠✐t   0 ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ■♥❞❡❡❞✱ ❡①t❡♥❞❡❞ ●❛❧✐❧❡❛♥ s②♠♠❡tr② ❝♦rr❡s♣♦♥❞s
t♦ t✐♠❡✲❣❛✉❣❡❞ s♣❛❝❡ tr❛♥s❧❛t✐♦♥ ❛♥❞ t❤❡ ③❡r♦ ❢r❡q✉❡♥❝② ❧✐♠✐t ❝♦rr❡s♣♦♥❞s t♦ ✉s✐♥❣
t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t s♣❛❝❡ tr❛♥s❧❛t✐♦♥✱ ✇❤✐❝❤ ❛r❡ t❛❦❡♥ ❝❛r❡ ♦❢ ❜② ❣♦✐♥❣ ❢r♦♠ t❤❡ Γ˜(m,n) 
t♦ t❤❡ Γ¯(m,n) ✳ ❍❡r❡✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ③❡r♦ ❢r❡q✉❡♥❝② ❧✐♠✐t ♦❢
t✐♠❡✲❣❛✉❣❡❞ r♦t❛t✐♦♥s✱ t❤❛t ✐s t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t r♦t❛t✐♦♥s✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❲❛r❞
✐❞❡♥t✐t② r❡❛❞s
   
m+n 1 
k=1
p k
 
 p k
Γ¯(m,n) ( p  1   m+n 1) = 0 . ✭❋✳✷✻✮
❙✉❜str❛❝t✐♥❣ ✐t ❢r♦♠ t❤❡ ♣r❡❝❡❞✐♥❣ ❡q✉❛t✐♦♥✱ t❤❡ ✜♥❛❧ r❡s✉❧t r❡❛❞s
 2
 q2
Γ¯(m+1,n) ( , }q,  p  1   m+n 1)
   
}q=0
=  ( )Γ¯(m,n) ( p  1   m+n 1) ✭❋✳✷✼✮
✇✐t❤
 ( )F ( p  1   n)
 2i   
n 
k=1
p k
 
 p k
 
F ( p  1   k 1,  k +  , }pk,  p  k+1   n) F ( p  1   n)
 
 
.
✭❋✳✷✽✮
❋✳✷✳ ❋♦r♠ ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r
r❡❣✐♠❡ ✶✺✼
❆s ❛ ❧❛st ♥♦t❡ ❜❡❢♦r❡ ❝❧♦s✐♥❣ t❤✐s s❡❝t✐♦♥✱ t❤❡ ❛❜♦✈❡ s✉❜t❧❡t✐❡s ❣♦✐♥❣ ❢r♦♠ t❤❡ Γ˜(m,n) 
t♦ t❤❡ Γ¯(m,n) ❛r❡ ❛❧s♦ ♣r❡s❡♥t ❢♦r s②♠♠❡tr✐❡s b) ❛♥❞ c) ♦❢ ❊q✳ ✭✺✳✺✷✮ ❝♦♥❝❡r♥✐♥❣ t❤❡
r❡s♣♦♥s❡ ✜❡❧❞ ❜✉t t❤❡ ❞❡r✐✈❛t✐♦♥ ✐s ❧❡ss ✐♥✈♦❧✈❡❞ ❜❡❝❛✉s❡ t❤❡ r✳❤✳s✳ ✐s ❛❧✇❛②s ③❡r♦
❛♥❞ ✐t ✇✐❧❧ ❜❡ s❦✐♣♣❡❞✳
❋✳✷ ❋♦r♠ ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ ❝♦rr❡❧❛t✐♦♥
❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r r❡❣✐♠❡
▲❡t ✉s ✜rt ❞❡r✐✈❡ t❤❡ ❡①♣r❡ss✐♦♥ ✭✺✳✽✷✮ ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❢♦r ❛ ❣❡♥❡r✐❝ ❣❡♥❡r❛❧✐③❡❞
n✲♣♦✐♥t ❝♦♥♥❡❝t❡❞ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ G˜(n) ✐♥ t❤❡ r❡❣✐♠❡ ♦❢ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡rs✳
❚❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❢♦r G(n) ✐s ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ n ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ ✭✺✳✺✽✮
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s♦✉r❝❡s jik ✱ 1  k  n✱ ✇❤✐❝❤ ②✐❡❧❞s
  G
(n)
i1...in
[ x  1   n; j] =  1
2
 
y1,y2
  [  ]ij(y1  y2)
 
G
(n+2)
iji1...in
[y1,y2,  x  ; j]
+
 
( i  1, i  2)
#1+#2=n
G
(#1+1)
i i  1 [y1,  x  1; j]G
(#2+1)
j i  2 [y2,  x  2; j]
 
.
✭❋✳✷✾✮
❉❡♣❡♥❞✐♥❣ ♦♥ ✇❤✐❝❤ ✜❡❧❞ t❤❡♦r② ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❛t✱ t❤❡ ✈❡❧♦❝✐t② ♦r t❤❡ str❡❛♠ ❢✉♥❝✲
t✐♦♥ ♦♥❡✱ t❤❡ ✐♥❞✐❝❡s i st❛♥❞ ❢♦r t❤❡ s♦✉r❝❡s j = }J, }¯J ♦r j = J, J¯ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ♥♦t❛t✐♦♥ ( i  1,  i  2) ✐♥❞✐❝❛t❡s ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ❜✐♣❛rt✐t✐♦♥s ♦❢ t❤❡ n ✐♥❞✐❝❡s
 i  1   n✱ ❛♥❞ ( x  1,  x  2) t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜✐♣❛rt✐t✐♦♥ ✐♥ ❝♦♦r❞✐♥❛t❡s✳ ❋✐♥❛❧❧②✱
#1 ❛♥❞ #2 ❛r❡ t❤❡ ❝❛r❞✐♥❛❧s ♦❢  i  1 ✭r❡s♣✳  i  2✮✳ ▲❡t ✉s ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ✜rst
❧✐♥❡ ♦❢ ✭❋✳✷✾✮✳ ❖♥❡ ❝❛♥ ✇r✐t❡ 
y1,y2
  [  ]ij(y1  y2)G(n+2)iji1...in [y1,y2,  x  ; j] =
 
y1,y2
  [  ]ij(y1  y2)
 
  
z1,z2
G
(2)
ki [z1,y1; j]G
(2)
 j [z2,y2; j]
 2
 Φk(z1) Φ (z2)
+
 
z
G
(3)
 ij [z,y1,y2; j]
 
 Φ (z)
 
G
(n)
i1...in
[ x  ; j] . ✭❋✳✸✵✮
❚❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ G(n) ✇✐t❤ r❡s♣❡❝t t♦ Φ ♠✉st ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❛❝t✐♥❣ ♦♥ G(n)
✈✐❡✇❡❞ ❛s ❛ ❞✐❛❣r❛♠ ❝♦♥str✉❝t❡❞ ❢r♦♠ Γ ✈❡rt✐❝❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ G(n) ✐s t❤❡ s✉♠
♦❢ ❛❧❧ tr❡❡ ❞✐❛❣r❛♠s ✇✐t❤ ✈❡rt✐❝❡s t❤❡ Γ(k), k  n ❛♥❞ ✇✐t❤ ❡❞❣❡s t❤❡ ♣r♦♣❛❣❛t♦r G(2)✱
t❤❡ ❧❛tt❡r s❛t✐s❢②✐♥❣
G
(2)
k [x,y; j] =
 Φk(x)
 j (y)
=
 
 j
 Φ
  1
k 
(x,y) = [Γ(2) +  ] 1k [x,y; Φ], ✭❋✳✸✶✮
✉s✐♥❣ t❤❡ ♣r♦♣❡rt② ♦❢ t❤❡ ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠ ✭✸✳✹✽✮✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥tr♦❞✉❝✐♥❣ t❤❡
❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r
 ˜    R  
 R 
+   N 
 
 N 
, ✭❋✳✸✷✮
✶✺✽ ❆♣♣❡♥❞✐① ❋✳ ▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ ❙◆❙
❛♥❞ ✉s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ✭❋✳✸✶✮✱ ♦♥❡ ❤❛s
 ˜ G
(2)
k [z1, z2; j] =  
 
y1,y2
  [  ]ij(y1  y2)G(2)ki [z1,y1; j]G(2) j [z2,y2; j] , ✭❋✳✸✸✮
✇❤✐❝❤ ❛♣♣❡❛rs ✐♥ t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ r✳❤✳s✳ ♦❢ ✭❋✳✸✵✮✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ r✳❤✳s✳
♦❢ ✭❋✳✸✵✮ ✈❛♥✐s❤❡s ✇❤❡♥ t❤❡ s♦✉r❝❡s ❛r❡ s❡t t♦ ③❡r♦✱ s✐♥❝❡ ✐t ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡
✢♦✇ ♦❢ ♦♥❡ ♦❢ t❤❡ ❛✈❡r❛❣❡ ✜❡❧❞✳ ■♥❞❡❡❞✱ t❤❡ ❢✉♥❝t✐♦♥s G(1)i (x) ❛r❡ t❤❡ ❡①♣❡❝t❛t✐♦♥
✈❛❧✉❡s ♦❢ ✜❡❧❞s✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡✐r ✢♦✇ ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❜② t❛❦✐♥❣ ♦♥❡ ❞❡r✐✈❛t✐✈❡
♦❢ ✭✸✳✼✻✮ ✇✐t❤ r❡s♣❡❝t t♦ ❛ s♦✉r❝❡ ❛♥❞ s❡tt✐♥❣ t❤❡ s♦✉r❝❡s t♦ ③❡r♦✱ ✇❤✐❝❤ ②✐❡❧❞s
  G
(1)
 (z) =  
1
2
 
y1,y2
  [  ]ij(y1  y2)G(3) ij (z,y1,y2) , ✭❋✳✸✹✮
♦♠✐tt✐♥❣ ❛❞❞✐t✐♦♥❛❧ ❝♦♥tr✐❜✉t✐♦♥ ♣r♦♣♦rt✐♦♥❛❧ t♦ G(1)✳ ■♥ t❤❡ ✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥✱
t❤❡ ❛✈❡r❛❣❡ ✜❡❧❞s ❤❛✈❡ t♦ ❜❡ s❡t t♦ ③❡r♦ t♦ r❡s♣❡❝t ✐s♦tr♦♣②✳ ■♥ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥
❢♦r♠✉❧❛t✐♦♥✱ t❤❡ ❛✈❡r❛❣❡ ✜❡❧❞s ❛r❡ t❤✉s ❝♦♥st❛♥t ♦❢ s♣❛❝❡ ✭❜❡❝❛✉s❡ t❤❡② ❛r❡ t❤❡
♣r✐♠✐t✐✈❡s ♦❢ t❤❡ ✈❡❧♦❝✐t② ❛♥❞ r❡s♣♦♥s❡ ✈❡❧♦❝✐t② ✜❡❧❞s✮✳ ❲❡ ❝❛♥ t❤✉s ✉s❡ t❤❡ t✐♠❡✲
❣❛✉❣❡❞ ●❛❧✐❧❡❛♥ ✐♥✈❛r✐❛♥❝❡ t♦ ♣❧❛❝❡ ♦✉rs❡❧✈❡s ✐♥ t❤❡ ❝♦♠♦✈✐♥❣ ❢r❛♠❡ ✇❤❡r❡ t❤❡② ❛r❡
✐❞❡♥t✐❝❛❧❧② ③❡r♦✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐♥ ❜♦t❤ ❢♦r♠✉❧❛t✐♦♥s✱ t❤❡ ✢♦✇   G
(1)
 (z) ✐s ③❡r♦✳
❇② ✐❞❡♥t✐✜❝❛t✐♦♥✱ ♦♥❡ ❝♦♥❝❧✉❞❡s t❤❛t t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ r✳❤✳s✳ ♦❢ ❊q✳ ✭❋✳✸✵✮
✈❛♥✐s❤❡s ✇❤❡♥ ❡✈❛❧✉❛t❡❞ ❛t ③❡r♦ ✜❡❧❞s✳ ●❛t❤❡r✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡①♣r❡ss✐♦♥s ❛♥❞
s❡tt✐♥❣ t❤❡ ✜❡❧❞s t♦ ③❡r♦✱ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❢♦r G(n) ♠❛② ❜❡ r❡✇r✐tt❡♥ ❛s
  G
(n)
i1...in
( x  1   n)
=
1
2
 
y1,y2
 
 ˜ G
(2)
kl (y1,y2)
  2
 Φk(y1) Φ (y2)
G
(n)
i1...in
[ x  1   n; j]
 
Φ=0
 
 
( i  1, i  2)
#1+#2=n
G
(#1+1)
i i  1 (y1,  x  1)G
(#2+1)
j i  2 (y2,  x  2)
 
. ✭❋✳✸✺✮
❚❤✐s ②✐❡❧❞s ✐♥ ❋♦✉r✐❡r s♣❛❝❡
  G˜
(n)
i1...in
( p  1   n)
=
1
2
 
q1,q2
 
 ˜ G˜
(2)
kl ( q1, q2)
  2
 Φk(q1) Φ (q2)
G˜
(n)
i1...in
[ p  ; j]
 
Φ=0
 
 
( i  1, i  2)
#1+#2=n
G˜
(#1+1)
i i  1 (q1,  p  1)  [  ]ij( q1, q2)G˜
(#2+1)
j i  2 (q2,  p  2)
 
, ✭❋✳✸✻✮
✇❤❡r❡ ✐♥ t❤❡ ✜rst ❧✐♥❡ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐s ♠❡❛♥t ❛❢t❡r t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s  2
 Φk(q1) Φ (q2)
G˜
(n)
i1...in
[ p  ; j]
 
Φ=0
 ❋❚
 
 2
 Φk(z1) Φ (z2)
G
(n)
i1...in
[ x  ; j]
   
Φ=0
 
(q1,q2,  p  ) ✭❋✳✸✼✮
✇✐t❤ ❋❚(. . . ) ❞❡♥♦t✐♥❣ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ✭❋✳✸✻✮✱
❛♥❞ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❧✐♠✐t ♦❢ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡rs✱ ✇❤✐❝❤ ✇❡ ❞❡✜♥❡ ❛s ❛❧❧ ❡①t❡r♥❛❧
❋✳✸✳ ▲❡❛❞✐♥❣ ♦r❞❡r ✐♥ t❤❡ ✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥ ✶✺✾
✇❛✈❡✲♥✉♠❜❡rs ❜❡✐♥❣ ❧❛r❣❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❘● s❝❛❧❡  }p    ❢♦r 1    n✱
❛s ✇❡❧❧ ❛s ❛❧❧ ♣♦ss✐❜❧❡ ♣❛rt✐❛❧ s✉♠s ❜❡✐♥❣ ❧❛r❣❡
   
  I }p    ✱ ❢♦r I ❛ s✉❜s❡t ♦❢
 1, . . . n ✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✇❡ ❡①❝❧✉❞❡ ❡①❝❡♣t✐♦♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ✇❤❡r❡ ❛ ♣❛rt✐❛❧
s✉♠ ✈❛♥✐s❤❡s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♦❢ r❡❧✐❡s ♦♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡
r❡❣✉❧❛t♦r t❡r♠   [  ] ✐♥ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ✭❋✳✸✻✮✳ ❚❤❡ ❦❡② ♣r♦♣❡rt✐❡s ♦❢ t❤✐s t❡r♠
❛r❡ t❤❛t✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✐t r❛♣✐❞❧② t❡♥❞s t♦ ③❡r♦ ❢♦r ✇❛✈❡✲♥✉♠❜❡rs ❣r❡❛t❡r t❤❛t t❤❡
❘● s❝❛❧❡✱ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ❡♥s✉r❡s t❤❡ ❛♥❛❧②t✐❝✐t② ♦❢ ❛❧❧ ✈❡rt❡① ❢✉♥❝t✐♦♥s
❛t ❛♥② ✜♥✐t❡  ✳ ▲❡t ✉s ❡①❛♠✐♥❡ t❤❡ s❡❝♦♥❞ t❡r♠s ♦❢ t❤❡ r✳❤✳s✳ ♦❢ ✭❋✳✸✻✮ ✐♥ t❤✐s ❧✐♠✐t✳
❯s✐♥❣ ✐♥✈❛r✐❛♥❝❡ ✉♥❞❡r s♣❛❝❡✲t✐♠❡ tr❛♥s❧❛t✐♦♥✱ ✐t ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s
 
q1,q2
 
( i  1, i  2)
#1+#2=n
G
(#1+1)
i i  1 (q1,  p  1)  [  ]ij( q1, q2)G
(#2+1)
j i  2 (q2, ,  p  2)
= (2 )3 (
n 
k=1
 k) 
2(
n 
k=1
}pk)
 
 
q
 
( i  1, i  2)
#1+#2=n
G¯
(#1+1)
 i  1i ( p  1)  [  ]ij(
 
 }pk 1)G¯(#2+1)j i  2 ( p  2) ✭❋✳✸✽✮
✇❤❡r❡
  }pk 1 ✐s t❤❡ s✉♠ ♦❢ ❛❧❧ t❤❡ ✇❛✈❡✲♥✉♠❜❡rs ✐♥  }pk 1✳ ❚❤✉s t❤✐s t❡r♠ ✐s
♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ r❡❣✉❧❛t♦r ❡✈❛❧✉❛t❡❞ ❛t ❛ s✉♠ ♦❢ ❡①t❡r♥❛❧ ✇❛✈❡✲
♥✉♠❜❡rs
  }pk 1   ✳ ❍❡♥❝❡✱ ✐t ✐s s✉♣♣r❡ss❡❞ ❛t ❧❡❛st ❡①♣♦♥❡♥t✐❛❧❧② ✐♥ t❤❡ ❧✐♠✐t
♦❢ ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡rs ❛♥❞ ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ s❛❢❡❧②✳ ❋✐♥❛❧❧②✱ ♦♥❧② t❤❡ ✜rst t❡r♠ ♦❢
✭❋✳✸✻✮ s✉r✈✐✈❡s ✐♥ t❤✐s ❧✐♠✐t ❛♥❞ ✇❡ ♦❜t❛✐♥ ❊q✳ ✭✺✳✽✷✮ ♦❢ t❤❡ ♠❛✐♥ t❡①t✿
  G˜
(n)
i1...in
( p  1   n) = 1
2
 
q1,q2
 ˜ G˜
(2)
ij ( q1, q2)
 
 2
 Φi(q1) Φj(q2)
G˜
(n)
i1...in
[ p  ; j]
 
Φ=0
.
✭❋✳✸✾✮
❋✳✸ ▲❡❛❞✐♥❣ ♦r❞❡r ✐♥ t❤❡ ✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥
■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❛t ✉♥❡q✉❛❧
t✐♠❡s ❝❛♥ ❜❡ ❝❧♦s❡❞ ❛t ❧❛r❣❡ ✇❛✈❡✲♥✉♠❜❡rs✱ ✐✳❡✳ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ G¯(k) ✇✐t❤
k  n ♦♥❧②✱ ✉s✐♥❣ t❤❡ ❲❛r❞ ✐❞❡♥t✐t✐❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡①t❡♥❞❡❞ ●❛❧✐❧❡❛♥ ❛♥❞
❡①t❡♥❞❡❞ s❤✐❢t ✐❞❡♥t✐t✐❡s ✭✺✳✹✵✮ ❛♥❞ ✭✺✳✹✼✮✱ t❤❛t ✇❡ r❡♣r♦❞✉❝❡ ❤❡r❡ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✿
Γ˜(m+1,n)  1... m+n( , }q,  p  1   m+n)
   
}q=0
=  ˜ ( )Γ˜(m,n) 1... m+n( p  1   m+n)
Γ˜(m,n+1) 1... m  m+1... n( p  1   m,  , }q,  p  1   n)
   
}q=0
= 0 ✭❋✳✹✵✮
✶✻✵ ❆♣♣❡♥❞✐① ❋✳ ▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ ❙◆❙
❋✳✸✳✶ ▲❡❛❞✐♥❣ ♦r❞❡r✿ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥
▲❡t ✉s ✜rst ♣❡r❢♦r♠ t❤❡ ❡①♣❧✐❝✐t ❝❛❧❝✉❧❛t✐♦♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥✳
❚❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ✢♦✇ ❡q✉❛t✐♦♥ r❡❛❞s
  G˜
(2)
v v 
(p1,p2)
   
leading
=
1
2
 
q1,q2
 ˜ G˜
(2)
ij ( q1, q2)
 
 
k1,k2
G˜(2)v m(p1, k1)G˜(2)v n(p2, k2)
 
 Γ˜(4)ijmn(q1,q2,k1,k2)
+
 
k3,k4
Γ˜
(3)
ims(q1,k1,k3)G˜
(2)
st ( k3, k4)Γ˜(3)jnt(q2,k2,k4) + (i,q1) (j,q2)
 
}q1=}q2=0
✭❋✳✹✶✮
✇❤❡r❡ t❤❡ ❞♦✉❜❧❡ ❛rr♦✇ s✐❣♥✐✜❡s t❤❡ ♣❡r♠✉t❛t✐♦♥ ♦❢ t❤❡ ♣r❡❝❡❞✐♥❣ t❡r♠✳ ❋✐rst✱
❧♦♦❦✐♥❣ ❛t t❤❡ Γ˜(4) t❡r♠✱ ✇❡ ❤❛✈❡
Γ˜
(4)
ijmn(q1,q2,k1,k2)
   
}q1=}q2=0
=  iv  jv  ˜ ( 1) ˜ ( 2)Γ˜(2)mn(k1,k2) , ✭❋✳✹✷✮
✉s✐♥❣ ✭❋✳✹✵✮✳ ❙❡❝♦♥❞✱ ❞♦✐♥❣ t❤❡ s❛♠❡ ❢♦r t❤❡ ♦♥❡ ♣❛rt✐❝❧❡✲r❡❞✉❝✐❜❧❡ ✭✶✲P❘✮ t❡r♠✱ ✐t
r❡❛❞s
 
Γ˜
(3)
kms(q1,k1,k3)G˜
(2)
st ( k3, k4)Γ˜(3) nt(q2,k2,k4)
 
}q1=}q2=0
=  kv   v  ˜ ( 1)Γ˜(2)ms(k1,k3)G˜(2)st ( k3, k4) ˜ ( 2)Γ˜(2)nt (k2,k4) , ✭❋✳✹✸✮
P❧✉❣❣✐♥❣ ❜❛❝❦ ❜♦t❤ t❡r♠s ✐♥ ✭❋✳✹✶✮✱ t❤❡ ❧❡❛❞✐♥❣ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ✢♦✇ r❡❛❞s
  G˜
(2)
v v 
(p1,p2)
   
leading
=
1
2
 
q1,q2
 ˜ G˜
(2)
v v ( q1, q2) 
k1,k2
G˜(2)v m(p1, k1)G˜(2)v n(p2, k2)
 
  ˜ ( 1) ˜ ( 2)Γ˜(2)mn(k1,k2)
+
 
k3,k4
 ˜ ( 1)Γ˜(2)ms(k1,k3)G˜(2)st ( k3, k4) ˜ ( 2)Γ˜(2)nt (k2,k4) + ( ,  1) ( ,  2)
 
.
✭❋✳✹✹✮
❊①❛♠✐♥❣ ❢✉rt❤❡r t❤❡ s❡❝♦♥❞ t❡r♠✱ ✇❡ ✐♥s❡rt t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥
G˜
(2)
st ( k3, k4) =
 
k5,k6
G˜(2)su ( k3, k5)Γ˜(2)uv (k5,k6)G˜(2)vt ( k6, k4) , ✭❋✳✹✺✮
❋✳✸✳ ▲❡❛❞✐♥❣ ♦r❞❡r ✐♥ t❤❡ ✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥ ✶✻✶
t❤✉s ❡❛❝❤  ˜( )Γ˜(2) ✐s ❡♥❝❧♦s❡❞ ❜❡t✇❡❡♥ t✇♦ G˜(2)✳ ▼❛❦✐♥❣ ❡①♣❧✐❝✐t t❤❡ ♦♣❡r❛t♦r  ˜✱
t❤✐s ❝♦♠❜✐♥❛t✐♦♥ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✭t❛❦✐♥❣ ❢♦r ❡①❛♠♣❧❡ t❤❡ ✜rst ♦♥❡✮
 
k1,k3
G˜(2)v m(p1, k1) ˜ ( 1)Γ˜(2)ms(k1,k3)G˜(2)su ( k3, k5)
=  
 
k1,k3
G˜(2)v m(p1, k1)
 k 1
 1
Γ˜(2)ms( 1 +  1,
}k1,k3)
+
k 3
 1
Γ˜(2)ms(k1,  3 +  1,
}k3)
 
G˜(2)su ( k3, k5)
=  
 
k1
k 1
 
G˜(2)v m(p1, k1) mu ( 1 +  1   5) 2(}k1  }k5)
+
 
k3
k 3
 
 v s ( 1 +  +  3) 
2(}p1 + }k3)G˜
(2)
su ( k3, k5)
=  k
 
5
 1
G˜(2)v u(p1,  5 +  1, }k5) +
p 1
 1
G˜(2)v u( 1 +  1, }p1, }k5)
=   ˜ ( 1)G˜(2)v u(p1, k5) . ✭❋✳✹✻✮
✇❤❡r❡ ✐♥ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ✇❡ ❤❛✈❡ ✉s❡❞ t❤❛t G˜(2) ❛♥❞ Γ˜(2) ❛r❡ ✐♥✈❡rs❡ ♦❢ ♦♥❡
❛♥♦t❤❡r  
p2
G˜ij(p1, p2)Γ˜jk(p2, p3) =  ik ( 1   3) d(}p1  }p3) . ✭❋✳✹✼✮
■♥ ❢❛❝t✱ ✇❡ ❥✉st ♣r♦✈❡❞ t❤❡ ❣❡♥❡r❛❧ ♣r♦♣❡rt② t❤❛t
 
 Φk(q)
G˜
(2)
ij [p1,p2; j] =0
   
}q=0
=  
 
k1,k2
G˜
(2)
im(p1, k1)Γ˜3)kmn(q,k1,k2)
   
}q=0
G˜
(2)
nj ( k2,p2)
=   kv 
 
k1,k2
G˜
(2)
im(p1, k1) ˜ ( )Γ˜(2)mn(k1,k2)G˜(2)nj ( k2,p2)
=  kv  ˜ ( )G˜(2)ij (p1,p2) ✭❋✳✹✽✮
✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ✢♦✇ ♦❢ t❤❡ t✇♦ ♣♦✐♥t
❢✉♥❝t✐♦♥✱ t❤✐s ❛❧❧♦✇s t♦ ✇r✐t❡ ✕t❤❡ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ s✉♠♠❛t✐♦♥ ✈❛r✐❛❜❧❡s ❤❛✈❡ ❜❡❡♥
r❡♥❛♠❡❞ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✕
  G˜
(2)
v v 
(p1,p2)
   
leading
=
1
2
 
q1,q2
 ˜ G˜
(2)
v v ( q1, q2) 
k1,k2
 
 G˜(2)v m(p1, k1)G˜(2)v n(p2, k2) ˜ ( 1) ˜ ( 2)Γ˜(2)mn(k1,k2)
+  ˜ ( 1)G˜(2)v m(p1, k1)Γ(2)mn(k1,k2) ˜ ( 2)G˜(2)v n(p2, k2) + ( ,  1) ( ,  2)
 
.
✭❋✳✹✾✮
✶✻✷ ❆♣♣❡♥❞✐① ❋✳ ▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ ❙◆❙
◆♦✇✱ ♠❛❦✐♥❣ ❡①♣❧✐❝✐t t❤❡  ˜ ♦♣❡r❛t♦r✱ ✇❡ ❤❛✈❡ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ❢♦r t❤❡ ✜rst t❡r♠ ✐♥
t❤❡ sq✉❛r❡ ❜r❛❝❦❡t
 
k1,k2
G˜(2)v m(p1, k1)G˜(2)v n(p2, k2) ˜ ( 1) ˜ ( 2)Γ˜(2)mn(k1,k2)
=
 
k1,k2
G˜(2)v m(p1, k1)G˜(2)v n(p2, k2)
 k 1k 1
 1 2
Γ˜(2)mn( 1 +  1 +  2,
}k1,k2)
+
k 1k
 
2
 1 2
Γ˜(2)mn( 1 +  1,
}k1,  2 +  2, }k2) + ( , 1) ( , 2)
+
k 2k
 
2
 1 2
Γ˜(2)mn(k1,  2 +  1 +  2,
}k2)
 
=
 
k1
k 1k
 
1
 1 2
G˜(2)v m(p1, k1) v m ( 2 +  1 +  1 +  2) 2(}p2 + }k1)
+
 
k2
k 2k
 
2
 1 2
G˜(2)v n(p2, k2) v n ( 1 +  2 +  1 +  2) 2(}p1 + }k2)
+
 
k1,k2
G˜(2)v m(p1, k1)G˜(2)v n(p2, k2)
 k
 
1k
 
2
 1 2
Γ˜(2)mn( 1 +  1,
}k1,  2 +  2, }k2) + ( , 1) ( , 2)
=
p 2p
 
2
 1 2
G˜(2)v v (p1,  2 +  1 +  1 +  2,
}k2) +
p 1p
 
1
 1 2
G˜(2)v v ( 1 +  1 +  1 +  2,
}k1,p2)
+
 
k1,k2
G˜(2)v m(p1, k1)G˜(2)v n(p2, k2)
 k
 
1k
 
2
 1 2
Γ˜(2)mn( 1 +  1,
}k1,  2 +  2, }k2) + ( , 1) ( , 2) ✭❋✳✺✵✮
❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❢♦r t❤❡ s❡❝♦♥❞ t❡r♠
 
k1,k2
 ˜ ( 1)G˜(2)v m(p1, k1)Γ(2)mn(k1,k2) ˜ ( 2)G˜(2)v n(p2, k2)
=
 
k1,k2
 p 1
 1
G˜(2)v m( 1 +  1, }p1, k1) 
k 1
 1
G˜(2)v m(p1,  1 +  1, }k1)
 
 Γ(2)mn(k1,k2)
 p 2
 2
G˜(2)v n( 2 +  2, }p2, k2) 
k 2
 2
G˜(2)v n(p2,  2 +  2, }k2)
 
=
p 1p
 
2
 1 2
G˜(2)v v ( 1 +  1, }p1,  2 +  2, }p2)
+
p 2p
 
2
 1 2
G˜(2)v v (p1,  2 +  1 +  1 +  2,
}k2) +
p 1p
 
1
 1 2
G˜(2)v v ( 1 +  1 +  1 +  2,
}k1,p2)
+
 
k1,k2
G˜(2)v m(p1,  1 +  1, }k1)G˜(2)v n(p2,  2 +  2, }k2)
k 1k
 
2
 1 2
Γ˜(2)mn(k1,k2) .
✭❋✳✺✶✮
❋✳✸✳ ▲❡❛❞✐♥❣ ♦r❞❡r ✐♥ t❤❡ ✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥ ✶✻✸
●❛t❤❡r✐♥❣ ❡✈❡r②t❤✐♥❣ ❜❛❝❦ t♦❣❡t❤❡r✱ t❤❡ ❧❛st ❧✐♥❡s ❝❛♥❝❡❧ ❡❛❝❤ ♦t❤❡r ❜② s❤✐❢t✐♥❣ t❤❡
❢r❡q✉❡♥❝✐❡s  1 ❛♥❞  2 ❛♥❞ ♦♥❡ ✐s ❧❡❢t ✇✐t❤
  G˜
(2)
v v 
(p1,p2)
   
leading
=
1
2
 
q1,q2
 ˜ G˜
(2)
v v 
( q1, q2)
 
 p 2p 2
 1 2
G˜(2)v v (p1,  2 +  1 +  1 +  2,
}k2) +
p 1p
 
1
 1 2
G˜(2)v v ( 1 +  1 +  1 +  2,
}k1,p2)
+
p 2p
 
2
 1 2
G˜(2)v v (p1,  2 +  1 +  1 +  2,
}k2) +
p 1p
 
1
 1 2
G˜(2)v v ( 1 +  1 +  1 +  2,
}k1,p2)
 
=
1
2
 
q1,q2
 ˜ G˜
(2)
v v ( q1, q2)  ( 1)  ( 2)G˜(2)v v (p1,p2) . ✭❋✳✺✷✮
❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ❞❡r✐✈❛t✐♦♥ ❢♦r t❤❡ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥ ❝❛s❡✳
❋✳✸✳✷ ▲❡❛❞✐♥❣ ♦r❞❡r✿ ❣❡♥❡r❛❧ ❝❛s❡
●♦✐♥❣ ❜❛❝❦ t♦ t❤❡ ✢♦✇ ♦❢ ❛♥ ❛r❜✐tr❛r② ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥✱ t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r t❡r♠
♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ r❡❛❞s
  G˜
(n)
i1...in
(p1, . . . ,pn)
   
leading
=
1
2
 
q1,q2
 ˜ G˜
(2)
ij ( q1, q2)
 
  2
 Φi(q1) Φj(q2)
G˜
(n)
i1...in
[p1, . . . ,pn; j]
 
Φ=0
     
}q1=}q2=0
,
✭❋✳✺✸✮
◆♦✇✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②
  2
 Φi(q1) Φj(q2)
G˜
(n)
i1...in
[ p  1   n; j]
 
Φ=0
     
}q1=}q2=0
=  iv  jv  ˜ ( 1) ˜ ( 2)G˜(n)i1...in( p  ) .
✭❋✳✺✹✮
❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s G˜(n)i1...in( p  ) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s t❤❡ s✉♠
♦✈❡r ❛❧❧ tr❡❡s ✇❤♦s❡ ❡❞❣❡s ❛r❡ t❤❡ ♣r♦♣❛❣❛t♦rs G˜(2)✱ ✇❤♦s❡ ✈❡rt✐❝❡s ❛r❡ t❤❡ ✈❡rt❡①
❢✉♥❝t✐♦♥s Γ˜(k) ❛♥❞ ✇✐t❤ ❡①t❡r♥❛❧ ❧❡❣s ✇❤♦s❡ ♠♦♠❡♥t❛ ❛♥❞ ✐♥❞✐❝❡s ♠❛t❝❤ t❤❡ ✐♥❞✐❝❡s
♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥✿  (i ,p ) ✳ ❙②♠❜♦❧✐❝❛❧❧②✱
G˜
(n)
i1...in
[ p  1   n; j] =
 
trees
   ˜ (n)i1   in [ p  ]
 ˜ (n)i1   in [ p  ] =
 
ki
m 
i=1
  i [ p  i,  k  i] , ✭❋✳✺✺✮
✇❤❡r❡   ✐s ❛ ❝♦♠❜✐♥❛t♦r✐❛❧ ❢❛❝t♦r✱ t❤❡   i ❛r❡ t❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥s ❛♥❞ ♣r♦♣❛❣❛t♦rs
❡♥t❡r✐♥❣ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ tr❡❡  ˜ ❛♥❞ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐s ❞♦♥❡ ♦✈❡r ❛❧❧ t❤❡
✐♥t❡r♥❛❧ ♠♦♠❡♥t❛ ♦❢ t❤❡ ❞✐❛❣r❛♠✳ ❚❤❡  p  i ✇❤✐❝❤ ❛r❡ ♥♦t ❡♠♣t② ❢♦r♠ ❛ ♣❛rt✐t✐♦♥
♦❢ t❤❡ ❡①t❡r♥❛❧ ♠♦♠❡♥t❛  p  1   n✱ ❛♥❞ t❤❡ ✐♥t❡r♥❛❧ ♠♦♠❡♥t❛  k  i ❛r❡ ❝❤♦s❡♥ s✉❝❤
t❤❛t ✇❤❡♥ ❛ ♣r♦♣❛❣❛t♦r ✐s ❛tt❛❝❤❡❞ t♦ ❛ ✈❡rt❡① ❢✉♥❝t✐♦♥✱ t❤❡ s✉♠ ♦❢ t❤❡ ♠♦♠❡♥t❛
♦❢ t❤❡ ♣r♦♣❛❣❛t♦r ❛♥❞ ♦❢ t❤❡ ✈❡rt❡① ❢✉♥❝t✐♦♥ ❛t t❤❡ ❧✐♥❦ ✐s ③❡r♦✳ ❋✐♥❛❧❧②✱ t❤❡ ✐♥t❡r♥❛❧
✐♥❞✐❝❡s ♦❢ t❤❡ t❤❡♦r② ✕ ❤❡r❡ i   }v, }¯v ✕ ❤❛✈❡ ❜❡❡♥ ♦♠✐tt❡❞ ♦♥   i ❜✉t ❢♦❧❧♦✇
✶✻✹ ❆♣♣❡♥❞✐① ❋✳ ▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ ❙◆❙
str❛✐❣❤t❢♦r✇❛r❞❧② ❢r♦♠ t❤❡ ♣❛rt✐t✐♦♥ ♦❢ ♠♦♠❡♥t❛✳ ❚❤❡ t❡r♠ ✐♥ sq✉❛r❡ ❜r❛❝❦❡t ✐♥ t❤❡
✢♦✇ ❡q✉❛t✐♦♥ ❛❜♦✈❡ ✐s ❛ s✉♠ ♦❢ tr❡❡ ❞✐❛❣r❛♠s ✇❤❡r❡ t❤❡ t✇♦ ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s
❤❛✈❡ ❜❡❡♥ ❞✐str✐❜✉t❡❞
 2
 Φk(q1) Φ (q2)
 ˜ (n)i1   in [ p  ]Φ=0
   
}q1=}q2=0
=
  
kintern
 
i,j
i  =j
  
m  =i,j
  m( p  m,  k  m)
 
  
 Φk(q1)
  i [ p  i,  k  i]
   
Φ=0
 
 Φ (q2)
  j [ p  j,  k  j]
   
Φ=0
+
 
kintern
 
i
  
j  =i
  j ( p  j,  k  j)
  2
 Φk(q1) Φ (q2)
  i [ p  i,  k  i]
   
Φ=0
    
}q1=}q2=0
.
✭❋✳✺✻✮
❲❤❡♥ ❛❝t✐♥❣ ✇✐t❤ ❛ ✜❡❧❞ ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡✱ ❡✐t❤❡r t❤❡ ❞❡r✐✈❛t✐✈❡ ❤✐ts ♦♥ ❛ ✈❡rt❡①
❢✉♥❝t✐♦♥✱ ❣✐✈✐♥❣
 
 Φi(qa)
Γ˜
(k)
i1...ik
[ p  1   k; Φ]Φ=0 = Γ˜(k+1)ii1...ik(qa,  p  1   k) ✭❋✳✺✼✮
♦r t❤❡ ❞❡r✐✈❛t✐✈❡ ❤✐ts ♦♥ ❛ ♣r♦♣❛❣❛t♦r✱ ❣✐✈✐♥❣
 
 Φi(qa)
G(2)mn[p1,p2; j]Φ=0 =  
 
k1,k2
G(2)mu(p1, k1)Γ˜(3)iuv(qa,k1,k2)G(2)vn ( k2,p2) ,
✭❋✳✺✽✮
✇✐t❤ a   1, 2 ✳
❋✐rst✱ ❧❡t ✉s ❡①❛♠✐♥❡ t❤❡ ❝❛s❡ ♦❢ ♦♥❧② ♦♥❡ ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ ❛♣♣❧✐❡❞ t♦ ❛
❣❡♥❡r✐❝ tr❡❡  ˜ (n)✳
 
 Φi(qa)
 ˜ (n)i1   in [ p  ]Φ=0
   
}qa=0
=
 
kintern
m 
i=1
 
m 
j=1
j  =i
  j ( p  j,  k  j)
 
 
 Φi(qa)
  i [ p  i,  k  i] . ✭❋✳✺✾✮
❣✐✈✐♥❣ ❡✐t❤❡r
 
 Φi(qa)
Γ˜
(k)
i1...ik
[ p  1   k; Φ]Φ=0
   
}qa=0
=  iv  ˜ ( a)Γ˜(k)i1...ik( p  ) ✭❋✳✻✵✮
✐❢   i ✐s ❛ ✈❡rt❡① ❢✉♥❝t✐♦♥✱ ♦r
 
 Φi(qa)
G(2)mn[p1,p2; j]Φ=0
   
}qa=0
=  iv  ˜ ( a)G˜(2)mn(p1,p2) , ✭❋✳✻✶✮
✐❢ ✐t ✐s ❛ ♣r♦♣❛❣❛t♦r✱ ✉s✐♥❣ t❤❡ ♣r♦♣❡rt② ✭❋✳✹✽✮ ♦❢ t❤❡ ♣r❡❝❡❞✐♥❣ s❡❝t✐♦♥✳ ❚❤✐s s❤♦✇s
t❤❛t
 
 Φi(qa)
 ˜ (n)i1   in [ p  ]Φ=0
   
}qa=0
=  iv 
 
kintern
m 
i=1
 
m 
j=1
j  =i
  j ( p  j,  k  j)
 
 ˜ ( a)  i ( p  i,  k  i) . ✭❋✳✻✷✮
❋✳✸✳ ▲❡❛❞✐♥❣ ♦r❞❡r ✐♥ t❤❡ ✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥ ✶✻✺
■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♦♣❡r❛t♦r  ˜ ( a) ✐s ❞✐str✐❜✉t❡❞ ♦♥ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ tr❡❡
❛❝❝♦r❞✐♥❣ t♦ ▲❡✐❜♥✐③ r✉❧❡✳ ■♥ ♦r❞❡r t♦ r❡❝♦♥str✉❝t t❤❡ ♦♣❡r❛t♦r ❛❝t✐♥❣ ♦♥  ˜ (n)✱ t❤❛t
✐s ♦♥❧② ♦♥ t❤❡ ❡①t❡r♥❛❧ ❧❡❣s  p  ✱ ♦♥❡ t❤✉s ❤❛s t♦ s❤♦✇ t❤❛t ✐t ✐s ✐♥❞❡❡❞ ❛ ❞❡r✐✈❛t✐✈❡
✇✐t❤✐♥ t❤✐s ♦❜❥❡❝t✱ t❤❛t ✐s
 ˜ ( a)
 
k
  1 ( k  1, k)  2 (k,  k  2) =
 
k
 
 ˜ ( a)  1 ( k  1, k)  2 (k,  k  2)
+   1 ( k  1, k) ˜ ( a)  2 (k,  k  2)
 
.
✭❋✳✻✸✮
❙t❛rt✐♥❣ ❢r♦♠ t❤❡ r✳❤✳s✳✱
 
k
 
 ˜ ( a)  i ( k    I , k)  j (k,  k    J) +   i ( k    I , k) ˜ ( a)  j (k,  k    J)
 
=  
 
k
  
i I
k i
 a
  i ( i +  a, }ki,  k    I i, k)  j (k,  k    J)
+
 
j J
k j
 a
  i ( k    I , k)  j (k,  j +  a, }kj,  k    J j)
+
k 
 a
  i ( k    I ,  +  a, }k)  j (k,  k    J)
   i ( k    I , k)
k 
 a
  j ( +  a, }k,  k    J)
 
. ✭❋✳✻✹✮
❙❤✐❢t✐♥❣ t❤❡ ❛ss♦❝✐❛t❡❞ ❢r❡q✉❡♥❝②✱ ✐t ✐s r❡❛❞✐❧② s❤♦✇♥ t❤❛t t❤❡ t✇♦ ❧❛st t❡r♠s ❝❛♥❝❡❧
❡❛❝❤ ♦t❤❡r✳ ❚❤✉s ♦♥❡ ✐s ❧❡❢t ✇✐t❤ t❤❡ ♦♣❡r❛t♦r  ˜ ( a) ❛❝t✐♥❣ ♦♥ t❤❡ ❡①t❡r♥❛❧ ❧❡❣ ♦❢
t❤❡ ♦❜❥❡❝t
 
k
 i j✱ ♣r♦✈✐♥❣ ✭❋✳✻✸✮✳ ❋✐♥❛❧❧②✱
 
 Φi(qa)
 ˜ (n)i1   in [ p  ]Φ=0
   
}qa=0
=  iv 
 
kintern
m 
i=1
 
m 
j=1
j  =i
  j ( p  j,  k  j)
 
 ˜ ( a)  i ( p  i,  k  i)
=  iv  ˜ ( a)
 
kintern
m 
i=1
  i ( p  i,  k  i)
=  iv  ˜ ( a) ˜ (n)i1   in( p  ) . ✭❋✳✻✺✮
❚♦ ♣r♦✈❡ ✭❋✳✺✹✮✱ ♦♥❡ st✐❧❧ ♥❡❡❞s t♦ ❝❤❡❝❦ t❤❛t t❤❡ s❛♠❡ ♣r♦♣❡rt② ❢♦❧❧♦✇s ❢♦r t✇♦
✶✻✻ ❆♣♣❡♥❞✐① ❋✳ ▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ ❙◆❙
❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s ❛♥❞ t❤❡✐r s✉❜s❡q✉❡♥t ✇❛✈❡✲♥✉♠❜❡r ❞❡r✐✈❛t✐✈❡✳ ❲❡ ❤❛✈❡
 2
 Φi(q1) Φj(q2)
 ˜ (n)i1   in [ p  ]Φ=0
   
}q1=}q2=0
=
 
kintern
 
k,k 
k  =k 
  
m  =k,k 
  m( p  m,  k  m)
 
  
 Φi(q1)
  k [ p  k,  k  k]
   
Φ=0
 
 Φj(q2)
  k [ p  k ,  k  k ]
   
Φ=0
+
 
kintern
 
k
  
k  =k
  k ( p  k ,  k  k )
  2
 Φi(q1) Φj(q2)
  k [ p  k,  k  k]
   
Φ=0
   
}q1=}q2=0
.
✭❋✳✻✻✮
❆t t❤✐s ♣♦✐♥t✱ ✜rst s❡tt✐♥❣ ♦♥❧② ♦♥❡ ✇❛✈❡✲♥✉♠❜❡r t♦ ③❡r♦ ✕ ❧❡t ✉s s❛② }q2 ✕✱ t❤❡
Φj(q2) ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜②  jv  ˜ ( 2)✳ ❚❤✐s ✐s ♣♦ss✐❜❧❡ ❛s
✇❡❧❧ ✐♥ t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ ❝✉r❧② ❜r❛❝❦❡ts ❜❡❝❛✉s❡ t❤❡ ♦❜❥❡❝t t♦ ✇❤✐❝❤ ✐t ✐s ❛♣♣❧✐❡❞✱
 
 Φi(q1)
  k [ p  k,  k  k]
   
Φ=0
✐s ♥♦t❤✐♥❣ ❜✉t ❛ tr❡❡ ✇✐t❤ t❤❡ }q1 ❧❡❣ ❛♠♣✉t❛t❡❞ ❛♥❞ t❤❡
❞❡r✐✈❛t✐✈❡ ♣r♦♣❡rt② ♦❢  ˜ ( a) ✭❋✳✻✸✮ ❛♣♣❧✐❡s✳ ❚❤✉s✱ ♦♥❡ ❤❛s
 2
 Φi(q1) Φj(q2)
 ˜ (n)i1   in [ p  ]Φ=0
   
}q1=}q2=0
=  jv 
 
kintern
 
k,k 
k  =k 
  
m  =k,k 
  m( p  m,  k  m)
 
  
 Φi(q1)
  k [ p  k,  k  k]
   
Φ=0
 ˜ ( 2)  k ( p  k ,  k  k )
+
 
kintern
 
k
  
k  =k
  k ( p  k ,  k  k )
 
 ˜ ( 2)
  
 Φi(q1)
  k [ p  k,  k  k]
   
Φ=0
      
}q1=0
=  jv  ˜ ( 2)
  
kintern
 
k
  
k  =k
  k ( p  k ,  k  k )
  
 Φi(q1)
  k [ p  k,  k  k]
   
Φ=0
      
}q1=0
.
✭❋✳✻✼✮
▼❛❦✐♥❣ ❡①♣❧✐❝✐t  ˜ ( 2)✱
 2
 Φi(q1) Φj(q2)
 ˜ (n)i1   in [ p  ]Φ=0
   
}q1=}q2=0
=   jv 
 
q 1
 2
  
kintern
 
k
  
k  =k
  k ( p  k ,  k  k )
 
  
 Φi( 1 +  2, }q1)
  k [ p  k,  k  k]
   
Φ=0
 
+
n 
k=1
p k
 2
  
kintern
 
m
  
m  =m
  m ( p  m  k+,  k  m )
 
  
 Φi(q1)
  m[ p  m k+,  k  m]
   
Φ=0
       
}q1=0
, ✭❋✳✻✽✮
❋✳✹✳ ❙♦❧✉t✐♦♥ ♦❢ t❤❡ ✜①❡❞✲♣♦✐♥t ❡q✉❛t✐♦♥s ✶✻✼
✇✐t❤ t❤❡ s❤♦rt❤❛♥❞ ♥♦t❛t✐♦♥  p  m k+ =   k +  2, }pk,p  =k m ✐❢ pk   p  m ❛♥❞
❡❧s❡  p  m k+ =  p  m✳ ❙❡tt✐♥❣ }q1 t♦ ③❡r♦
 2
 Φk(q1) Φ (q2)
 ˜ (n)i1   in [ p  ]Φ=0
   
}q1=}q2=0
=   jv  iv 
n 
k=1
p k
 2
 
 
kintern
 
m
  
m  =m
  m ( p  m  k+,  k  m )
 
 ˜ ( 1)  m( p  m k+,  k  m)
 
=   jv  iv 
n 
k=1
p k
 2
 
 ˜ ( 1)
 
kintern
 
m
  m( p  m k+,  k  m)
 
=  jv  iv  ˜ ( 2) ˜ ( 1) ˜ (n)i1   in( p  ) , ✭❋✳✻✾✮
✇❤✐❝❤ ✜♥✐s❤❡s t♦ ♣r♦✈❡ t❤❡ ♣r♦♣❡rt② ✭❋✳✺✹✮✳ ●♦✐♥❣ ❜❛❝❦ t♦ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ✭❋✳✾✽✮✱
♦♥❡ ♦❜t❛✐♥s t❤❡ ❛♥♥♦✉♥❝❡❞ r❡s✉❧t✿
  G˜
(n)
i1...in
( p  1   n) = 1
2
 
q1,q2
 ˜ G˜
(2)
v v ( q1, q2) ˜ ( 1) ˜ ( 2)G˜(n)i1...in( p  )
=
1
2
 
q1,q2
 ˜ G˜
(2)
v v ( q1, q2) ˜ ( 1) ˜ ( 2)G˜(n)i1...in( p  ) .
✭❋✳✼✵✮
❋✳✹ ❙♦❧✉t✐♦♥ ♦❢ t❤❡ ✜①❡❞✲♣♦✐♥t ❡q✉❛t✐♦♥s
❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝✐♦♥ ✐s t♦ ❞❡r✐✈❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ✭✺✳✻✸✮ ❢♦r n✲
♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❛t t❤❡ ✜①❡❞ ♣♦✐♥t ❛♥❞ ✐♥ t❤❡ 3✲❉ ❝❛s❡✳ ❲❡ r❡♣r♦❞✉❝❡
✐t ❢r♦♠ ✭❚❛r♣✐♥✱ ❈❛♥❡t✱ ❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✽✮✳ ■t ✐s ❡❛s✐❡r t♦ ✇♦r❦ ✇✐t❤ t❤❡ ❤②❜r✐❞
t✐♠❡✲✇❛✈❡✲✈❡❝t♦r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ r❡❛❞s
  G
(n)
 1... n
(t1, }p1,    , tn 1, }pn 1)
=
1
3
G(n) 1... n(t1, }p1,    , tn 1, }pn 1)
 
k, 
}pk  }p 
 
 
J ( )
ei (tk t )  ei tk  e i t + 1
 2
.
✭❋✳✼✶✮
❋✐rst✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❡✛❡❝t✐✈❡ ❢♦r❝✐♥❣ D ❛♥❞ t❤❡ ❡✛❡❝t✐✈❡ ✈✐s❝♦s✐t②   ❛s ❢♦❧❧♦✇s
N ( }x }x  ) =
 
}q
ei}q (}x }x
 )D n˜(q/ ) = D  
dn(  }x }x  )
R ( }x }x  ) =
 
}q
ei}q (}x }x
 )  q
2r˜(q/ ) =  d (  2)r(  }x }x  ) . ✭❋✳✼✷✮
❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝✳ ✸✳✹✳✸✱ ❧❡t ✉s ❞❡✜♥❡ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ✜❡❧❞s uˆ (xˆ, ) ❛♥❞ ˆ¯u (xˆ, )
❛s
u (x) = V uˆ (xˆ) , ❛♥❞ u¯ (x) = V¯ ˆ¯u (xˆ) , ✭❋✳✼✸✮
✇❤❡r❡ xˆ = ( }x,   t)✱ s✉❝❤ t❤❛t ✐❢ t❤❡② ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢  ✱ t❤❡ ❊❆❆ ❛♥❞ t❤❡
r❡❣✉❧❛t♦r t❡r♠ ∆  ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢  ✳ ■♥s❡rt✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ✭❋✳✼✷✮ ❛♥❞ ✭❋✳✼✸✮
✶✻✽ ❆♣♣❡♥❞✐① ❋✳ ▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ ❙◆❙
✐♥t♦ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ r❡❣✉❧❛t♦r ✭✺✳✶✶✮✱ ♦♥❡ ♦❜t❛✐♥s ✐♥ ❛ ✜rst st❡♣
V =
 
  D  
d
 2  
4
 1
2
, ❛♥❞ V¯ =
 
   
d
D 
 1
2
. ✭❋✳✼✹✮
■♥ ❛ s❡❝♦♥❞ st❡♣✱ ❧❡t ✉s ✐♥s❡rt t❤❡s❡ ❡①♣r❡ss✐♦♥s ✐♥t♦ t❤❡ ♥♦♥✲r❡♥♦r♠❛❧✐③❡❞ t✇♦✲ ❛♥❞
t❤r❡❡✲♣♦✐♥t ✈❡rt❡① ❢✉♥❝t✐♦♥s ♦❢ ✭✺✳✹✽✮✳ ❆s❦✐♥❣ t❤❛t t❤❡ ❊❆❆ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢  
②✐❡❧❞s
  =    
2 ,
 4 d 3 D
 1
 = 1 . ✭❋✳✼✺✮
❚❤❡ ✜rst ❧✐♥❡ ✜①❡s t❤❡ s❝❛❧✐♥❣ ♦❢ t✐♠❡ ❛♥❞ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ✭✇❤✐❝❤ ✐s t❤❡ ♥♦♥✲
r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ✈❡rt❡①✮ ✜①❡s   ✐♥ t❡r♠s ♦❢ D ✳ ❯♣ t♦ t❤✐s
♣♦✐♥t✱ t❤❡ r❡s✉❧ts ❞✐❞ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ s♣❛❝❡✳ ❚❤❡ ❧❛st ✐♥❣r❡❞✐❡♥ts
♥❡❝❡ss❛r② t♦ ✜① t❤❡ s❝❛❧✐♥❣ ❡①♣♦♥❡♥ts ✐s t❤❡ st❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤✐s
❝♦♥❞✐t✐♦♥ ✐s ❞✐✛❡r❡♥t ✐♥ 2✲ ❛♥❞ 3✲❉ ✭❈❛♥❡t✱ ❉❡❧❛♠♦tt❡✱ ❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✻✮✳
❲❡ s♣❡❝✐❢② t♦ t❤❡ 3✲❉ ❝❛s❡ t♦ ✇r✐t❡ t❤❡ ✜①❡❞ ♣♦✐♥t s♦❧✉t✐♦♥s✳ ■♥ t❤✐s ❝❛s❡ t❤❡
♠❡❛♥ ❞✐ss✐♣❛t✐♦♥ ♦❢ ❡♥❡r❣② ♣❡r ✉♥✐t ✈♦❧✉♠❡ ❛♥❞ ♣❡r ✉♥✐t ♠❛ss  ❤❛s ❛ ✜♥✐t❡ ✈❛❧✉❡
❛♥❞ ✐s ❡q✉❛❧ t♦ t❤❡ ♠❡❛♥ ❡♥❡r❣② ✐♥❥❡❝t❡❞ ♣❡r ✉♥✐t ✈♦❧✉♠❡ ❛♥❞ ♣❡r ✉♥✐t ♠❛ss ✭✐♥ 3✲❉✱
t❤❡ ❞❛♠♣✐♥❣ ❛t ❧❛r❣❡ s❝❛❧❡s R s❤♦✉❧❞ ♣❧❛② ♥♦ r♦❧❡✮✳ ▲❡t ✉s ❝❛❧❝✉❧❛t❡  
 =  f (x)v (x) 
=
 
}x 
N ( }x }x  ) v¯ (t, }x )v (t+, }x) 
= D  
3
 
}ˆx
n( }ˆx }ˆx  ) ˆ¯v (tˆ, }ˆx )v (tˆ+, }ˆx) 
= D  
3  1 , ✭❋✳✼✻✮
✇❤❡r❡   1 ✐s ❛ ♥✉♠❡r✐❝❛❧ ❢❛❝t♦r ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣r❡❝✐s❡ s❤❛♣❡ ♦❢ t❤❡ ❢♦r❝✐♥❣✳ ❚♦
♦❜t❛✐♥ ❛  ✲✐♥❞❡♣❡♥❞❡♥t  ✱ D ❛♥❞   ❛r❡ ✜①❡❞ t♦ ❜❡
D =    
 3 , ❛♥❞   = (  )1/3  4/3 . ✭❋✳✼✼✮
❚❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ✈❡❧♦❝✐t② ❛♥❞ r❡s♣♦♥s❡ ✈❡❧♦❝✐t② ❢♦❧❧♦✇ ❛s
u (x) =  
 1/3 1/3 1/2uˆ (xˆ) , ❛♥❞ u¯ (x) =  10/3  1/3  1/2 ˆ¯u (xˆ) , ✭❋✳✼✽✮
▲❡t ✉s ✜♥❛❧❧② ❞❡✜♥❡ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ✐♥t❡❣r❛❧ Jˆs t❤r♦✉❣❤
J ( ) =  
 
}q
 ˜sC¯( , }q) =   
1/3  4/3Jˆs( ˆ) , ✭❋✳✼✾✮
✇❤❡r❡ s  ln ( /Λ) ✐s t❤❡ ✧❘● t✐♠❡✧ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝✳ ✸✳✹✳✸✳
❋✳✹✳✶ ❙♠❛❧❧ t✐♠❡ ❞❡❧❛②s
■❢ ♦♥❡ ❞❡✜♥❡s ti   t˜i ❛♥❞ ❧❡t  t❡♥❞ t♦ ③❡r♦✱ t❤❡ ✐♥t❡❣r❛❧s ✐♥ t❤❡ r✳❤✳s✳ ♦❢ ❊q✳ ✭❋✳✼✶✮
❛r❡ ❡q✉✐✈❛❧❡♥t t♦  2I t˜k t˜ ✱ ✇❤❡r❡ I  
 
 
J ( )✿
lim
  0
1
 2
 
 
J ( )
ei (tk t )  ei tk  e i t + 1
 2
= I t˜k t˜ . ✭❋✳✽✵✮
❋✳✹✳ ❙♦❧✉t✐♦♥ ♦❢ t❤❡ ✜①❡❞✲♣♦✐♥t ❡q✉❛t✐♦♥s ✶✻✾
❋✉rt❤❡r♠♦r❡✱ ✐t ✇❛s s❤♦✇♥ ✐♥ ❈❛♥❡t✱ ❉❡❧❛♠♦tt❡✱ ❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✻ t❤❛t✱ ❜❡❝❛✉s❡
♦❢ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ r❡❣✉❧❛t♦r✱ Jˆ ( ) ✐s ❞♦♠✐♥❛t❡❞ ❜② ❢r❡q✉❡♥❝✐❡s ♦❢ ♦r❞❡r  2/3✱
❛♥❞ t❤❛t I ✐s ✜♥✐t❡✳ ■♥ t❤❡ ❧✐♠✐t ✇❤❡r❡ ❛❧❧ t❤❡ t✐♠❡ ❞❡❧❛②s ti ❛r❡ s♠❛❧❧✱ t❤❡ ✢♦✇
❡q✉❛t✐♦♥ ✭❋✳✼✶✮ s✐♠♣❧✐✜❡s t♦
  G
(n)
 1... n
(t1, }p1,    , tn 1, }pn 1) = I 
3
 }pktk 2G(n) 1... n(t1, }p1,    , tn 1, }pn 1) , ✭❋✳✽✶✮
✭✉s✐♥❣ ❊✐♥st❡✐♥ ❝♦♥✈❡♥t✐♦♥ ❢♦r r❡♣❡❛t❡❞ ✐♥❞✐❝❡s✮✳ ■♥ ♦r❞❡r t♦ ✜♥❞ ❛ s♦❧✉t✐♦♥✱ ✇❡
❞❡✜♥❡ ❛ (n  1)  (n  1) r♦t❛t✐♦♥ ♠❛tr✐①  ✱ s✉❝❤ t❤❛t  i1 = ti t t ✱ ❛♥❞ ✐♥tr♦❞✉❝❡
♥❡✇ ✈❛r✐❛❜❧❡s } k s✉❝❤ t❤❛t }pi =  ij} j✳ ■♥ ♣❛rt✐❝✉❧❛r } 1 = tk}pk t t ❛♥❞ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥
❜❡❝♦♠❡s
  G
(n)
 1... n
(t1, } 1,    , tn 1, } n 1) = I 
3
tktk } 1 2G¯(n) 1... n(t1, } 1,    , tn 1, } n 1) .
✭❋✳✽✷✮
❚♦ st✉❞② t❤❡ ✜①❡❞ ♣♦✐♥t ♦❢ t❤✐s ✢♦✇ ❡q✉❛t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss
✈❛r✐❛❜❧❡s }ˆ i  } i/ ✱ ❛♥❞ Iˆs    1  2/3 2/3I ✳ ❆❝❝♦r❞✐♥❣ t♦ ❊q✳ ✭❋✳✼✽✮✱ t❤❡ ❞✐♠❡♥✲
s✐♦♥❧❡ss n ♣♦✐♥t ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s
Gˆ(n) 1... n(tˆ1, }ˆ 1,    , tˆn 1, }ˆ n 1)  
  11/3
  2/3
 m m¯
2
 
3
2
(m+m¯ 2) G(n) 1... n(t1, } 1,    , tn 1, } n 1) ,
✭❋✳✽✸✮
✇❤❡r❡ m ✭r❡s♣✳ m¯✮ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✈❡❧♦❝✐t② ✭r❡s♣✳ r❡s♣♦♥s❡ ✈❡❧♦❝✐t②✮ ✜❡❧❞s ✐♥ t❤❡
❣❡♥❡r❛❧✐③❡❞ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ Gˆ(n)✱ ✇✐t❤ m + m¯ = n✳ ❲❡ ♥♦t❡ dG = 3(m  1) +
(m  m¯)/3 t❤❡ s❝❛❧✐♥❣ ❞✐♠❡♥s✐♦♥ ♦❢ G(n)✱ ❛♥❞ ✇❡ ❞❡✜♥❡  s =  Iˆs/2 ✭✇❤✐❝❤ ✜①❡❞
♣♦✐♥t ✈❛❧✉❡     S ✐s t❤❡ ❝♦❡✣❝✐❡♥t ❛♣♣❡❛r✐♥❣ ✐♥ ✭✺✳✻✾✮✮✳ ❚❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❢♦r
Gˆ(n) t❤❡♥ r❡❛❞s 
 s dG }ˆ i   }ˆ i+
2
3
tˆi tˆi 
2
3
 s tˆk tˆk }ˆ 1 2
 
Gˆ(n) 1... n(tˆ1, }ˆ 1,    , tˆn 1, }ˆ n 1) = 0 . ✭❋✳✽✹✮
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❤❛t s②♠❜♦❧s ❛r❡ ♦♠✐tt❡❞ t♦ ❛❧❧❡✈✐❛t❡ ♥♦t❛t✐♦♥✳ ▲❡t ✉s r❡♠❛r❦ t❤❛t
} i   } i ♦♥❧② ❛❝ts ♦♥ t❤❡ ♠♦❞✉❧✐ ♦❢ t❤❡ ✈❡❝t♦rs } i✱ s♦ t❤❛t ✐❢ ♦♥❡ ✐♥tr♦❞✉❝❡s t❤❡ ♣♦❧❛r
❞❡❝♦♠♣♦s✐t✐♦♥ } i =  i}ni✱ ♦♥❡ ❤❛s } i   } i =  i  i ✳ ■♥tr♦❞✉❝✐♥❣ t❤❡ s❝❛❧✐♥❣ ✈❛r✐❛❜❧❡s
yi =  1
2/3ti✱ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❢✉rt❤❡r s✐♠♣❧✐✜❡s t♦ 
 s dG  i  i 
2
3
 s ykyk 
2/3
1
 
G(n) 1... n(y1,  1, }n1,    , yn 1,  n 1, }nn 1) = 0 . ✭❋✳✽✺✮
▲❡t ✉s ❝♦♥s✐❞❡r ❘● s❝❛❧❡s s s✉❝❤ t❤❛t t❤❡ ✜①❡❞ ♣♦✐♥t ✐s r❡❛❝❤❡❞✿  s ❤❛s ❛tt❛✐♥❡❞
✐ts ✜①❡❞ ♣♦✐♥t ✈❛❧✉❡   ✱ ❛♥❞ t❤❡ ❡①♣❧✐❝✐t ❞❡♣❡♥❞❡♥❝❡ ✐♥ s ✭t❤r♦✉❣❤  s✮ ✐s ③❡r♦✳
❉❡♥♦t✐♥❣ u1  ln  1, ui>1  ln  1  ln  i✱ t❤❡ ✜①❡❞ ♣♦✐♥t ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s ❛♥
♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ 
 dG   u1  
2
3
  ykyk e
2
3
u1
 
G(n) 1... n(y1, u1, }n1,    , yn 1, un 1, }nn 1) = 0 . ✭❋✳✽✻✮
❚❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❊q✳ ✭❋✳✽✻✮ ❝❛♥ ❜❡ ✐♥t❡❣r❛t❡❞✱ ❛♥❞ ②✐❡❧❞s
logG(n) 1... n(y1, u1, }n1,    , yn 1, un 1, }nn 1)
=    ykyk e 23u1  dGu1 + F (n) 1... n(y1, }n1,    , yn 1, un 1, }nn 1) . ✭❋✳✽✼✮
✶✼✵ ❆♣♣❡♥❞✐① ❋✳ ▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ ❙◆❙
■♥ t❡r♠s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❞✐♠❡♥s✐♦♥❢✉❧ ✈❛r✐❛❜❧❡s✱ ♦♥❡ ♦❜t❛✐♥s
log
 
 
m¯ m
3 L dGG(n) 1... n(t1, }p1,    , tn 1, }pn 1)
 
=   S 2/3L2/3 tktk  21  dG log( 1L)
+ FS
(n)
 1... n
 
 
2/3
1  
1/3t1,
} 1
 1
,    ,  2/31  1/3tn 1,
} n 1
 1
 
+ (pmaxL) , ✭❋✳✽✽✮
✇❤❡r❡ } 1 =
tk}pk 
t t 
❛♥❞ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❝♦♥st❛♥t  ❤❛s ❜❡❡♥ ❛❜s♦r❜❡❞ ✐♥ t❤❡ ❢✉♥❝t✐♦♥
F
(n)
S ✳ ❚❤❡ ❡rr♦r ♦♥ t❤❡ s♦❧✉t✐♦♥ ✐s ❜♦✉♥❞❡❞ ❜② ❛ t❡r♠ ♦❢ ♦r❞❡r pmaxL✱ ✇❤❡r❡ pmax ✐s
t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ❛♠♣❧✐t✉❞❡s ♦❢ t❤❡ }pi ❛♥❞ ♦❢ t❤❡✐r ♣❛rt✐❛❧ s✉♠s✳ ◆♦t❡ t❤❛t ❛❣❛✐♥
t❤❡ ❑♦❧♠♦❣♦r♦✈ s♦❧✉t✐♦♥✱ ✇❤✐❝❤ st❡♠s ❢r♦♠ st❛♥❞❛r❞ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡✱ ✐s ✐♥❝❧✉❞❡❞
❡①♣❧✐❝✐t❧② ❛❧t❤♦✉❣❤ ✐t ✐s ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ❛s t❤❡ ♥❡❣❧❡❝t❡❞ ❡rr♦r t❡r♠s✳ ❚❤✐s ♣❛rt
✐s ♥♦t ❝❛❧❝✉❧❛t❡❞ ❡①❛❝t❧② s✐♥❝❡ ✐t ❝♦✉❧❞ r❡❝❡✐✈❡ ❝♦rr❡❝t✐♦♥s ❢r♦♠ t❤❡ ♥❡❣❧❡❝t❡❞ s✉❜✲
❧❡❛❞✐♥❣ t❡r♠s ✐♥ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥✳ ❚❤❡ ❧❡❛❞✐♥❣ t❡r♠ ✐♥ G¯(n) ✐s ❛ ●❛✉ss✐❛♥ ✐♥ t❤❡
✈❛r✐❛❜❧❡  }pktk ✱ ✇❤✐❝❤ ❡①♣❧✐❝✐t❧② ❜r❡❛❦s s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡✳ ❚❤✐s ❜r❡❛❦✐♥❣ ✐s r❡❧❛t❡❞
t♦ t❤❡ s✇❡❡♣✐♥❣ ❡✛❡❝t✱ ❛♥❞ ❡①♣r❡ss✐♦♥ ✭❋✳✽✽✮ ♣r♦✈✐❞❡s ✐ts ❡①❛❝t ❡①♣r❡ss✐♦♥✱ ❛s ❛
❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ●❛✉ss✐❛♥ ✐♥ tp ❢♦r t❤❡ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥✳ ❚❤❡ ❝♦♥st❛♥t  S ✐s
♣♦s✐t✐✈❡✱ s❡❡ ❈❛♥❡t✱ ❉❡❧❛♠♦tt❡✱ ❛♥❞ ❲s❝❤❡❜♦r ✷✵✶✻✳ ❚❤❡ ✈❡❝t♦rs } i ❛r❡ ♥♦t ❣✐✈❡♥
❡①♣❧✐❝✐t❧②✱ ❡①❝❡♣t ❢♦r } 1✱ ❜✉t t❤❡② ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❢♦r ❛♥② ❣❡♥❡r❛❧✐③❡❞ ❝♦rr❡❧❛t✐♦♥
❢✉♥❝t✐♦♥✳
❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ G(3)✱ ♦♥❡ ❝❛♥ ✉s❡    t1  t2t2 t1  ❛s t❤❡ r♦t❛t✐♦♥ ♠❛tr✐①
❢r♦♠ t❤❡ } i t♦ t❤❡ }pi✱ s♦ t❤❛t
log
 
  1L 7G(3)   (t1, }p1, t2, }p2)
 
=   S 2/3L2/3  }p1t1 + }p2t2 2 + (pmaxL) , ✭❋✳✽✾✮
♦♠✐tt✐♥❣ t❤❡ ❑♦❧♠♦❣♦r♦✈ s❝❛❧✐♥❣ t❡r♠s✳ ❆ ♣❛rt✐❝✉❧❛r ❛♥❞ ✐♥t❡r❡st✐♥❣ ❝❛s❡ ❝♦rr❡✲
s♣♦♥❞s t♦ t1 = t2 = t✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❡①♣r❡ss✐♦♥ ✭❋✳✽✾✮ s✐♠♣❧✐✜❡s t♦
log
 
  1L 7G(3)   (t, }p1, t, }p2)
 
=   S 2/3L2/3 t2  }p1 + }p2 2 + (pmaxL) . ✭❋✳✾✵✮
❚❤✐s s✐♠♣❧❡ ♣r❡❞✐❝t✐♦♥ ❝♦✉❧❞ ❜❡ t❡st❡❞ ✐♥ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ◆❙ ❡q✉❛t✐♦♥✳
❋✳✹✳✷ ▲❛r❣❡ t✐♠❡ ❞❡❧❛②s
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❢♦r♠ ♦❢ t❤❡ ✜①❡❞ ♣♦✐♥t s♦❧✉t✐♦♥ ❢♦r t❤❡ ✢♦✇ ❡q✉❛t✐♦♥
✭✺✳✼✸✮ ✐♥ t❤❡ ❧✐♠✐t ♦❢ ❧❛r❣❡ t✐♠❡ ❞❡❧❛②s✳ ■♥ t❤✐s ❧✐♠✐t✱ ♦♥❡ ❝❛♥ r❡✐t❡r❛t❡ t❤❡ ❝❛❧❝✉❧❛t✐♦♥
❢♦r t❤❡ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥✱ ✇r✐t✐♥❣ J ( ) = (J ( ) J (0)) + J (0)✳ ❚❤❡ ✐♥t❡❣r❛❧s
♦❢ t❤❡ t②♣❡
 
 
ei tF ( ) ❞❡❝❛② ❡①♣♦♥❡♥t✐❛❧❧② ✐♥ t s✐♥❝❡ F ( ) = (J ( ) J (0))/ 2
✐s ❛♥ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ ♦❢  ✱ ✇❤✐❧❡
 
 
F ( ) ✐s ❛ ❝♦♥st❛♥t✳ ❚❤✉s✱ t❤❡ ✐♥t❡❣r❛❧ ✐♥
✭✺✳✼✸✮ ✐s ❞♦♠✐♥❛t❡❞ ❛t ❧❛r❣❡ t✐♠❡s ❜②
J (0)
 
 
ei (tk t )  ei tk  e i t + 1
 2
= 4J (0)
  
  
d 
2 
sin
 
 tk
2
 
sin
 
 t 
2
 
ei
 
2
(tk t )
 2
=
J (0)
2
 
 tk +  t    tk  t  
 
. ✭❋✳✾✶✮
❋✳✹✳ ❙♦❧✉t✐♦♥ ♦❢ t❤❡ ✜①❡❞✲♣♦✐♥t ❡q✉❛t✐♦♥s ✶✼✶
❚❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❊q✳ ✭✺✳✼✸✮ t❤✉s r❡❛❞s ✐♥ t❤❡ ❧✐♠✐t ♦❢ ❧❛r❣❡ t✐♠❡ ❞❡❧❛②s ti   2/3
  G
(n)
 1... n
( ti, }pi ) = J (0)
6
 
k, 
}pk  }p 
 
 tk +  t    tk t  
 
G¯(n) 1... n( ti , }pi ) . ✭❋✳✾✷✮
❚♦ ❣✐✈❡ ❛♥ ✐♠♣♦rt❛♥t ❝♦♥❝r❡t❡ ❡①❛♠♣❧❡✱ ❧❡t ✉s ❢♦❝✉s ♦♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡r❡
❛❧❧ t✐♠❡ ❞✐✛❡r❡♥❝❡s ❛r❡ ❡q✉❛❧ ti  t ❢♦r i = 1,    , n  1✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ s♦❧✉t✐♦♥
❝❛♥ ❜❡ s✐♠♣❧② ❞❡r✐✈❡❞✳ ■♥tr♦❞✉❝✐♥❣ ❛s ♣r❡✈✐♦✉s❧② ❛ (n 1) (n 1) ♠❛tr✐①   ✱ s✉❝❤
t❤❛t   i1 = 1✱ ♦♥❡ ❞❡✜♥❡s t❤❡ ✈❛r✐❛❜❧❡s } k ❜② }pi =   ij} j ✇✐t❤ } 1 =
 
k }pk✳ ❚❤❡ ✢♦✇
❡q✉❛t✐♦♥ ❜❡❝♦♠❡s
  G
(n)
 1... n
(t, } 1,    , } n 1) = J (0)
3
 } 1 2  t G¯(n) 1... n(t, } 1,    , } n 1) . ✭❋✳✾✸✮
❚♦ st✉❞② t❤❡ ✜①❡❞✲♣♦✐♥t✱ ♦♥❡ s✇✐t❝❤❡s t♦ ❞✐♠❡♥s✐♦♥❧❡ss ✈❛r✐❛❜❧❡s ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥ ❛♥❞ ❞❡✜♥❡s y =  2/31 t✱ t♦ ♦❜t❛✐♥ t❤❡ ✜①❡❞ ♣♦✐♥t ❡q✉❛t✐♦♥
 
 dG   i  i  
J (0)
3
 } 1 4/3  y 
 
G(n) 1... n(y,  1, }n1,    ,  n 1, }nn 1) = 0 , ✭❋✳✾✹✮
✇❤❡r❡ ❤❛t s②♠❜♦❧s ❤❛✈❡ ❜❡❡♥ ❞r♦♣♣❡❞✳ ❚❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✐♥t❡❣r❛t❡❞ ✐♥tr♦❞✉❝✐♥❣
u1  ln  1 ❛♥❞ ui>1  ln  1  ln  i✳ ❖♥❡ ♦❜t❛✐♥s ✐♥ t❡r♠s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ✈❛r✐❛❜❧❡s
❛♥❞ ✐♥❝❧✉❞✐♥❣ t❤❡ s✉❜✲❧❡❛❞✐♥❣ ❝♦♥tr✐❜✉t✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❑♦❧♠♦❣♦r♦✈ ♣❛rt
❛s ♣r❡✈✐♦✉s❧②
log
 
 
m¯ m
3 L dGG(n) 1... n(t, }p1,    , }pn 1)
=   L 1/3L4/3  t  21  dG log( 1L) + FL(n) 1... n
 
 
2/3
1  
1/3t,
} 1
 1
,    , } n 1
 1
 
+ (pmaxL) ,
✭❋✳✾✺✮
✇✐t❤  1 =
 
k }pk✱ ❛♥❞  L =  Jˆ (0)/4✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤❡ ♠❛tr✐①   ❝❛♥
❜❡ ❡①♣❧✐❝✐t❧② ❝♦♥str✉❝t❡❞ ❢♦r ❡❛❝❤ n✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ti  t ❢♦r
i = 1,    , n ❛♥❞ ti  0 ❢♦r i = n + 1,    , n  1✱ t❤❡ ❛❜♦✈❡ ♣r♦❝❡❞✉r❡ ✇♦✉❧❞ ❛❧s♦
❧❡❛❞ t♦ ❛ s♦❧✉t✐♦♥ ✇✐t❤   ❛ n  n ♠❛tr✐① ❧❡❛✈✐♥❣ t❤❡ pi ❢♦r i = n + 1,    , n  1
✐♥✈❛r✐❛♥t✳
❆s ❛♥ ❡①❛♠♣❧❡✱ ❧❡t ✉s s♣❡❝✐❛❧✐③❡ t♦ t❤❡ ❝❛s❡ ♦❢ G(3)✳ ❖♥❡ ❝❛♥ t❤❡♥ ✉s❡  =  1  11 1  
❛s t❤❡ ♠❛tr✐① ❢r♦♠ t❤❡ } i t♦ t❤❡ }pi✱ s♦ t❤❛t
log
 
  1L 7G(3)   (t1, }p1, t2, }p2)
 
=   L 1/3L4/3  t  }p1 + }p2 2  7 log( }p1 + }p2 L)
+ FL
(3)
   
 
 }p1 + }p2 2/3  1/3t, }p1 + }p2 }p1 + }p2 ,
}p2  }p1
 }p1 + }p2 
 
+ (pmaxL) . ✭❋✳✾✻✮
❆❣❛✐♥✱ t❤❡ s✐♠♣❧❡ ♣r❡❞✐❝t✐♦♥
log
 
  1L 7G(3)   (t, }p1, t, }p2)
 
=   L 1/3L4/3  t  }p1 + }p2 2 + (pmaxL) , ✭❋✳✾✼✮
❝♦✉❧❞ ❜❡ t❡st❡❞ ✐♥ ❞✐r❡❝t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ◆❙ ❡q✉❛t✐♦♥✳
✶✼✷ ❆♣♣❡♥❞✐① ❋✳ ▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ ❙◆❙
❋✳✺ ◆❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r t❡r♠ ✐♥ t❤❡ str❡❛♠
❢✉♥❝t✐♦♥ ❢♦r♠✉❧❛t✐♦♥
▲❡t ✉s ❝❤❡❝❦ t❤❛t ✇❡ r❡❝♦✈❡r t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ❛t ✉♥❡q✉❛❧ t✐♠❡ ✐♥ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥
❢♦r♠✉❧❛t✐♦♥✳ ❚❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ✢♦✇ ❡q✉❛t✐♦♥ r❡❛❞s
  G˜
(n)
i1...in
(p1, . . . ,pn)
   
leading
=
1
2
 
q1,q2
 ˜ G˜
(2)
ij ( q1, q2)
 q
 
a q
 
b
2
 2
 q a  q
 
b
 
 2
 Φi(q1) Φj(q2)
G˜
(n)
i1...in
[p1, . . . ,pn; j]
 
Φ=0
     
}q1=}q2=0
, ✭❋✳✾✽✮
❚❤❡ ❞❡r✐✈❛t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❆♣♣❡♥❞✐① ❋✳✸✳✷✱ ❡①❝❡♣t t❤❛t ❛❢t❡r ❤❛✈✐♥❣ ❞✐str✐❜✉t❡❞
t❤❡ ✜❡❧❞ ❞❡r✐✈❛t✐✈❡s✱ ✇❡ ❤❛✈❡ t♦ ❞✐str✐❜✉t❡ t❤❡ }q✲❞❡r✐✈❛t✐✈❡s✳ ❇❡❝❛✉s❡ ❛ ✈❡rt❡① ❢✉♥❝✲
t✐♦♥ ✇✐t❤ ❛ ✇❛✈❡✲♥✉♠❜❡r s❡t t♦ ③❡r♦ ✐s ③❡r♦ ✐♥ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ ❢♦r♠✉❧❛t✐♦♥✱ t❤❡
t❡r♠s ✇✐t❤ a = b✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ ❤❛✈✐♥❣ t✇♦ }q✲❞❡r✐✈❛t✐✈❡s ❛❝t✐♥❣ ♦♥ t❤❡ s❛♠❡
❧❡❣ ♦❢ t❤❡ ❞✐❛❣r❛♠✱ ❛r❡ ③❡r♦✳ ❚❤✉s ✇❡ ❛r❡ ❧❡❢t ✇✐t❤ ♦♥❡ ❞❡r✐✈❛t✐✈❡ ❤✐tt✐♥❣ ♦♥ ❡❛❝❤
❧❡❣✳
  G˜
(n)
i1...in
( p  1   n)
   
leading
=
1
2
 
q1,q2
 ˜ G˜
(2)
ij ( q1, q2)
 q 1 q 2
 2
 q 1  q
 
2
 
 2
 Φi(q1) Φj(q2)
G˜
(n)
i1...in
[ p  ; j]
 
Φ=0
     
}q1=}q2=0
, ✭❋✳✾✾✮
❆t t❤✐s ♣♦✐♥t✱ ♦♥❡ ♣r♦✈❡s ❛s ✐♥ t❤❡ ✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥ t❤❛t
 
 q 1
 
 
 Φi(q1)
G˜
(n)
i1...in
[ p  ; j]
 
Φ=0
     
}q1=0
=  i i    ˜ ( a)G˜(n)i1...in( p  ; j) ✭❋✳✶✵✵✮
✉s✐♥❣
 
 q a
 
 Φi(qa)
  i [ p  i,  k  i]
   
Φ=0,}qa=0
=  i i    ˜ ( a)  i ( p  i,  k  i) ✭❋✳✶✵✶✮
✇❤❡r❡   i [ p  i,  k  i] ✐s ❛♥ ❡❧❡♠❡♥t ✭✈❡rt❡① ❢✉♥❝t✐♦♥ ♦r ♣r♦♣❛❣❛t♦r✮ ✐♥ t❤❡ tr❡❡
❝♦♠♣♦s✐♥❣ G˜(n)✳
▲❡t ✉s ❝❤❡❝❦ t❤❛t ✐t ✇♦r❦s ❛❧s♦ ❢♦r t✇♦ ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s ❛♥❞ t❤❡✐r s✉❜s❡q✉❡♥t
✇❛✈❡✲♥✉♠❜❡r ❞❡r✐✈❛t✐✈❡✳ ❚♦ ❞♦ t❤✐s✱ ✇❡ ✜rst s❡t }q2 = 0 t♦ ③❡r♦✱ ❛s ✐♥ ❆♣♣❡♥❞✐① ❋✳✸✳✷✳
❋✳✻✳ ◆❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r t❡r♠s ❛t ❡q✉❛❧ t✐♠❡s ✶✼✸
❚❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❢♦❧❧♦✇s ✐♥ t❤❡ s❛♠❡ ✇❛②✱ ❡①❝❡♣t ✇❤❡♥ ❞✐str✐❜✉t✐♥❣ t❤❡ }q1 ❞❡r✐✈❛t✐✈❡✿
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kintern
 
m
  m( p  m k+,  k  m)
 
=  i  j i
2       ˜ ( 2) ˜ ( 1) ˜ (n)i1   in( p  ) . ✭❋✳✶✵✷✮
❚♦ ❣♦ ❢r♦♠ t❤❡ s❡❝♦♥❞ t♦ t❤❡ t❤✐r❞ ❡q✉❛❧✐t②✱ ✇❡ ❤❛❞ t♦ ✉s❡ ❛❣❛✐♥ t❤❛t ❛ ✈❡rt❡①
❢✉♥❝t✐♦♥ ✇✐t❤ ❛ ❧❡❣ ❡✈❛❧✉❛t❡❞ ❛t ③❡r♦ ✇❛✈❡✲♥✉♠❜❡r ✐s ③❡r♦✳ ●♦✐♥❣ ❜❛❝❦ t♦ t❤❡ ✢♦✇
❡q✉❛t✐♦♥ ✭❋✳✾✽✮✱ ♦♥❡ r❡❝♦✈❡rs t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r r❡s✉❧t ♦❢ t❤❡ ✈❡❧♦❝✐t② ❢♦r♠✉❧❛t✐♦♥✿
  G˜
(n)
i1...in
( p  1   n) = 1
2
 
q1,q2
 ˜ G˜
(2)
  ( q1, q2)i2q 1 q 2        ˜ ( 1) ˜ ( 2)G˜(n)i1...in( p  )
=
1
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q1,q2
 ˜ G˜
(2)
v v ( q1, q2) ˜ ( 1) ˜ ( 2)G˜(n)i1...in( p  ) ,
✭❋✳✶✵✸✮
✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ str❡❛♠ ❢✉♥❝t✐♦♥ t♦ r❡❝♦♥str✉❝t t❤❡ ✈❡❧♦❝✐t②
❝♦rr❡❧❛t✐♦♥✿
G˜(n)v 1 ...v n ( p  1   n) =
n 
 =1
i     p
  
 G˜
(n)
 ... ( p  1   n) . ✭❋✳✶✵✹✮
❋✳✻ ◆❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r t❡r♠s ❛t ❡q✉❛❧ t✐♠❡s
■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t ✐♥ ♠♦r❡ ❞❡t❛✐❧ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❧❡❛❞✐♥❣ t♦ t❤❡ ✈❛♥✲
✐s❤✐♥❣ ♦❢ ❝❡rt❛✐♥ t❡r♠s ✐♥ t❤❡ ✢♦✇ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❛t ❡q✉❛❧ t✐♠❡s✳ ❚❤❡
✶✼✹ ❆♣♣❡♥❞✐① ❋✳ ▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ ❙◆❙
st❛rt✐♥❣ ♣♦✐♥t ✐s t❤❡ ♥❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r t❡r♠ ♦❢ t❤❡ ✢♦✇ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❣❡♥❡r✲
❛❧✐③❡❞ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s✱ ❡✈❛❧✉❛t❡❞ ❛t ❡q✉❛❧ t✐♠❡s
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,
✭❋✳✶✵✺✮
✇❤❡r❡ ❛s ❜❡❢♦r❡ a, b, c, d t❛❦❡ ✈❛❧✉❡ ✐♥  1, 2 ✳ ❆s ❢♦r t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ❛t ✉♥❡q✉❛❧
t✐♠❡s✱ ❆♣♣❡♥❞✐① ❋✳✺✱ t❤❡ ❢♦✉r ✇❛✈❡✲♥✉♠❜❡r ❞❡r✐✈❛t✐✈❡s ❝❛♥ ❜❡ ❝❧❛ss✐✜❡❞ ❛❝❝♦r❞✐♥❣
t♦ t❤❡ r❡s♣❡❝t✐✈❡ ♥✉♠❜❡r ♦❢ }q1 ❛♥❞ }q2 ❞❡r✐✈❛t✐✈❡s✳ ❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t✱ ✐❢ t❤❡
❢♦✉r ❞❡r✐✈❛t✐✈❡s ❛r❡ }q1 ✭r❡s♣✳ ❢♦✉r }q2✮✱ t❤✐s ❝♦♥tr✐❜✉t✐♦♥ ✐s ③❡r♦ ❜❡❝❛✉s❡ t❤❡ ✈❡rt❡①
❢✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ✇❛✈❡✲♥✉♠❜❡r }q2 ✭r❡s♣✳ }q1 ✮ ❣♦❡s t♦ ③❡r♦ ✇❤❡♥ t❤❡ ✇❛✈❡✲♥✉♠❜❡rs
❛r❡ s❡t t♦ ③❡r♦✱ ❚❤✉s ✇❡ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r t❤❡ r❡♠❛✐♥✐♥❣ ❝❛s❡s✿ t❤r❡❡ }q1 ❛♥❞ ♦♥❡ }q2✱
♦♥❡ }q1 ❛♥❞ t❤r❡❡ }q2✱ ❛♥❞ ✜♥❛❧❧② t✇♦ }q1 ❛♥❞ t✇♦ }q2✳ ▲❡t ✉s ✜rst tr❡❛t t❤❡ ❝❛s❡s ♦♥❡
❛♥❞ t✇♦✱ ✇❤✐❝❤ ❛r❡ t❤❡ s❛♠❡ ✉♣ t♦ ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ q1 ❛♥❞ q2✱ ❛s ✇❡❧❧ ❛s t❤❡✐r
r❡s♣❡❝t✐✈❡ ✐♥❞✐❝❡s✳
❋✳✻✳✶ ❱❛♥✐s❤✐♥❣ ♦❢ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ✶✲✸ ❛♥❞ ✸✲✶
❆❧t❤♦✉❣❤ ♥♦ ❲❛r❞ ✐❞❡♥t✐t② ❡①✐sts ❢♦r t❤❡ t❤✐r❞ ✇❛✈❡✲♥✉♠❜❡r ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✈❡rt❡①
❢✉♥❝t✐♦♥✱ t❤❡ ●❛❧✐❧❡❛♥ ❲❛r❞ ✐❞❡♥t✐t② ❝❛♥ st✐❧❧ ❜❡ ✉s❡❞ ♦♥ t❤❡ ❧❡❣ ✇✐t❤ ♦♥❡ ❞❡r✐✈❛t✐✈❡
❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ❆♣♣❡♥❞✐① ❋✳✺ ❢♦r ♦♥❡ ✈❡❧♦❝✐t② ❞❡r✐✈❛t✐✈❡ ❝❛rr✐❡s t❤r♦✉❣❤ t♦ s❤♦✇
t❤❛t ♦♥❡ ♦❜t❛✐♥s ❛ ♦♣❡r❛t♦r  ˜ ❛❝t✐♥❣ ♦♥ t❤❡ ❡①t❡r♥❛❧ ❧❡❣s ♦❢ t❤❡ ✇❤♦❧❡ ❞✐❛❣r❛♠✳
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◆♦✇✱ ❞✐str✐❜✉t✐♥❣ t❤❡ }q2 ❞❡r✐✈❛t✐✈❡s✱ ♦♥❡ ♦❜t❛✐♥s t✇♦ t②♣❡s ♦❢ t❡r♠s✿ ❡✐t❤❡r ❛❧❧ }q2
❞❡r✐✈❛t✐✈❡s ❛❝t ♦♥ t❤❡ t❡r♠ ✐♥ sq✉❛r❡ ❜r❛❝❦❡t ♦r ♦♥❡ ♦❢ t❤❡♠ ❛❝ts ♦♥ t❤❡ ♦♣❡r❛t♦r
 ˜✳
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✭❋✳✶✵✼✮
❋✳✻✳ ◆❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r t❡r♠s ❛t ❡q✉❛❧ t✐♠❡s ✶✼✺
■♥ t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ ✜rst ❡q✉❛❧✐t②✱ ✐t ✐s ♥♦t❡❞ ❡①♣❧✐❝✐t❧② t❤❛t  ˜  
}q2=0
s❤✐❢ts ♦♥❧② t❤❡
❢r❡q✉❡♥❝✐❡s ❛ss♦❝✐❛t❡❞ t♦ }p1 ❛♥❞ }p2✱ t❤✉s t❤✐s t❡r♠ ✐s ③❡r♦ ❞✉❡ t♦ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢
✇❛✈❡✲♥✉♠❜❡r ♦❢ t❤❡ ♦❜❥❡❝t ✐♥ sq✉❛r❡ ❜r❛❝❦❡t ❛♥❞ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐♥ ❢r❡q✉❡♥❝②✳ ❚❤❡
}q2 ❞❡r✐✈❛t✐✈❡ ♦♥  ˜ s❡❧❡❝ts t❤❡ ❢r❡q✉❡♥❝② s❤✐❢t ♦♥ t❤❡ q2 ❧❡❣✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ✈❛♥✐s❤✳
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❚❤❡ r❡♠❛✐♥✐♥❣ ❝❛❧❝✉❧❛t✐♦♥s ❝❛♥ ❜❡ ❣r❡❛t❧② s✐♠♣❧✐✜❡❞ ❜② ✉s✐♥❣ t❤❡ ✐♥✈❛r✐❛♥❝❡
✉♥❞❡r s♣❛❝❡ tr❛♥s❧❛t✐♦♥ ❛♥❞ r♦t❛t✐♦♥ ✐♥ t❤❡ }q1, }q2 ✐♥t❡❣r❛❧s✳ 
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q 1 q
 
1q
 
2q
 
2
4
=
1
4
 
}q
 ˜ G˜
(2)
ij (  1,  2, q2)q q q q 
= (      +       +       )K˜ij( 1,  2) , ✭❋✳✶✶✵✮
✇✐t❤
K˜ij( 1,  2)  1
32
 
}q
 ˜ G˜
(2)
ij (  1,  2, q2)(q2)2 . ✭❋✳✶✶✶✮
■♥s❡rt✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ❜❛❝❦ ✐♥t♦ ✭❋✳✶✵✾✮ ❣✐✈❡s
  
 
    
G˜
(n)
i1...in
( p  1   n)
   
NLO
=   
 
    
G˜
(n)
i1...in
( p  1   n)
   
NLO ,2 2
=
1
2
 
 1, 2
K˜ij( 1,  2)
 
 
    
  4
 q 1 q
 
1 q
 
2 q
 
2
+ 2
 4
 q 1 q
 
2 q
 
1 q
 
2
   2
 Φi(q1) Φj(q2)
G˜
(n)
i1...in
[ p  ; j]
 
Φ=0
     
}q1=}q2=0
.
✭❋✳✶✶✷✮
❚❤✉s t✇♦ t②♣❡s ♦❢ ❞❡r✐✈❛t✐✈❡s ❛♣♣❡❛r✱ t❤❡ ✉♥❝r♦ss❡❞ ❛♥❞ t❤❡ ❝r♦ss❡❞ ♦♥❡s✱ ❛❝❝♦r❞✐♥❣
t♦ ✇❤❡t❤❡r t❤❡ }q1 ❞❡r✐✈❛t✐✈❡ ✐s ❝♦♥tr❛❝t❡❞ ✇✐t❤ t❤❡ ♦t❤❡r }q1 ❞❡r✐✈❛t✐✈❡ ♦r ✇✐t❤ t❤❡
}q2 ❞❡r✐✈❛t✐✈❡✳ ❈♦♥❝❡♥tr❛t✐♥❣ ✜rst ♦♥ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ✉♥❝r♦ss❡❞ ♦♥❡✱ ✐t
✶✼✻ ❆♣♣❡♥❞✐① ❋✳ ▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ ❙◆❙
✐s s❤♦✇♥ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥s ✜rst ♦♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥✱ t❤❡♥ ✐♥
t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ t❤❛t
  G˜
(n)
i1...in
( p  1   n)
   
uncrossed
=
1
2
 
 1, 2
K˜ij( 1,  2)
 4
 q 1 q
 
1 q
 
2 q
 
2
  2
 Φi(q1) Φj(q2)
G˜
(n)
i1...in
[ p  ; j]
 
Φ=0
     
}q1=}q2=0
=
1
2
 
 1, 2
K˜  ( 1,  2) ˜( 1) ˜( 2)G˜(n)i1...in( p  ) . ✭❋✳✶✶✸✮
✇❤❡r❡  ˜ ✐s ❞❡✜♥❡❞ ✐♥ ❊q✳ ✭✺✳✺✹✮ ♦❢ t❤❡ ♠❛✐♥ t❡①t✳
❋✳✻✳✷ ❯♥❝r♦ss❡❞ ❞❡r✐✈❛t✐✈❡s ❝♦♥tr✐❜✉t✐♦♥ ❢♦r t❤❡ ✢♦✇ ♦❢ t❤❡
t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥
■♥ t❤✐s s❡❝t✐♦♥✱ ✐t ✐s ❡①♣❧✐❝✐t❧② s❤♦✇♥ t❤❛t t❤❡ ✉♥❝r♦ss❡❞ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ✢♦✇ ♦❢
G
(2)
  (p1,p2) ❝❧♦s❡s✳ ❋✐rst✱ ❞✐str✐❜✉t✐♥❣ t❤❡ }q✲❞❡r✐✈❛t✐✈❡s✱ ✐t r❡❛❞s
  
 
 1, 2
G˜
(2)
  (p1,p2)
   
uncrossed
=
1
2
 
 1, 2
K˜ij( 1,  2)
 
 1, 2
 4
 q 1 q
 
1 q
 
2 q
 
2 
k1,k2
G˜
(2)
 m(p1, k1)G˜(2) n(p2, k2)
 
 Γ˜(4)ijmn(q1,q2,k1,k2)
+
 
k3,k4
Γ˜
(3)
ims(q1,k1,k3)G˜
(2)
st ( k3, k4)Γ˜(3)jnt(q2,k2,k4) + (i,q1) (j,q2)
 
}q1=}q2=0
=
1
2
 
 1, 2
K˜ij( 1,  2)
 
 1, 2 
k1,k2
G˜
(2)
 m(p1, k1)G˜(2) n(p2, k2)
 
  
4
 q 1 q
 
1 q
 
2 q
 
2
Γ˜
(4)
ijmn(q1,q2,k1,k2)
+
 
k3,k4
 2
 q 1 q
 
1
Γ˜
(3)
ims(q1,k1,k3)
 G˜(2)st ( k3, k4)
 2
 q 2 q
 
2
Γ˜
(3)
jnt(q2,k2,k4) + (i,q1) (j,q2)
 
}q1=}q2=0
=
1
2
 
 1, 2
K˜  ( 1,  2)
 
 1, 2 
k1,k2
G˜
(2)
 m(p1, k1)G˜(2) n(p2, k2)
 
  ˜( 1) ˜( 2)Γ˜(2)mn(k1,k2)
+
 
k3,k4
 ˜( 1)Γ˜(2)ms(k1,k3)G˜(2)st ( k3, k4) ˜( 2)Γ˜(2)nt (k2,k4) + ( 1) ( 2)
 
.
✭❋✳✶✶✹✮
■♥ ❡①❛❝t❧② t❤❡ s❛♠❡ ❧✐♥❡s ❛s ❢♦r t❤❡ ♦♣❡r❛t♦r  ˜✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ s❤♦✇ t❤❛t t❤❡
t❡r♠s ✐♥ sq✉❛r❡ ❜r❛❝❦❡t r❡✇r✐t❡ ❛s t❤❡ ♦♣❡r❛t♦r  ˜ ❛❝t✐♥❣ ♦♥ t❤❡ ❡①t❡r♥❛❧ ❧❡❣ ♦❢ t❤❡
♦r✐❣✐♥❛❧ ❞✐❛❣r❛♠✳ ❋✐rst✱ ❡①❛♠✐♥✐♥❣ t❤❡ s❡❝♦♥❞ t❡r♠✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t G˜(2) ❛♥❞
❋✳✻✳ ◆❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r t❡r♠s ❛t ❡q✉❛❧ t✐♠❡s ✶✼✼
Γ˜(2) ❛r❡ ✐♥✈❡rs❡ ♦❢ ♦♥❡ ❛♥♦t❤❡r✱ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ ✭❋✳✶✶✹✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s t✇♦
❝♦♠❜✐♥❛t✐♦♥s ♦❢ G˜(2) ˜( a)Γ˜(2)G˜(2) ❛tt❛❝❤❡❞ t♦ ♦♥❡ ❛♥♦t❤❡r ❜② ❛ Γ˜(2)✳ ▲♦♦❦✐♥❣ ❛t
♦♥❡ ♦❢ t❤❡♠✱ ✇❡ ❤❛✈❡
 
k1,k3
G˜
(2)
 m(p1, k1) ˜( 1)Γ˜(2)ms(k1,k3)G˜(2)su ( k3, k5)
=
2i   
 1
 
k1,k3
G˜
(2)
 m(p1, k1)
 
k 1
 
 k 1
Γ˜(2)ms( 1 +  1,
}k1,k3)
+ k 3
 
 k 3
Γ˜(2)ms(k1,  3 +  1,
}k3)
 
G˜(2)su ( k3, k5)
=
2i   
 1
  
k1
G˜
(2)
 m(p1, k1)k 1
 
 k 1
 mu ( 1 +  1   5) 2(}k1  }k5)
+
 
k3
G˜(2)su ( k3, k5)k 3
 
 k 3
  s ( 1 +  +  3) 
2(}p1 + }k3)
 
=  k 5
 
 k 5
G˜
(2)
 u(p1,  5 +  1, }k5) p 1
 
 p 1
G˜
(2)
 u( 1 +  1, }p1, }k5)
=   ˜( 1)G˜(2) u(p1, k5) , ✭❋✳✶✶✺✮
✇❤❡r❡ ✐♥ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ✇❡ ❤❛✈❡ ❝♦♥tr❛❝t❡❞ G˜(2) ❛♥❞ Γ˜(2) ✇❤❡♥ ♣♦ss✐❜❧❡ ❛♥❞ ✐♥
t❤❡ t❤✐r❞ ✇❡ ❤❛✈❡ ✐♥t❡❣r❛t❡❞ ❜② ♣❛rts✳ ■♥ ❢❛❝t✱ ✇❡ ❥✉st ♣r♦✈❡❞ t❤❡ ❡q✉✐✈❛❧❡♥t ♦❢ t❤❡
♣r♦♣❡rt② ✭❋✳✹✽✮ ♦❢  ˜ ❢♦r  ˜✿
 2
 q  q 
 
 Φk(q)
G˜
(2)
ij [p1,p2; j]Φ=0
   
}q=0
=  ˜( )G˜(2)ij (p1,p2) ✭❋✳✶✶✻✮
■♥s❡rt✐♥❣ ❜❛❝❦ t❤✐s r❡s✉❧t ✐♥t♦ ❧❛st ❧✐♥❡ ✐♥t♦ ✭❋✳✶✶✹✮✱ ✐t r❡❛❞s
  
 
 1, 2
G˜
(2)
  (p1,p2)
   
uncrossed
. =
1
2
 
 1, 2
K  ( 1,  2)
 
 1, 2
 
k1,k2 
 G(2) u(p1, k1)G(2) v (p2, k2) ˜( 1) ˜( 2)Γ˜(2)uv (k1,k2)
+  ˜( 1)G(2) u(p1, k1)Γ(2)uv (k1,k2) ˜( 2)G(2) v (p2, k2) + ( 1) ( 2)
 
.
✭❋✳✶✶✼✮
■♥ ❢❛❝t✱ t❤✐s str✉❝t✉r❡ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ❛♣♣❡❛r✐♥❣ ✇✐t❤ t❤❡ ♦♣❡r❛t♦r  ˜ ❢♦r
t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ❛t ✉♥❡q✉❛❧ t✐♠❡s✳ ■t ✇✐❧❧ ❣❡♥❡r❛❧✐③❡ ❛s ✇❡❧❧ ❢♦r ❛♥② ❝♦rr❡❧❛t✐♦♥
❢✉♥❝t✐♦♥s✳ ❚♦ ❝♦♥t✐♥✉❡ t❤❡ ❞❡r✐✈❛t✐♦♥ ❧❡t ✉s ❡①❛♠✐♥❡ s❡♣❛r❛t❡❧② t❤❡ t✇♦ t❡r♠s ✐♥
✶✼✽ ❆♣♣❡♥❞✐① ❋✳ ▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ ❙◆❙
sq✉❛r❡ ❜r❛❝❦❡ts✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞ ❢♦r t❤❡ ✜rst t❡r♠✱
 
k1,k2
G
(2)
 u(p1, k1)G(2) v (p2, k2) ˜( 1) ˜( 2)Γ˜(2)uv (k1,k2)
=
2i   
 2
 
k1,k2
G
(2)
 u(p1, k1)G(2) v (p2, k2)
  ˜( 1)
 
k 1
 
 k 1
Γ˜(2)uv ( 1 +  2,
}k1,k2) + k
 
2
 
 k 2
Γ˜(2)uv (k1,  2 +  2,
}k2)
 
=  4      
 1 2
 
k1,k2
G
(2)
 u(p1, k1)G(2) v (p2, k2)
 
 
k 1
 
 k 1
 
k 1
 
 k 1
Γ˜(2)uv ( 1 +  1 +  2,
}k1,k2) + k
 
2
 
 k 2
Γ˜(2)uv ( 1 +  1,
}k1,  2 +  2, }k2)
 
+ k 2
 
 k 2
 
k 1
 
 k 1
Γ˜(2)uv ( 1 +  2,
}k1,  2 +  1, }k2) + k
 
2
 
 k 2
Γ˜(2)uv (k1,  2 +  1 +  2,
}k2)
  
=  4      
 1 2
  
}k1
G
(2)
  (p1,  2 +  1 +  2, }k1)k 1
 
 k 1
 
k 1
 
 k 1
 2(}p2 + }k1)
 
+
 
}k2
G
(2)
  ( 1 +  1 +  2, }k2,p2)k 2
 
 k 2
 
k 2
 
 k 2
 2(}p1 + }k2)
 
+
 
k1,k2
G
(2)
 u(p1, k1)G(2) v (p2, k2)
 k 1 k 2
 2
 k 1 k
 
2
Γ˜(2)uv ( 1 +  2,
}k1,  2 +  1, }k2) + ( 1) ( 2)
 
=  4      
 1 2
 
p 2
 
 p 2
 
p 2
 
 p 2
G
(2)
  (p1,  2 +  1 +  2, }p2)
 
+ p 1
 
 p 1
 
p 1
 
 p 1
G
(2)
  ( 1 +  1 +  2, }p1,p2)
 
+
 
k1,k2
G
(2)
 u(p1, k1)G(2) v (p2, k2)
 k 1 k 2
 2
 k 1 k
 
2
Γ˜(2)uv ( 1 +  2,
}k1,  2 +  1, }k2) + ( 1) ( 2)
 
, ✭❋✳✶✶✽✮
❋✳✻✳ ◆❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r t❡r♠s ❛t ❡q✉❛❧ t✐♠❡s ✶✼✾
✉s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts t✇✐❝❡ ❢♦r t❤❡ ✜rst t✇♦ t❡r♠s ✐♥ t❤❡ ❧❛st ❡q✉❛❧✐t②✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞ ❢♦r t❤❡ s❡❝♦♥❞ t❡r♠✱
 
k1,k2
 ˜( 1)G(2) u(p1, k1)Γ(2)uv (k1,k2) ˜( 2)G(2) v (p2, k2)
=  4      
 1 2
 
k1,k2
 
k 1
 
 k 1
G
(2)
 u(p1,  1 +  1, }k1)
+ p 1
 
 p 1
G
(2)
 u(}p1,  1 +  1, k1)
 
Γ˜(2)uv (k1,k2)
 
 
k 2
 
 k 2
G
(2)
 v (p2,  2 +  2, }k2) + p 2
 
 p 2
G
(2)
 v ( 2 +  2, }p2, k2)
 
=  4      
 1 2
  
k1,k1
k 1
 
 k 1
G
(2)
 u(p1,  1 +  1, }k1)
 Γ˜(2)uv (k1,k2)k 2
 
 k 2
G
(2)
 v (p2,  2 +  2, }k2)
+
 
}k1
p 2
 
 p 2
  (}p2 + }k1)k
 
1
 
 k 1
G
(2)
  (p1,  2 +  1 +  2, }k1)
+
 
}k2
p 1
 
 p 1
  (}p1 + }k2)
 
k 2
 
 k 2
G
(2)
  ( 1 +  1 +  2, }k2,p2)
+ p 2
 
 p 2
G
(2)
  ( 2 +  2, }p2,  1 +  1, }k2)
  
. ✭❋✳✶✶✾✮
■♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ❛♥❞ s❤✐❢t✐♥❣ t❤❡ ❢r❡q✉❡♥❝✐❡s ✐♥ t❤❡ ✜rst t❡r♠ ✐♥ ❝✉r❧② ❜r❛❝❦❡t
❛♥❞ ❡①❝❤❛♥❣✐♥❣ t❤❡ }k1 ✭r❡s♣✳ }k2✮ ✐♥t❡❣r❛❧ ✇✐t❤ t❤❡ }p2 ✭r❡s♣✳ }p1✮ ❞❡r✐✈❛t✐✈❡ ✐♥ t❤❡
t✇♦ ❧❛st t❡r♠s✱ ♦♥❡ ♦❜t❛✐♥s
 
k1,k2
 ˜( 1)G(2) u(p1, k1)Γ(2)uv (k1,k2) ˜( 2)G(2) v (p2, k2)
=  4      
 1 2
  
k1,k1
G
(2)
 u(p1, k1)k 1 k 2
 2
 k 1 k
 
2
Γ˜(2)uv ( 1 +  1,
}k1,  2 +  2, }k2)G
(2)
 v (p2, k2)
+ p 2
 
 p 2
 
p 2
 
 p 2
G
(2)
  (p1,  2 +  1 +  2, }p2)
 
+ p 1
 
 p 1
 
p 1
 
 p 1
G
(2)
  ( 1 +  1 +  2, }p1,p2)
 
+ p 1p
 
2
 2
 p 1 p
 
2
G
(2)
  ( 1 +  2, }p1,  2 +  1, }p2)
 
.
✭❋✳✶✷✵✮
✶✽✵ ❆♣♣❡♥❞✐① ❋✳ ▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ ❙◆❙
■♥s❡rt✐♥❣ ❜❛❝❦ ✭❋✳✶✶✽✮ ❛♥❞ ✭❋✳✶✷✵✮ ✐♥t♦ ✭❋✳✶✶✼✮✱ ♦♥❡ ♦❜t❛✐♥s ✜♥❛❧❧② t❤❡ ❡①♣❡❝t❡❞
r❡s✉❧t
  G˜
(2)
  (p1,p2)
   
uncrossed
=
1
2
 
 1, 2
K  ( 1,  2)
 4      
 1 2
 
p 1
 
 p 1
 
p 1
 
 p 1
G
(2)
  ( 1 +  1 +  2, }p1,p2)
 
+ p 2
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p 2
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G
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  (p1,  2 +  1 +  2, }p2)
 
+ p 1p
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 p 1 p
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  ( 1 +  2, }p1,  2 +  1, }p2) + ( 1) ( 2)
 
=
1
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 1, 2
K  ( 1,  2) ˜( 1) ˜( 2)G(2)  (p1,p2) . ✭❋✳✶✷✶✮
❋✳✻✳✸ ●❡♥❡r❛❧ ♣r♦♦❢ ♦❢ t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ✉♥❝r♦ss❡❞
❞❡r✐✈❛t✐✈❡s
▲❡t ✉s s❤♦✇ t❤❛t t❤❡ r❡s✉❧t ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❢♦r G˜(2)  (p1,p2) ✐s tr✉❡ ❢♦r ❛♥②
❣❡♥❡r❛❧✐③❡❞ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥✱ ✐✳❡✳ t❤❛t
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=  i  j  ˜( 1) ˜( 2)G˜(n)i1...in( p  ) . ✭❋✳✶✷✷✮
❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ st❡♣s ❛s ❢♦r t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ❛t ✉♥❡q✉❛❧ t✐♠❡s✱ ❧❡t ✉s ✜rst ❡①✲
❛♠✐♥❡ t❤❡ ❛❝t✐♦♥ ♦❢ ♦♥❧② ♦♥❡ ❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ ❛♥❞ s✉❜s❡q✉❡♥t t✇♦ ✇❛✈❡✲♥✉♠❜❡r
❞❡r✐✈❛t✐✈❡s ❛♣♣❧✐❡❞ t♦ ❛ tr❡❡  ˜ (n) ❝♦♠♣♦s✐♥❣ G˜(n)i1...in( p  )✳ ❯s✐♥❣ t❤❡ ♣r♦♣❡rt②
✭❋✳✶✶✻✮ ❞❡♠♦♥str❛t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ♦❜t❛✐♥ r❡❛❞✐❧②
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✭❋✳✶✷✸✮
❚❤✉s✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t t❤❡ ♦♣❡r❛t♦r  ˜( a) ❡♥❥♦②s ❛s ✇❡❧❧ t❤❡ ▲❡✐❜♥✐③
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+   1 ( k  1, k) ˜( a)  2 (k,  k  2)
 
.
✭❋✳✶✷✹✮
❋✳✻✳ ◆❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r t❡r♠s ❛t ❡q✉❛❧ t✐♠❡s ✶✽✶
❙t❛rt✐♥❣ ❢r♦♠ t❤❡ r✳❤✳s✳✱
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  i ( k    I ,  +  a, }k)  j (k,  k    J)
+   i ( k    I , k)ka
 
 kb
  j ( +  a, }k,  k    J)
 
. ✭❋✳✶✷✺✮
■♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ✐♥ }k ❛♥❞ s❤✐❢t✐♥❣ t❤❡ ❛ss♦❝✐❛t❡❞ ❢r❡q✉❡♥❝②✱ ✐t ✐s r❡❛❞✐❧② s❤♦✇♥
t❤❛t t❤❡ t✇♦ ❧❛st t❡r♠s ❝❛♥❝❡❧ ❡❛❝❤ ♦t❤❡r✱ ♣r♦✈✐♥❣ ✭❋✳✶✷✹✮ ❛♥❞
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❚♦ ♣r♦✈❡ ✭❋✳✶✷✷✮✱ ♦♥❡ st✐❧❧ ♥❡❡❞s t♦ ❝❤❡❝❦ t❤❛t t❤❡ s❛♠❡ ♣r♦♣❡rt② ❢♦❧❧♦✇s ❢♦r t✇♦
❢✉♥❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s ❛♥❞ t❤❡✐r s✉❜s❡q✉❡♥t ✇❛✈❡✲♥✉♠❜❡r ❞❡r✐✈❛t✐✈❡s✳ ❆s ❢♦r t❤❡
❧❡❛❞✐♥❣ ♦r❞❡r ❛t ✉♥❡q✉❛❧ t✐♠❡✱ ✜rst ❞✐str✐❜✉t✐♥❣ t❤❡ t✇♦ }q2 ❞❡r✐✈❛t✐✈❡s ❛♥❞ s❡tt✐♥❣
}q2 t♦ ③❡r♦✱ t❤❡ ♣r♦♣❡rt② ✭❋✳✶✷✹✮ ❛♣♣❧✐❡s t♦ s❤♦✇ t❤❛t t❤❡ r❡s✉❧t✐♥❣  ˜( 2) ❝❛♥ ❜❡
❢❛❝t♦r✐③❡❞ ❢r♦♠ t❤❡ r❡♠❛✐♥✐♥❣ ❞✐❛❣r❛♠
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✭❋✳✶✷✼✮
✶✽✷ ❆♣♣❡♥❞✐① ❋✳ ▲❛r❣❡ ✇❛✈❡✲♥✉♠❜❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❘● ✢♦✇ ❡q✉❛t✐♦♥ ♦❢ ❙◆❙
▼❛❦✐♥❣ ❡①♣❧✐❝✐t  ˜( 2) ❛♥❞ ❞✐str✐❜✉t✐♥❣ t❤❡ }q1 ❞❡r✐✈❛t✐✈❡ ❣✐✈❡s
 4
 q 1 q
 
1 q
 
2 q
 
2
 2
 Φi(q1) Φj(q2)
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}q1=}q2=0
=  j 
2i   
 2
 2
 q 1 q
 
1
 
q 1
 
 q 1
  
kintern
 
k
  
k  =k
  k ( p  k ,  k  k )
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 Φi( 1 +  2, }q1)
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  m ( p  m  k+,  k  m )
 
 ˜( 1)  m( p  m k+,  k  m)
  
=  i  j 
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k=1
p k
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 ˜( 1)
 
kintern
 
m
  m( p  m k+,  k  m)
 
=  i  j  ˜( 2) ˜( 1) ˜ (n)i1   in( p  ) , ✭❋✳✶✷✽✮
✇❤❡r❡ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ✈❛♥✐s❤❡s ❜② ❛♥t✐s②♠♠❡tr② ♦❢    ✱ t❤✉s
✜♥✐s❤✐♥❣ t♦ ♣r♦✈❡ t❤❡ ♣r♦♣❡rt② ✭❋✳✶✷✷✮✳
❇✐❜❧✐♦❣r❛♣❤②
❆❞③❤❡♠②❛♥✱ ▲✳ ❉✳✱ ❆✳ ◆✳ ❱❛s✐❧✬❡✈✱ ❛♥❞ ❨✳ ▼✳ P✐s✬♠❛❦ ✭✶✾✽✸✮✳ ✏❘❡♥♦r♠❛❧✐③❛t✐♦♥✲
❣r♦✉♣ ❛♣♣r♦❛❝❤ ✐♥ t❤❡ t❤❡♦r② ♦❢ t✉r❜✉❧❡♥❝❡✿ ❚❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ ❝♦♠♣♦s✐t❡ ♦♣✲
❡r❛t♦rs✑✳ ■♥✿ ❚❤❡♦r❡t✐❝❛❧ ❛♥❞ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s ✺✼✳✷✱ ♣♣✳ ✶✶✸✶✕✶✶✹✶✳ ❞♦✐✿
✶✵✳✶✵✵✼✴❇❋✵✶✵✶✽✻✺✽✳
❆❞③❤❡♠②❛♥✱ ▲✳ ❚✳✱ ◆✳ ❱✳ ❆♥t♦♥♦✈✱ ❛♥❞ ❆✳ ◆✳ ❱❛s✐❧✬❡✈ ✭✶✾✽✾✮✳ ✏■♥❢r❛r❡❞ ❞✐✈❡r❣❡♥❝❡s
❛♥❞ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣ ✐♥ t❤❡ t❤❡♦r② ♦❢ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡✑✳ ■♥✿
❩❤✳ ❊❦s♣✳ ❚❡♦r✳ ❋✐③✳ ✾✺✱ ♣✳ ✶✷✼✷✳
✖ ✭✶✾✾✽✮✳ ✏❘❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣✱ ♦♣❡r❛t♦r ♣r♦❞✉❝t ❡①♣❛♥s✐♦♥✱ ❛♥❞ ❛♥♦♠❛❧♦✉s
s❝❛❧✐♥❣ ✐♥ ❛ ♠♦❞❡❧ ♦❢ ❛❞✈❡❝t❡❞ ♣❛ss✐✈❡ s❝❛❧❛r✑✳ ■♥✿ P❤②s✳ ❘❡✈✳ ❊ ✺✽ ✭✷✮✱ ♣♣✳ ✶✽✷✸✕
✶✽✸✺✳ ❞♦✐✿ ✶✵✳✶✶✵✸✴P❤②s❘❡✈❊✳✺✽✳✶✽✷✸✳
✖ ✭✶✾✾✾✮✳ ❚❤❡ ❋✐❡❧❞ ❚❤❡♦r❡t✐❝ ❘❡♥♦r♠❛❧✐③❛t✐♦♥ ●r♦✉♣ ✐♥ ❋✉❧❧② ❉❡✈❡❧♦♣❡❞ ❚✉r❜✉✲
❧❡♥❝❡✳ ▲♦♥❞♦♥✿ ●♦r❞♦♥ ❛♥❞ ❇r❡❛❝❤✳
❆❞③❤❡♠②❛♥✱ ▲✳✱ ◆✳ ❆♥t♦♥♦✈✱ ❛♥❞ ❚✳ ▲✳ ❑✐♠ ✭✶✾✾✹✮✳ ✏❈♦♠♣♦s✐t❡ ❖♣❡r❛t♦rs✱ ♦♣❡r❛t♦r
❡①♣❛♥s✐♦♥✱ ❛♥❞ ●❛❧✐❧❡❛♥ ✐♥✈❛r✐❛♥❝❡ ✐♥ t❤❡ t❤❡♦r② ♦❢ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ t✉r❜✉❧❡♥❝❡✳
■♥❢r❛r❡❞ ❝♦rr❡❝t✐♦♥s t♦ ❑♦❧♠♦❣♦r♦✈ s❝❛❧✐♥❣✑✳ ■♥✿ ❚❤❡♦r✳ ▼❛t❤✳ P❤②s✳ ✶✵✵✱ ♣✳ ✶✵✽✻✳
❆❞③❤❡♠②❛♥✱ ▲✳✱ ❆✳ ◆✳ ❱❛s✐❧✬❡✈✱ ❛♥❞ ▼✳ ●♥❛t✐❝❤ ✭✶✾✽✽✮✳ ✏❘❡♥♦r♠❛❧✐s❛t✐♦♥ ●r♦✉♣
❛♣♣r♦❛❝❤ ✐♥ t❤❡ t❤❡♦r② ♦❢ t✉r❜✉❧❡♥❝❡✿ r❡♥♦r♠❛❧✐s❛t✐♦♥ ❛♥❞ ❝r✐t✐❝❛❧ ❞✐♠❡♥s✐♦♥s
♦❢ t❤❡ ❝♦♠♣♦s✐t❡ ♦♣❡r❛t♦rs ♦❢ t❤❡ ❡♥❡r❣②✲♠♦♠❡♥t✉♠ t❡♥s♦r✑✳ ■♥✿ ❚❤❡♦r✳ ▼❛t❤✳
P❤②s✳ ✼✹✱ ♣✳ ✶✶✺✳
❆♠✐t✱ ❉✳ ❏✳ ✭✶✾✽✹✮✳ ❋✐❡❧❞ ❚❤❡♦r②✱ t❤❡ ❘❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣✱ ❛♥❞ ❈r✐t✐❝❛❧ P❤❡♥♦♠✲
❡♥❛✳ ❲♦r❧❞ ❙❝✐❡♥t✐✜❝✳
❆♥❞r❡❛♥♦✈✱ ❆✳ ❡t ❛❧✳ ✭✷✵✵✻✮✳ ✏❋✐❡❧❞ t❤❡♦r✐❡s ❛♥❞ ❡①❛❝t st♦❝❤❛st✐❝ ❡q✉❛t✐♦♥s ❢♦r ✐♥✲
t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠s✑✳ ■♥✿ P❤②s✳ ❘❡✈✳ ❊ ✼✹✱ ✵✸✵✶✵✶✭✹✮✳ ❞♦✐✿ ✶✵ ✳ ✶✶✵✸ ✴
P❤②s❘❡✈❊✳✼✹✳✵✸✵✶✵✶✳
❆♥s❡❧♠❡t✱ ❋✳ ❡t ❛❧✳ ✭✶✾✽✹✮✳ ✏❍✐❣❤✲♦r❞❡r ✈❡❧♦❝✐t② str✉❝t✉r❡ ❢✉♥❝t✐♦♥s ✐♥ t✉r❜✉❧❡♥t
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